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When a free electron is injected into liquid helium, it forms a microscopic bubble
essentially free of helium atoms, which is referred to as an electron bubble. It represents a
fine example of a quantum-mechanical particle confined in a potential well. In this
dissertation, we describe our studies on bubble properties, especially the optical
absorption properties of ground state electron bubbles and experiments on imaging
individual electron bubbles in liquid helium.
We studied the effect of zero-point and thermal fluctuations on the shape of ground
state electron bubbles in liquid helium. The results are used to determine the line shape
for the 1S to 1P optical transition. The calculated line shape is in very good agreement
with the experimental measurements of Grimes and Adams. For 1S to 2P transition, the
obtained transition line width agrees well with the measured data of Zipfel over a range
of pressure up to 15 bars. Fluctuations in the bubble shape also make other “unallowed”
transitions possible. The transition cross-sections from the 1S state to the 1D and 2D
states are calculated with magnitude approximately two orders smaller than that of the 1S
to 1P and 2P transitions.
In our electron bubble imaging experiments, a planar ultrasonic transducer was used
to generate strong sound wave pulse in liquid helium. The sound pulse passed through
the liquid so as to produce a transient negative pressure over a large volume ( ~ 1 cm3 ).
An electron bubble that was passed by the sound pulse exploded for a fraction of a
microsecond and grew to have a radius of around 10 microns. While the bubble had this
large size it was illuminated with a flash lamp and its position was recorded. In this way,
we can determine its position. Through the application of a series of sound pulses, we can
then take images along the track of individual electrons. The motion of individual
electron bubbles has been successfully monitored. Interesting bubble tracks that may
relate to electrons sliding down vortices and the bending of bubble tracks in external field
are observed. The possible origins of some observed electron tracks are studied.
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Chapter 1
Introduction
When a free electron is injected into liquid helium, it forms a microscopic bubble.
The interior of this bubble is essentially free of helium atoms and the electron can be
thought of as quantum-mechanical particle in the ground state inside a spherically
symmetrical potential well. This is called an electron bubble, whose properties have been
studied quite extensively both theoretically and experimentally [1].
It is possible to induce transitions between the different states of an electron bubble
by optical excitation. The first study of the spectroscopic properties of the electron
bubble was reported by Northby and Sanders [2] who observed the electronic transition
from the ground state to the continuum at a wavelength of about 1.0 μm. Zipfel and
Sanders [ 3 ] extended this work to the range of longer wavelengths at which they
observed the transition to the bound 2P state at 2.5 μm. A significant contribution to the
spectroscopic study of electron bubbles was made by Grimes and Adams. At a
wavelength of 10 μm Grimes and Adams managed to detect the transition to the first
excited 1P state [4]. In their later experiments, they measured the energy of the 1S–1P
transition by direct infrared absorption [ 5]. Further experiments were performed by
Parshin and Pereverzev [6].
The motion of electron bubbles in liquid helium has been well studied. [7, 8, 9,10]
Their mobility has been measured in both the normal and the superfluid phase. Electron
bubbles can be a good candidate for use as tracer particles in liquid helium due to their
small size and effective mass. A very interesting property of the bubble is that when it is
accelerated to high speeds, the bubble can nucleate a vortex ring and thereafter may get
12

trapped on it. [11] Vorticity can also be introduced into the superfluid in many other
ways, for example, by rotating the cryostat or sending in a heat pulse. The electron
bubble can get trapped on the core of a quantized vortex and can remain trapped if the
temperature is low enough. This provides a unique opportunity to study superfluidity and
turbulence in superfluid liquid helium.
In recent years, the effect of the electron bubbles on cavitation in liquid helium has
been studied [12, 13, 14] by our group at Brown University. The idea of the experiment
is to use a sound wave from a focusing transducer to create a region in liquid helium
where the pressure is negative. If the pressure is negative enough, the bubble grows
without limit and can be detected by light scattering. The critical pressure, Pc , at which
the bubble explodes, depends on the temperature, the electronic state and whether or not
the bubble is trapped onto a vortex. In the first measurements, the electrons were
introduced into the liquid by a radioactive beta source. The explosion pressure Pc of a
normal bubble (electron in the ground state, not trapped onto a vortex) has been
measured as a function of temperature and excellent agreement with theory was obtained.
There are two main advantages of using the ultrasonic technique. Firstly, it provides an
opportunity to detect and identify different species of bubbles directly. This was
exploited by Konstantinov and Maris [ 15 ] to detect 1P bubbles. The second great
advantage is that in the course of an ultrasonic measurement, the density of the bubbles
can be directly measured. Ghosh and Maris [16,17] have used a measurement of the
electron density to determine the natural lifetime of bubbles in the 1P state. A cavitation
technique has also been used in a series of experiments in which single electron bubbles
were imaged in liquid helium.
The outline of this dissertation is described in the next few paragraphs. In chapter 2,
we give some theoretical background concerning electron bubble properties such as the
electronic structures and equilibrium shapes, the critical pressures Pc needed to explode
electron bubbles, the properties of electron bubble trapped on vortices in superfluid
liquid helium, and the different ideas concerning what happens to an electron bubble
when it is photo-excited at low temperatures.
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In chapter 3, we will consider the effects of surface fluctuations of ground state
electron bubbles in liquid helium on their optical transition properties. The surface mode
frequencies are calculated and the optical transition cross-sections of a bubble from 1S to
1P and 2P states are obtained. We compare our results with the experimental
observations of Grimes and Adams. The observed large transition line width of 1S to 1P
transition is well explained based on our calculations. The possible optical transition
from 1S state to D states is next discussed. In chapter 4, we examine the equilibrium
shape of nS state electron bubbles using a spherical harmonic expansion method. We
consider the constraints on the expansion coefficients that hold for bubble shapes with
tetrahedral symmetry. These constraints simplify numerical simulations of the
equilibrium shapes. In chapter 5, the properties of a moving electron bubble in liquid
helium are discussed. We determine the change in shape of the bubble due to the
Bernoulli pressure induced by the motion of the bubble. In chapter 6, we study the
stability of multi-electron bubbles (MEB). As already known, a multi-electron bubble
containing a large number of electrons in a single bubble is not stable against fission into
two smaller bubbles when the pressure in the liquid is positive. In our calculation we
allow for the fact that the surface charge density varies when the bubble deforms, and we
show that there is no energy barrier against the fission of an MEB when the pressure in
liquid is non-negative. The shape and stability of a moving MEB is also discussed.
Our experimental studies of cavitation on vortices are presented in chapter 7. Using
a focusing transducer to produce a large pressure oscillation, we are able to observe
homogeneous cavitation in superfluid liquid helium. By passing a pulsed current through
a metal film resistor, we are able to generate vortex tangles in the sound focal region.
However, we see no evidence that the vortex tangle reduces the tensile strength of the
liquid. Experimental data and possible explanations for the results are presented. In
chapter 8, we discuss our measurements on the low temperature (4.2K) properties of the
piezoelectric material PMN-xPT. By fitting the measured impedance curves of different
PMN-xPT sample plates, we determined the piezoelectric properties and showed that
PMN-xPT can be good candidate for acoustic applications in liquid helium. In chapter 9,
we describe the experiments we have done on imaging single electron bubbles in liquid
helium. By applying a high voltage pulse to a planar transducer, we generate a strong
14

sound pulse that passes through a large volume of liquid helium. Electron bubbles in the
liquid that the sound pulse passes grow to have a radius of several microns for a fraction
of a microsecond. A strong light pulse is synchronized with the sound pulse to illuminate
the region of interest. The scattered light from an exploded bubble is collected by a video
camera to give an image of the bubble. In this way we were able to monitor the motion of
individual electron bubbles. By applying an electric field in the cell, we observed the
bending of the tracks of the electron bubbles. The origin of electron bubbles that appear
at the surface of the transducer is discussed. Finally in chapter 10, we summarize the
main results and discuss some possible future research topics.
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Chapter 2
Theoretical background
2.1 Introduction
The electron–helium interaction is repulsive at short distances due to the Pauli
exclusion principle. An electron entering liquid helium therefore experiences a repulsive
potential V0 ≈ 1 eV [ 18 ], which is both theoretically understood and experimentally
measured. When an electron is injected into liquid helium, it is energetically favorable
for it to become localized within a small bubble which is essentially free of helium atoms.
The walls of this bubble experience an inward force due to the pressure applied to the
surrounding liquid and to the effects of surface tension. The zero point energy of the
electron inside the bubble exerts an outward pressure, which at equilibrium balances the
inward pressure. If the electron is in its ground state, the bubble is spherical and the
equilibrium size can be obtained by minimizing the total energy of the bubble.

2.2 Energy of ground state electron bubble
Let us consider the energy of a bubble in which the electron is in the ground state.
The total energy mainly consists of three terms: the zero-point energy of the electron Eel ,
the surface energy which depends on the surface tension, α , and the volume energy
which is proportional to the pressure P , applied to the liquid. Thus, the total energy is
given by,
E=

h2
4
+ 4π R 2α + π R 3 P ,
2
8mel R
3

16

(2.1)

Figure 2.1: Energy of a ground state electron bubble (in eV) as a function of bubble
radius (in Å). The different curves correspond to different pressure (in bars) applied to
the liquid.

where mel is the mass of the electron and R is the bubble radius.
The dependence of the energy of the bubble on the bubble radius for different
applied pressures of the liquid is shown in Fig. 2.1. At zero pressure the equilibrium
radius of the bubble is
1

 h2
4
Req = 
 .
 32π melα 

(2.2)

At T = 0 K, this gives Req = 19 Å. As temperature goes up, the surface tension decreases
and this causes the radius of the bubble to increase. As the static pressure is increased,
the bubble radius decreases and around 25 bars, which is the solidification pressure of
helium, the equilibrium radius of the bubble is around 12 Å. Several corrections to the
simple theory presented in Eq. (2.1) have already been discussed in ref. [13]. Let us
mention them for the sake of completeness.
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1) The electronic wave function is assumed to go to zero at the bubble walls in the simple
theory. A more detailed theory allows for the finite height of the potential barrier that
confines the electron within the bubble. The penetration of the electron wave function
into the liquid lowers the zero point energy of the electron and consequently the
equilibrium size of the bubble decreases.
2) The polarizability of the surrounding liquid introduces an additional term in Eq. (2.1),
which is equal to the electrostatic interaction between the electron and the helium atoms.
Recent calculations [19] show that the contribution of the polarization energy to the total
energy of the bubble is less than 10%.
3) The wall of the bubble is assumed to have an infinitely sharp liquid–vacuum interface
in the simple theory. A density functional scheme was used [13] to account for the finite
width of the bubble wall thickness, which is typically around 7 Å.
4) At finite temperatures, the surface tension of the liquid changes and therefore the
surface energy contribution to the total energy is changed. The density of the liquid has
strong temperature dependence above 2.4 K, which affects the bubble energy. At higher
temperatures, there is also the possible presence of some helium vapor inside the bubble.

2.3 Electron bubbles at negative pressures
Let us now consider what happens to the electron bubble at negative pressures. We
show the total energy of the bubble as a function of bubble radius for different ambient
liquid pressures in Fig. 2.1. One can see that the equilibrium bubble size is bigger for
negative pressures. Also, at negative pressures the energy has a local minimum at radius
Rmin which is followed by a local maximum as the radius increases to Rmax . If the radius
increases even more, the energy of the bubble monotonically decreases and the bubble
can grow without a limit. In order for this to happen, a certain potential barrier Ebarrier has
to be overcome. As the magnitude of the negative pressure increases, Rmin and Rmax
approach each other and the height of the potential barrier decreases. Finally, when the
negative pressure reaches some critical value Pc , the potential barrier disappears and the
energy of the bubble monotonically decreases with increasing bubble size for all radius
values. This pressure is given by
18

1

16  2π mel  4 54
Pc = − 
 σ ,
5  5h 2 

(2.3)

where Req is the equilibrium bubble radius at zero pressure, given by Eq. (2.2). Thus
when the magnitude of negative pressure exceeds the critical value, nucleation on the
electron bubble occurs and as a result the bubble explodes and grows to a macroscopic
size. Taking surface tension to be 0.3544 erg cm -2 , we get Pc to be -1.98 bars. Note that
this is substantially positive with respect to the spinodal pressure in liquid helium, which
is believed to be about -9 bars. Before the pressure Pc is reached, there is an energy
barrier which prevents nucleation on the bubble. If the barrier is sufficiently small,
nucleation may occur by either quantum tunneling through the barrier or by thermal
activation over the barrier. The importance of quantum tunneling was discussed by Su et
al [20] who showed that this effect is negligible unless the pressure is very close to Pc .
The effect of thermal nucleation was discussed by Classen et al [13], who showed that at
2 K, thermal nucleation could occur only when the pressure is within 3% of Pc . As a
consequence, it is not important to consider the value of the nucleation barrier, Ebarrier as
a function of pressure, and the quantity of primary interest is simply the value of the
critical pressure Pc .

2.4 Electron bubble trapped on a vortex
A straight vortex line is the simplest example of a vortex in a superfluid. The
circulation velocity of the liquid is given by v =


, where mHe is the mass of a
mHe r

helium atom and r is the distance from the vortex core. When an electron bubble
encounters a vortex line, it may be trapped on the line and thereby reduce the total energy.
The reduction of energy occurs because the bubble replaces liquid with a high kinetic
energy. Thus, the total energy of a bubble trapped on a vortex can be written as,
1
E = Eel + Aα + PV − ∫ ρ1v 2 dV .
2
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(2.4)

Here, Eel is the electron energy, A is the surface area and V is the volume of the bubble.

ρ1 is the density of the liquid that has been displaced by the bubble. This density is often
taken to vary with r in the following way,

r2
rr
,
(2.5)
1 =
r2 + χ 2
where, χ is the healing length of liquid helium, taken as 1.46 Å, and ρ is the density of
the bulk liquid [21]. Note that we have not assumed the bubble to be spherical. In fact,
the equilibrium shape of the trapped bubble can be approximated as a prolate spheroid,
which is obtained when the total energy is minimized. One can also find out the critical
pressure at which the bubble trapped on a vortex becomes unstable. The simple theory in
ref. 13 suggests Pc of about -1.9 bars, which is about 4% smaller in magnitude compared
to the Pc of an untrapped electron bubble. Qualitatively, one can understand that the
reduction in the magnitude of the critical pressure is due to the Bernoulli effect from the
circulating superfluid.

2.5 Excited state electron bubbles
An electron in a bubble is an ideal textbook example of a particle in a spherical
potential well. Fowler and Dexter [22] calculated the electronic states as a function of
radius for a spherical bubble, assuming a potential well depth of V0 ≈ 1 eV . They
calculated the transition energies, oscillator strengths and cross sections of electric dipole
transitions from the ground state to the three bound 1P, 2P and 3P states, as well as the
unbound continuum. In Table 2.1, several absorption parameters of the bubble are shown.
The strongest absorption is the 1S–1P transition, whose energy corresponds to about 0.11
eV at P = 0 bar. Maris [23] performed similar calculations but assuming an infinitely
deep potential well. The values of the oscillator strengths were in close agreement with
that obtained by Fowler and Dexter. It therefore appears that the effect of the penetration
of the electronic wave function into the liquid is not an important effect when describing
the absorption characteristics of the ground state bubble. In calculating the transition
energy it was assumed that Franck-Condon principle is applicable i.e., the bubble retains
its spherically symmetrical shape corresponding to the equilibrium 1S configuration
20

Table 2.1 Absorption characteristics for a spherical bubble at P = 0 (from Ref. [22])
Transition energy

Oscillator

Total cross section

(eV)

strength

( eV ⋅ cm -2 )

1S-1P

0.11

0.97

1.0 ×10−16

1S-2P

0.49

0.025

2.6 ×10−18

1S-3P

0.92

< 0.005

< 5.1×10−19

1S-Continuum

0.96

< 0.005

< 5.1×10−19

Transitions

during the transition to the excited state. Since the transition frequency − 3 ×1013 s −1 is
much greater then typical shape oscillation frequency − 1011 s −1 , the application of this
principle is justified.
The energy E1S →1P to excite an electron bubble from the 1S to the 1P state has been
measured by Grimes and Adams [5] as a function of pressure for positive pressures.
Maris has calculated E1S →1P on the basis of a simplified model and has obtained good
agreement with the experimental data. For light of frequency ω that is polarized along
the z–axis, the cross–section of transition from the ground state 1S to the state 1P is
given by,

σ (ω )
=

4π 2 e 2
2
ω Z1S →1P δ ( E1P − E1S − Zω ) ,
c

(2.6)

where Z1S →1P is the matrix element of the coordinate z between the ground state 1S and
the excited state 1P, and E1S and E1P are the corresponding energies of these states. This
calculation also predicts the variation of E1S →1P in the negative pressure regime. This is
shown in Fig. 2.2. On the basis of the model that was used, the integral of the cross–
section σ ( E ) at energy E is independent of pressure and has the value
1.06 × 10
∫ σ ( E )dE =

−16

cm 2 ⋅ eV .

(2.7)

Recently, we have calculated the line shape for the 1S → 1P transition, taking into
account the effect of zero–point and thermal fluctuations on the shape of the electron
bubbles. This calculation is described in chapter 3. The calculated line shape is in
21

Figure 2.2: Calculated photon energy E1S →1P required to excite an electron bubble from
the 1S to the 1P state as a function of pressure. The surface tension was taken to be
0.3376 erg cm -2 .

excellent agreement with the experimental results of Grimes and Adams [5].
Let us now consider several properties of an excited state bubble in equilibrium.
After the electron is excited from the lowest energy 1S state of the initially spherical
bubble to the 1P state, the bubble shape will change. At temperatures greater than 1.7 K,
the liquid contains many thermal excitations (phonons and rotons) and the damping of
the motion of the bubble wall is large. One can expect that the bubble will slowly relax to
a new equilibrium shape, which resembles a peanut. Maris et al [24] calculated the size
and shape of these excited state bubbles at different pressures. The bubbles become
larger as the magnitude of the negative pressure increases, and below some critical
pressure Pc it is not possible to find a stable minimum energy configuration. This
pressure then corresponds to the pressure at which the excited bubble explodes and
grows to a macroscopic size, and this value of Pc depends on the electronic state. The
calculated value of the critical pressure for a number of states is listed in Table 2.2.
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Table 2.2 Critical pressure for a bubble containing electron in different excited states.
The surface tension of the liquid was taken to be 0.341 erg cm -2 .
Electron State

Pc (bars)

1S

-1.89

2S

-1.33

1P

-1.63

2P

-1.22

1D

-1.49

One can see that the 1P bubble explodes at a pressure, which is about 16% lower in
magnitude than that of a normal 1S bubble. This provides a unique opportunity to detect
and probe the properties of the 1P bubbles directly. For an electron in the 1P state, the
electron can radiate a photon and return to the ground state 1S. After the emission has
taken place, the shape of the bubble will begin to change and it will eventually become
spherical with a radius that minimizes the energy of the 1S state. Note that since the
Frank–Condon principle applies, the wave functions of both the 1P and the 1S states are
to be calculated for a bubble having an equilibrium 1P state. The energy of the 1P to 1S
transition was obtained to be about 0.04 eV at zero bars, significantly less than the 1S to
1P transition energy at zero static pressure, which is calculated and measured to be 0.11
eV.

2.6 Different ideas about the excitation of a bubble at low
temperatures
It is interesting to consider what happens to the bubble after the electron become
optically excited into the 1P state. Immediately after the electron absorbs a photon, it
finds itself in the spherical bubble whose shape corresponds to the equilibrium 1S shape.
The pressure with which the electron acts on the bubble walls will no longer be balanced
by the sum of the surface tension and the ambient pressure and the bubble walls will be
set to motion. The energy of the moving walls will be dissipated by the production of
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excitations in the liquid, i.e., phonons and rotons. If the dissipation is large enough, the
bubble shape will smoothly relax to the equilibrium 1P shape and the motion of the
surrounding liquid will be damped. The equilibrium bubble shape, which resembles a
peanut, will then be elongated in the direction of the polarization of the absorbed photon,
with a waist in a plane perpendicular to that direction. However, an interesting possibility
was proposed by Maris [24]. He pointed out that if the dissipation is not very large, the
surrounding liquid would continue to move even after the bubble has reached its new
equilibrium shape. As a result, the bubble will continue to deform and become more
elongated, while the radius of the waist decreases. At a certain point of time it is possible
that the waist will become very small and the bubble will pinch off into two bubbles of
smaller size. Maris argued that as a result one could end up with two bubbles each
containing only half of the electron wave function. These were called electrino bubbles.
The electrino bubbles, if stable, would have the interesting property of having a higher
mobility, because of their smaller size. This offered explanation to the “fast” and “exotic”
ions observed by Doake et al [25], Ihas et al [26, 27, 28] and Eden et al [29, 30], which
have remained a mystery for the last 40 years. These objects were observed in several
experiments, were negatively charged, and had mobilities smaller than normal electron
bubbles. They have been detected only when there is a strong light source in the
experimental cell. The possibility that electrino bubbles are formed when light is
absorbed by a ground state electron bubble also provided a possible explanation of the
photoconductivity effect observed by Northby et al [2], Zipfel et al [3] and Grimes et al
[4]. In these experiments an increase in ionic mobility was observed under illumination
of particular wavelengths; the reason for this increase was not clear. Miyakawa and
Dexter [31] suggested that when light was absorbed by the bubble, it would be set into
vibration, and the vibrational energy would quickly be converted to heat. If the bubble
were attached to a vortex, this heating would enable the bubble to escape, and thus there
would be an increase in current. However, in the experiments carried out by Zipfel et al,
the photoconductivity effect was observed up to a pressure of 16 bars. For pressures
above 10 bars, in the presence of strong electric fields, the normal negative ion does not
produce vortices, but instead lose energy by roton production. Thus, vortices do not
explain the effect of photoconductivity completely. On the other hand, the fission theory
24

offers a natural explanation to the photoconductivity effect without relying on the
presence of vortices.
An alternate view of the dynamics of light absorption at low temperatures has been
put forward by Elser [32] and Rae et al [33]. Elser argued that before the division of the
bubbles takes place the wave function of the electron will cease to deform adiabatically
as the bubble shape develops and that as a result, all the wave function will end up in one
of the parts. This part will expand to become a conventional ground state bubble and the
other part containing no wave function will collapse. Rae and Vinen suggested that if the
bubble divides into electrino bubbles, this state would quickly collapse into an incoherent
quantum superposition of two separated ground state bubbles which would have
properties no different from ordinary 1S state bubbles.
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Chapter 3
Optical absorption cross-sections for
ground state electron bubbles
3.1 Introduction
The optical absorption by single electron bubbles in liquid helium from the 1S
ground state to the 1P state has been studied in beautiful experiments performed by
Grimes and Adams [5] and by Parshin and Pereversev [6]. At zero pressure, the line
width found by Grimes and Adams at 1.3 K is approximately 0.02 eV. The theory of the
line shape has been discussed previously by Fomin [34], Fowler and Dexter [22], and
Lerner et al [35]. Fomin [34] gave only an order of magnitude estimate of the line width,
specifically 1012 s -1 (=0.0007 eV), which is about 30 times smaller than the experimental
result. Fowler and Dexter [22] gave a more careful analysis and obtained the result 0.013
eV. Lerner et al [35] obtain agreement with the experimental results of Grimes and
Adams but have included in their calculation a substantial contribution to the line width
(roughly 50%) arising from “homogeneous broadening”, presumably meaning
broadening due to the finite lifetime of the 1P state. We believe that in fact the
contribution to the line width from this mechanism is negligible.
In this chapter, we consider in some detail the fluctuations in shape of these bubbles
and the effect that this has on absorption cross-section. A bubble has a spectrum of
normal modes for shape oscillations. The amplitude of these modes is non-zero due to
both zero-point and thermal fluctuations. We apply the results to calculate the shape of
the optical absorption line for the 1S→1P optical transition. We shall show that the final
results of our calculations are in very good agreement with the experimental results of
Grimes and Adams. [5] We then extend these calculations to consider the line shape for
the 1S to 2P transition and compare the results with the data of Zipfel and Sanders. [36]
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Allowing for the scatter in the experimental results and the approximations that have
been made in the theory, the agreement between experiment and theory is good.
For an ideal spherical bubble electric-dipole transitions from the 1S state can occur
only to P states. However we shall show that thermal or quantum fluctuations in the
bubble shape make other transitions possible. We calculate the cross-sections for
transitions from the 1S ground state to the 1D and 2D states. The cross-sections for the
1S to 1D and 2D transitions are approximately two orders of magnitude less than the
cross-section for the 1S to 1P and 2P. Nevertheless, these cross-sections are sufficiently
large that it should be possible to measure them by the methods that were used earlier to
study the allowed transitions. In fact, it is interesting to note the possibility that the
transition peak seen at 0.75 eV by Northby and Sanders, which they attributed to a
transition to a “bound P state”, is actually due to the 1S→2D transition

3.2 Surface fluctuations of an electron bubble in liquid helium
Before considering the shape fluctuations of an electron bubble, it is of interest to
consider the fluctuations of a free surface. The long wavelength fluctuations in the
surface height can be considered to arise from capillary waves. At low temperatures
( T ≤ 1 K), the capillary waves make the main contribution to the entropy of the surface
and hence determine the temperature-dependence of the surface free energy. [37, 38] If
the liquid is taken to be incompressible, the frequency ω k of a capillary wave with wave
number k is given by

ω k = (α k 3 / ρ )1 / 2 .

(3.1)

At higher temperatures, the dispersion relation becomes more complicated because it is
necessary to take the compressibility of the liquid into account, [39] and because the
wavelength becomes comparable to the interatomic spacing. Consider an area of the
surface of the liquid that is a square of side w . Write the vertical displacement of the
surface δ z as

δ z = ∑ hk cos[k x x + k y y + φ ( k x , k y )] ,
kxk y
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(3.2)

where φ ( k x , k y ) is a random phase. Applying periodic boundary conditions, we have
k x = 2π n x / w and k y = 2π n y / w , where n x and n y are positive or negative integers. At
temperature T , the average energy associated with the mode k x , k y is
Ek =

ω k
1
.
ω k +
2
exp( ω k / k B T ) − 1

(3.3)

One half of the energy of the mode comes from the kinetic energy in the liquid and the
other half from the increase of the energy of the distorted surface. The average value of
hk2 is found to be

< hk2 >=

2
α w2k 2

1

w k
 2 w k + exp( w / k T ) − 1 .
k
B



(3.4)

The total squared fluctuation of the height is then

< (δ z ) 2 >= ∑ < hk2 > .

(3.5)

kxk y

We would like to use these equations to get an idea of the topology of the surface at
different temperatures, but this cannot be done in a rigorous way. One difficulty is that
the zero-point energy makes the dominant contribution to the sum < (δ z ) 2 > for large
wave numbers. The contributions to the sum from fluctuations in the range k , k + dk
vary as k −1/ 2 dk for large k . This divergence is an artifact of the model we are using. In
the first place, there must be an effective upper limit on k since the wavelength of the
surface vibrations cannot be less than the interatomic spacing. Secondly, as already
mentioned the relation between ω k and k that we are using is only valid for sufficiently
long wavelengths. The temperature dependent part of < hk2 > , on the other hand, results
in a divergence at small k if an infinite area of surface is considered. Recognizing these
limitations, in order to give some sense of the topology of the surface at different
temperatures, we have performed a computer simulation of the surface profile at different
temperatures with the zero-point fluctuations not included. Results are shown in Fig. 3.1
as contour plots. An area of dimensions 50 Å by 50 Å was considered and periodic
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Figure 3.1: Fluctuations in height of a 50 Å by 50 Å of the free surface of liquid helium a
t 1K and 2 K. Each contour line represents a height difference of 1 Å.

boundary conditions applied as described above. The phase of each mode was taken to be
random. The amplitude hk was chosen as a random variable with a Gaussian distribution
and average square as given by Eq. (3.4) (with the zero-point term removed). [40] The
surface tension was taken as the experimentally measured value at each temperature. [41]
Since we have only used the dispersion relation for capillary waves on the surface of an
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incompressible liquid to calculate the fluctuations in surface height, the results shown in
Fig. 3.1 do not accurately represent the fluctuations at very short wavelengths. Since the
same random number generator was used for each temperature, the phases and the value
of

hk / < hk2 >1 / 2 is the same for each plot. Thus the pattern of the fluctuations is

identical for each temperature, but the amplitude increases as the temperature goes up.
We now perform the same type of calculation for the surface of an electron bubble.
For a ground state electron bubble in liquid helium, the total energy E of the bubble is
given by the approximate expression already given in Eq. 2.1
4π 3
h2
+ 4πR 2 α +
E=
R P,
2
8mR
3

(3.6)

where m is the mass of the electron, R is the radius of the cavity (assumed for the
moment to be spherical), α is the surface tension, and P is the pressure. At zero applied
pressure, the energy is a minimum when the radius R0 is approximately 19 Å.
To study fluctuations of the bubble surface, we consider bubble shape deformation
normal modes with angular dependence of the form
U lm ≡ (Ylm + Ylm* ) / 2 =

2l + 1 (l − m)! m
Pl (cosθ ) cos(mφ ) ,
2π (l + m)!

(3.7)

and
~
U lm ≡ −i (Ylm − Ylm* ) / 2 =

2l + 1 (l − m)! m
Pl (cosθ ) sin( mφ ) ,
2π (l + m)!

(3.8)

where m > 0 . For m = 0 , we can take the mode pattern to vary as Yl 0 . Thus, if R0 is the
radius of the bubble in the absence of fluctuations, the effect of fluctuations is to make
the distance from the origin to the surface in the direction θ , φ become

~ ~
R(θ , f ) = R0 + ∑ f l Yl 0 + ∑ f lmU lm + ∑ f lmU lm ,
l

l

(3.9)

lm

~
where f l , f lm and f lm are amplitudes to be determined. The change ∆A in the total
surface area of the bubble and in the total volume ∆V due to these deformations are
given by
=
∆A 4 π R0 f 0 +

(

)

1
1
(l 2 + l + 2) f l 2 + ∑ (l 2 + l + 2) flm2 + flm2 ,
∑
2 l
2 lm
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(3.10)

(

)

=
∆V 2 π R02 f 0 + R0 ∑ fl 2 + R0 ∑ flm2 + flm2 .
l

(3.11)

lm

It can be shown that the change in the electron energy ∆Eel due to these shape
deformations is
 2π 2
∆Eel =
−
mR03

∞
f0
3  2π 2 2 1  2π 3  ∞

2
+
f0 +
S f + ∑ Sl flm2 + flm2  , (3.12)
4
4 ∑ l l
4π mR0  l =1
4π 8π mR0
lm


(

)

where
Sl =

jl'
j ''
− 0' ,
jl 2 j 0

(3.13)

and jl denotes the spherical Bessel function, and the derivatives of this function are
evaluated when the argument is π .
The kinetic energy T associated with the motion of the liquid helium surface can be
derived from the velocity potential ψ . Following the method of Gross and Tung-Li [42],
in which the liquid is treated as incompressible [43], the kinetic energy is given by
=
T

1

1

r rr
v ∫d r =
(∇ψ )
∫d =
2
2
3

2

3

2

r
2

∫ dS ψ

nˆ ⊥ ⋅ ∇ψ ,

(3.14)

the velocity potential ψ is solved with boundary condition that ψ = 0 at infinity and the
fluid velocity on the bubble surface satisfies


v=
∇ψ =
∑ fl Yl 0 + ∑ flmU lm + ∑ flmU lm .
l

lm

(3.15)

lm

To second order in the flm parameters, the kinetic energy T is given by
=
T

(

ρ R03 

)

1 2
1  2  2 
fl + ∑
flm + flm  .
∑

2  l l +1
lm l + 1


(3.16)

Based on the above analysis, we see that we can find normal modes characterized by l
and m. The frequency of a mode depends only on l . The results are most conveniently
expressed in terms of the equilibrium radius R0 ( P) , which can be found from the
equation
−

π 2 2
mR03

+ 8πR0α + 4πR02 P = 0 .

Then
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(3.17)

ω 02 =

(5π 2 / 4mR02 ) − 2 R02
,
ρ R05

(3.18)

and for l ≠ 0 ,

ω l2 = (l + 1)

α (l 2 + l − 2) + (π 2 / 2mR04 ) (1 + π S l )
.
ρ R03

(3.19)

The mode l = 1 corresponds to a translation of the bubble without deformation. For this
mode S l = −1 / π and so ω1 = 0 is expected. At zero pressure the above equations
simplify to give

ω 02 =

8α
,
ρ R03

(3.20)

and for l ≠ 0

ω l2 = (l + 1)

α (l 2 + l + 2 + 4πS l )
.
ρ R03

(3.21)

Thus [44]

ω 2 = 2π
7π 2 − 60
ω3 = 8
+ 36
15 − π 2

α
,
ρ R03

(3.22)

α
α
.
= 7.08
3
ρ R0
ρ R03

(3.23)

Lerner et al [35] have used an approximate method and arrive at the formula

ω 2 = (72α / ρ R03 )1 / 2 . [45] It can be seen that this overestimates ω 2 by a factor of 1.35.
The frequencies of some of the lowest modes are plotted as a function of pressure in
Fig. 3.2. Note that when the pressure is reduced below the critical pressure Pc given by
16  m α 5 

Pc = − 
5  10π  2 

1/ 4

,

(3.24)

the bubble becomes unstable and grows without limit. At this pressure the frequency of
the l = 0 mode goes to zero. The frequencies of the modes with l ≥ 2 decrease rapidly as
the pressure approaches Pc , but remain finite at Pc .
Proceeding as for the free surface, we find
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Figure 3.2: The frequencies of the normal modes of the bubble with l = 0, 2 and 3 as a
function of pressure. It is assumed that the liquid is incompressible.

< f 02 >=

1
5p
4mR04
2

1

ω0
 ω 0 +
,
2
exp(ω 0 / k B T ) − 1

− 2α

(3.25)

and for l ≠ 0

< fl 2 >=< flm2 >=< flm2 >
=

1

 ωl
  ωl +

p
2
exp(ωl / k BT ) − 1 
2

α (l + l − 2) +
(1 + p Sl )
2mR04
1

2

(3.26)

As for the planar surface, the zero-point contribution gives a divergence at short
wavelengths, while the divergence at long wavelengths no longer occurs.
To illustrate the effect of fluctuations on the bubble shape we show in Fig. 3.3 the
results of calculations of bubble shapes at different temperatures. As for the free surface,
the contribution from zero-point fluctuations has been dropped. We then take the mode
amplitude to have a Gaussian distribution with average square as given by the above
formulas, and choose the phase of each mode to be random. The same random number
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Figure 3.3: Shapes of electron bubbles at temperatures of 1, 2 and 3 K. These results are
for P = 0.

generator was used for each temperature, and the calculations use the experimentally
measured values of the surface tension.

3.3 Optical transitions of an electron bubble from the 1S state
to P states
3.3.1 Optical transition from the 1S to the 1P state
Consider first the situation when the electron is in the ground state and the bubble is
spherical with the radius R0 corresponding to the minimum energy from Eq. (3.17). The
electron energy is then
E1S =

34

π 2 2
2mR02

.

(3.27)

According to the Franck-Condon principle, when light is absorbed the size and shape of
the bubble does not change until after the state of the electron has changed. The energy
of the electron in the first excited state inside the same bubble is
E1P =

λ12P  2
2mR02

,

(3.28)

where λ1P = 4.493409 is the argument at which the spherical Bessel function j1 has its
first zero. Thus, the photon energy required to excite from 1S to 1P is [46]
E1S →1P =

2
(λ12P − π 2 ) ,
2
2mR0

(3.29)

and so the cross-section for optical absorption should exhibit a delta-function peak at the
energy E1S →1P .
We now consider the effect of the shape fluctuations on the line shape for this
transition. A rigorous calculation of this involves the following steps. In the initial state,
the electron is in the 1S state and the state of the bubble can be described by a set of
quantum numbers specifying the excitation of each of the normal modes for shape
oscillation. The probability of a particular initial vibrational state is proportional to
exp(− E / kT ) , where E is the energy of the state. In each of these states the energy of

the electron is slightly different. Optical absorption can occur from any one of these
states to a state in which the electron wave function has changed to 1P and the bubble is
in one of many different possible vibrational states. The line shape is then calculated by
adding up the probabilities of transition from each possible initial state to each possible
final state.
In order for the matrix element for the transition to be large, there has to be an
appreciable overlap of the wave function of the bubble in the initial and final states. It is
straightforward to show that, as a consequence, the vibrational quantum numbers for the
bubble in the final state must be very large, specifically greater than 1000. When this
condition holds, the calculation of the line shape can be greatly simplified [47, 48, 49]
since the final vibrational state can be treated classically. The initial vibrational state still
needs to be treated quantum mechanically, but the correct result for the line shape can be
obtained by the following method. Consider a particular vibrational mode i with
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displacement q , frequency ω , and spring constant K . At a finite temperature, the
probability of the displacement of the mode being in the range between q and q + dq is
P (q ) dq where
∞

∞

n =0

n =0

P(q ) = ∑ ψ n2 (q ) exp[−(n + 1 / 2) ω / k B T ] / ∑ exp[−(n + 1 / 2) ω / k B T ]

(3.30)

where ψ n (q ) are the eigenfunctions for the harmonic oscillator. It can be shown [48] that
Eq. (3.30) can be simplified to give the expression
P(q ) = ( K / 2pk B Teff )1 / 2 exp(− K q 2 / 2k B Teff ) ,

(3.31)

Teff = θ / tanh(θ / T ) ,

(3.32)

where

and θ =  ω / 2k B . Thus P (q ) is the same as the distribution of displacements of a
classical oscillator with an effective temperature Teff .
For each vibrational mode we can calculate the probability of a particular
displacement. We then find the shift in the 1S and 1P energy levels due to these
displacements. Averaging over all possible displacements of the modes then gives the
line shape. To lowest order, the only contribution to the shift of the 1S state arises from
shape fluctuations with l = 0 symmetry. The shift is
−

E1S f 0

(3.33)

π R0

The l = 0 fluctuations give the same fractional shift for the 1P state as for the 1S state.
Hence, the shift in the transition energy due to this fluctuation is
−

( E1P − E1S ) f 0

π R0

.

(3.34)

It is clear that the l = 0 fluctuations alone would result in a Gaussian line shape.
The only other contribution to the shift of the 1P state comes from fluctuations with

l = 2 . These fluctuations do not lead to any shift in the 1S state in lowest order, but they
remove the 3-fold degeneracy of the 1P level. Lerner et al [35] have treated the effect of
these fluctuations on the 1P states in an approximate way by assuming that the main
contribution to the shift in the energy levels comes from axially-symmetric vibrations.
Here we treat the problem without approximation using the method originally developed
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by Rayleigh [50] for finding frequencies of acoustic modes in objects that have a shape
close to a circular form. Suppose that at some instant the displacements due to the 5
vibrational modes with l = 2 are such that
R (θ , φ ) = R0 +

2

∑

m = −2

ε 2 mY2 m (θ , φ ) .

(3.35)

where


f
ε 20 = 20

R0


f 21 − if21
− f 21 − if21

=
, ε21
.
ε 21 =
2 R0
2 R0



f 22 + if22
22 − if 22
 ε 22 f=
=
, ε 22

2 R0
2 R0

(3.36)

Let the shift in the energy level of the 1P state be ∆E1P and set

x ≡ ∆E1P / E1P .

(3.37)

Then from Rayleigh’s method we find that the values of x are the solutions of the
eigenvalue equation:
1
ε 20
5π
3
ε
−
5π 2 1
6
ε
5π 22

3
ε 21
5π
4
ε 20
−
5π
3
ε
−
5π 2 1
−

6
ε 22
5π
3
ε 21
−
5π
1
ε 20
5π

A11

A11

A10 = x A10 .
A1 1

(3.38)

A1 1

In this equation A11 , A10 and A1 1 are the amplitudes of the Y11 , Y10 and Y1 1 components
of the wave function. Given these results, the calculation of the line shape and width is a
straightforward numerical problem. Results were obtained by considering 106
configurations of a bubble, each configuration corresponding to particular values of the
~ ~
six parameters f 0 , f 2 , f 22 , f 21 , f 22 , f 21 , chosen from a Gaussian distribution with
appropriate rms value. The calculation of the line shape includes a weighting factor to
allow for the different values of the matrix element between the 1S state and the three 1P
states. Thus, for example, if the light is taken to be polarized along the z -axis, the
weighting factor is A102 .
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Figure 3.4: The shape of the absorption line for the 1S→1P optical transition at pressures
of P = 0, 12 and 24.4 atmospheres. The solid line is the results of the experiment of
Grimes and Adams and the dashed line shows the theory. The details of the theory are
described in the text.

The calculated line shape is shown in Fig. 3.4. along with the experimental data [51]
of Grimes and Adams at pressures of 0, 12 and 24.4 atmospheres and 1.3 K. The
experimentally-measured surface tension at 1.3 K was used (0.361 erg cm-2). The
position of the center of the line and the magnitude of the absorption has been slightly
adjusted so as to coincide with the experimental data. Otherwise there are no adjustable
parameters. It can be seen that the agreement with experiment is very good. Surprisingly,
the theoretical line shape is not Gaussian. The fluctuations with l = 0 clearly give a
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Gaussian line shape; the non-Gaussian shape arises entirely from the fluctuations with

l = 2.
The theory also predicts a small shift in the center of the line with temperature. One
can readily understand the contribution of l = 0 fluctuations to this shift. A fluctuation in
which the radius of the bubble increases by δ R produces a fractional shift in the photon
energy of

δ E+

R02
=
−1,
E
( R0 + δ R ) 2

(3.39)

while a decrease in radius by the same amount gives

δ E−

R02
=
−1.
E
( R0 − δ R ) 2

(3.40)

The average of the shifts due to fluctuations of this magnitude is therefore
2

δ R
1  δ E+ δ E− 
 .
= 
+
 = 3 
2 E
E 
E
 R0 

δE

(3.41)

Given the success of the theory in fitting the experimental data, it is of interest to make
calculations to predict the line shape and optical absorption at other temperatures and
pressures. It is straightforward to show that for the present model of the electron bubble
in which the electron wave function does not penetrate into the helium, the integral of the
absorption cross-section for the 1S→1P transition has the value 1.06×10-16 cm2 eV
independent of the pressure and the temperature. [52] As a result, once the shape of the
absorption line is known, the absorption cross-section can easily be found. Results at a
series of pressures for temperatures of 0, 1 and 2 K are shown in Fig. 3.5. Since as
P → Pc the frequency of the l = 0 mode goes to zero, we would expect the width of the
absorption line to become very large in this limit. However, the numerical calculations
indicate that this occurs only very close to Pc , and that the width at –1 bars is less than it
is at P = 0. In the region with P very close to Pc the l = 0 mode should become
anharmonic.
We note that the calculation we have performed neglects three possible contributions
to the line width. The first of these is the contribution from the finite lifetime of the 1P
state. The calculated lifetime due to spontaneous emission has been calculated to be
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Figure 3.5: Calculated shape of the absorption cross-section for the 1S→1P optical
transition as a function of pressure at temperatures of 0, 1 and 2 K. The different curves
are labeled by the pressure in bars.
around 44 ms when the pressure is zero. This corresponds to a width  / τ of 1.5×10-11 eV
which is totally negligible compared to the width that is measured experimentally.
Experimental measurements of the lifetime of the 1P state [17] indicate that the actual
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lifetime is considerably less than the calculated lifetime due to spontaneous emission,
thus indicating the importance of some sort of non-radiative decay process. However, the
contribution to the line width is still negligible. [53]
The second possible contribution comes from the rotons and phonons in the liquid.
We have implicitly assumed that the fluctuations in shape of an electron bubble arise
only from the normal modes of the bubble, and that these modes are uncoupled to the
phonons and rotons in the liquid. The shape of the bubble should also fluctuate when
phonons or rotons collide with the bubble. We have not attempted to calculate the
magnitude of this effect. The third contribution comes about from the possible effect of
vortices. Grimes and Adams considered it likely that the electron bubbles that they
studied were attached to quantized vortices. This should cause a splitting of the 1P levels,
into a singlet and a doublet. However, they estimate that this splitting was less that 2 %
and so its contribution to the line shape should be small compared to the effects of shape
oscillations.

3.3.2. Optical transition from the 1S to the 2P state
We have calculated in the previous section the effect of thermal and zero-point
fluctuations on the 1S to 1P optical transition of the electron bubble in superfluid helium.
Here we extend these calculations to consider the line shape for the 1S to 2P transition
and compare the results with the data of Zipfel and Sanders [36].
The 1S→2P transition has been studied by Zipfel and Sanders. At zero pressure the
1S→2P transition energy is 0.5 eV. The calculation for the transition cross-section of
1S→2P follows along the same general lines as already presented for the 1S→1P
transition. For a mode of vibration in which the surface displacement varies as Ylm (θ , φ ) ,
the vibrational frequency ωl is found. The statistical distribution of amplitudes for each
mode l , m is then determined. For a set of mode amplitudes, we calculate the difference
in energy between the 1S and 2P levels. Averaging over the statistical distribution of
mode amplitudes then gives the line shape. Since the amplitude of the fluctuations of the
bubble surface is small, it is sufficient to consider that the shift in the energy levels is
proportional to the displacement. Within this approximation, the shift in the 1S level
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Figure 3.6: Calculated shape of the absorption cross-section for the 1S→2P optical
transition as a function of pressure at temperatures of 0, 1 and 2 K. The different curves
are labeled by the pressure in bars.
depends only on the normal mode with l = 0 , and the 2P level is shifted by the l = 0
mode, and by the five degenerate modes with l = 2 .
In the previous calculation for the 1S→1P transition, the energy of the electron was
sufficiently far below the potential barrier provided by the wall of the bubble that the
penetration of the wave function into the helium could be neglected. However, for the
1S→2P transition it is necessary to allow for the finite height (~1 eV) of the barrier, and
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Figure 3.7: Full width at half height of the 1S→2P cross-section as a function of pressure
at 1.3 K. The crosses are the measurements of Zipfel (Ref.36) and the solid curve is the
calculated width.

to do this we followed the method used by Grimes and Adams. [4] The results for the
line shape at different pressures and temperatures are shown in Fig. 3.6. It can be seen
that the line width increases with pressure and temperature, and hence the peak value of
the cross-section decreases with an increase in these parameters.
The only experimental study of the 1S→2P transition is the work of Zipfel at a
temperature of approximately 1.3 K. She made measurements of the line shape over a
range of pressure up to 15 bars. In Fig. 3.7 we compare her results for the full width at
half maximum with the results of our calculations. It can be seen that, allowing for the
scatter in the experimental results and the approximations that have been made in the
theory, the agreement between experiment and theory is good.

3.4 Optical transitions of an electron bubble from the 1S state
to D states
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Measurements of optical absorption have been made by Northby and Sanders [2],
Zipfel and Sanders [3, 36], Parshin and Pereversev [6], and by Grimes and Adams [4]. In
the initial experiments by Northby and Sanders, there was some uncertainty in observed
absorption line assignment. It has since been concluded that the measurements of
Northby and Sanders [2] at zero pressure for photons in the energy range around 1 eV are
probing transitions from the ground state 1S to states in the continuum. The sharp peak in
the cross-section at around 0.5 eV seen by Zipfel and Sanders [3, 36] arises from the 1S
to 2P transition. The absorption peak near to 0.1 eV studied by Parshin and Pereversev
[6], and by Grimes and Adams [4] is due to the 1S to 1P transition. These main features
in the optical spectrum arise from “allowed transitions”, i.e., electric-dipole transitions in
which the angular momentum of the electron changes by  . Here, we consider processes
that are “forbidden” within the electric dipole approximation, specifically transitions
from the 1S state to D states. For a perfectly spherical bubble the cross-section for these
transitions is extremely small, i.e., less than the cross-section for the allowed transitions
by a factor which is of the order of ( R / λ ) , where R is the radius of the bubble and λ
2

is the light wavelength. However, because of thermal and quantum fluctuations, at any
instant the bubble has a significant deviation from spherical shape and this greatly
increases the probability of a transition to a D state. It is possible that such transitions
have been seen by Northby and Sanders.

3.4.1. Perturbation theory for transitions from 1S to D states
In previous sections, we have calculated the amplitude of the shape fluctuations for a
ground state electron bubble at given temperature T . The distance R(θ , ϕ ) from the
origin to the surface of the bubble in the direction (θ , ϕ ) was written as

~ ~
R(θ , f ) = R0 + ∑ f l Yl 0 + ∑ f lmU lm + ∑ f lmU lm ,
l

where R0 is the average radius, U=
lm

l

(Y

lm

(3.42)

lm

−i (Ylm − Ylm* ) / 2 , Ylm is the
+ Ylm* ) / 2 , U lm =

spherical harmonic function and Ylm* is its complex conjugate. The sum is over m from

−l to l . The fluctuating quantities flm and flm* have average squared values as given by
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Eq. (3.25) and Eq. (3.26). For light of frequency Ω that is polarized along the z-axis, the
cross-section for a transition from the ground state 0 to a state i is
=
σ (Ω)

4π 2 e 2 Ω
2
Z 0i δ ( E0 + ZΩ − Ei ) ,
c

(3.43)

where Z 0i is the transition matrix element of Z between the ground state and the state i ,
and E0 and Ei are the energies of these states. The shape fluctuations modify both the
energies of the different quantum states as well as the transition matrix elements between
the states. We have used perturbation theory to calculate the shift in the energy level of
the 1D states to first order in the amplitude of the fluctuations. The result is most
conveniently expressed in terms of the dimensionless parameters and ε lm and εlm defined
by

ε lm ≡

flm − iflm
,
R0 2

εlm ≡ (−1) m

flm + iflm
.
R0 2

(3.44)

We write the wave function of the perturbed D states in the form

ψ=

2

∑Dψ
m

m = −2

m

,

(3.45)

where ψ m is the m-th unperturbed D state. Let the shift in the energy level of the 1D state
be DE1D and let
x ≡ DE1D / E1D .

(3.46)

Then following the method used in [6], we find that the eigen-equation for x becomes
2

2∑

∑ε ∫Y

m = −2 l0 m0

l0 m0

*
2 m 2 m′ l0 m0

Y Y

d Ω D2 m′ =
− xD2 m .

(3.47)

From this equation we can obtain the shift DE1(DM ) and amplitude of the wave function
components in the Dm( M ) in the M − th D state for any particular set of values of the ε lm
and εlm parameters. Using the properties of the spherical harmonics, we find that the
energy shifts of the 1D states have contributions from shape deformations of the bubble
with l = 0, 2, and 4.
The matrix element between the perturbed 1S and the M-th perturbed 1D state can
be written as
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I = 1S ′ | Z |1D ( M ) ,

(3.48)

where 1S ′ is the perturbed ground state wave function of the electron. To first order in

ε lm , it is straight forward to show that 1S ′ is given by
=
1S ′ A00 j0 (k1S r )Y00 +

∑A

l ≥1, m

j (k1S r )Ylm ,

lm l

(3.49)

where jl (k1S r ) denotes spherical Bessel function with argument k1S = π / R0 . A00 is the
normalization constant for the unperturbed ground state wave function. To the first order
of ε lm , Alm is given by

 j ′ (k R )

Alm = −  0 1S 0 k1S R0Y00  ε lm A00 .
 jl (k1S R0 )


(3.50)

For the perturbed D state wave function
D = ∑ Dlm jl (k D r )Ylm ,

(3.51)

lm

it can be shown that for l ≠ 2 , we have
2
 l +2

j ′ (k R )
Dlm =
− ∑ D2( Mm′ ) 2 D 0 k D R0  ∑ ε l ′,( m − m′) ∫ Ylm* Y2 mYl ′,( m − m′) d Ω  .
 l ′=

jl (k D R0 )
m′ =
−2
 l −2


(3.52)

In this equation k D is such that k D R0 is the first zero of j2 . Combining all the above
analysis, after a careful calculation we find that to lowest order in ε lm the transition
matrix is given by
=
I

1=
S ′ | Z |1D ( M )

2

∑C

m = −2

m

Dm( M ) ,

(3.53)

where the coefficients Cm are given by

πε j ′ (π ) R0  π r   α 2 r  3
*
− 3,m 0
Cm =
j3   j2 
 r dr ∫ Y2,mY3,mY1,0 d Ω
∫
0
3 j3 (π )
 R0   R0 
.
α 2ε 3,− m j2′ (α 2 ) R0  π r   α 2 r  3
*
−
j0   j1 
 r dr ∫ Y1,0Y2,mY3,− m d Ω
∫
0
3 j3 (α 2 )
 R0   R0 

(3.54)

and α 2 is the first zero of j2 . A similar expression can be derived for the 1S to 2D
transition. We see that the matrix elements only involve l = 3 deformation mode of the
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bubble. The cross-section is calculated then using a statistical average over a Gaussian
distribution of values of each of the ε lm and εlm parameters with average squared values
as given by Eq. (3.25) and Eq. (3.26).

3.4.2. Results and discussion
The results for the cross-section for the 1S to 1D and 1S to 2D transitions as a
function of photon energy at zero applied pressure are shown in Fig. 3.8. These crosssections decrease rapidly with increasing pressure. As an example, Fig. 3.9 shows the
cross sections at 2 K for several pressures. In Fig. 3.10 we show the integral of the crosssection over photon energy as a function of temperature. Note that the results for the 2D
transition have limited accuracy because the energy of the electron in the 2D state is
approaching the height of the energy barrier provided by the helium and so to make a
more accurate theory, the penetration of the wave function into the helium should be

Figure 3.8: Calculated cross-sections for the 1S to 1D and 1S to 2D transitions for
electron bubbles in helium at zero pressure.
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Figure 3.9: Calculated cross-section for the 1S to 1D and 1S to 2D transitions at T =2 K
for several pressures.

Figure 3.10: Calculated total cross-section for the 1S to 1D and 1S to 2D transitions as a
function of temperature. The pressure is zero.
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taken into account. The calculated cross-sections are between two and three orders of
magnitude less than the cross-sections for the allowed 1S→1P and 1S→2P transitions
calculated earlier. Nevertheless, these cross-sections are sufficiently large that it should
be possible to measure them by the methods that were used earlier to study the allowed
transitions. In fact, it is interesting to note that in the measurements of Northby and
Sanders [2] a weak peak was detected at 0.75 eV. They attributed this to a transition to a
“bound P state”, presumably thinking of the 2P state. It is now clear that the transition to
the 2P state occurs for a photon energy of ∼0.5 eV for P = 0 K. Consequently, there is a
possibility that the peak seen at 0.75 eV by Northby and Sanders is due to the 1S→2D
transition. To test this possibility, it would be important to make a quantitative
measurement of the magnitude of the cross-section; the measurements of Northby and
Sanders do not provide this information.

3.5 Summary
We have presented a calculation of the effect of zero-point and thermal fluctuations
on the shape of electron bubbles in liquid helium. The results are used to determine the
line shape for the 1S→1P optical transition. The calculated line shape is in very good
agreement with the experimental measurements of Grimes and Adams (Phys. Rev. B45,
2305 (1992)). The optical transitions of an electron bubble from the ground state to the
2P states have been studied within the same bubble surface fluctuation model. We
compared our calculated transition cross-section with the measured data of Zipfel. At
about 1.3K, the full width of the transition lines at half maximum agrees well with her
measured one over a range of pressure up to 15 bars, allowing for the scatter in the
experimental results and the approximations that have been made in the theory.
For an ideal spherical bubble electric-dipole transitions can occur only to P states.
Thermal or quantum fluctuations in the bubble shape make other transitions possible. We
studied the cross-sections for transitions from the 1S ground state to the 1D and 2D states.
The calculated cross-sections for the 1S to 1D and 2D transitions are approximately two
orders of magnitude less than the cross-sections for the 1S to 1P and 2P. Nevertheless,
these 1S to D transitions are still large enough that one may be able to detect them
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experimentally. We especially note that the 1S to 2D transition may have already been
measured by Northby and Sanders, which they attributed a transition to a “bound P state”.
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Chapter 4
Calculation of the shape of S-state electron
bubbles in liquid helium
4.1 Introduction
Electron bubbles in liquid helium have a size and shape that is dependent on the
quantum state of the electron and on the pressure P in the liquid. [22, 23, 54, 55] The
form of the bubble is such as to minimize the total energy, i.e., the sum of the energy Eel
of the electron, the surface energy α A ( α is the surface tension and A is the surface
area) and the volume energy PV . In discussion of these bubbles, it is convenient to label
the different quantum states in the following way. First consider an electron inside a
spherical cavity. The quantum state of the electron can then be specified by a radial
quantum number n ( n = 1, 2,3... ), an angular momentum l and the azimuthal quantum
number m . Then allow the shape of the bubble to change so as to lower the energy until
the system reaches a stable state while the wave function continuously adjusts. Because
this change in shape may destroy the spherical symmetry of the wave function, the
angular momentum is no longer a conserved quantity. However, it is convenient to
continue to label the states by n and l .
Previously the shape of bubbles has been calculated based on the assumption that the
bubbles have axial symmetry. The equilibrium shape of 1S, 2S, 1P, 2P, and 1D states at
zero applied pressure was determined and for some of these states the change in shape
with pressure was investigated. [23] As expected, the nS states remained spherical but
became smaller as the pressure was increased. However, in a very interesting paper,
Grinfeld and Kojima (GK) [56] obtained the surprising result that except in a small
pressure range, the nS states with n ≥ 2 were unstable against distortions with l = 3 and
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thus lost their spherical symmetry. For the 2S state the spherical bubble was unstable
against l = 3 perturbations above a pressure of -1.23 bars. Above

this

pressure

the

bubble has tetrahedral (T) symmetry. At some higher, but unspecified pressure, GK
mentioned that a second instability set in and the bubble shape and wave function
evolved into a 1D state. The GK investigation [56] included both an analysis of the
stability of the spherical bubble against small-amplitude fluctuations and also finite
element calculations of the shape of the equilibrium bubble after the instability had
occurred. In this chapter, we report a more detailed calculation on the shape of the S-state
bubbles using a different method based on a spherical harmonics expansion. We also
study the behavior of the 3S and 2P bubbles.

4.2 Spherical harmonic expansion for a bubble shape with
tetrahedral symmetry
To mathematically describe a three dimensional bubble, we choose the origin of the
coordinates to be inside the bubble. The shape of the bubble can then be described by the
distance from the origin to points on the bubble surface R = R (θ , ϕ ) . If the shape of the
bubble is such that R(θ , ϕ ) is a single valued function of the solid angle (θ , φ ) , we can
express the shape via linear combinations of the spherical harmonics
(θ , ϕ )
R R=
=

∑A

Y (θ , ϕ ) ,

lm lm

(4.1)

l ,m

where Alm ’s are the coefficients for each spherical harmonic function Ylm (θ , ϕ ) . With a
given set of coefficients { Alm } , we calculate the total energy of the electron bubble. By
varying { Alm } , we are able to find the equilibrium shape for an electron bubble which
gives the minimum total energy. In order to reduce the work involved in the calculation,
it is helpful to find out any possible constraints on the coefficients Alm ’s, especially for
bubbles with known symmetry. Here we shall discuss the constraints on { Alm } for a
shape with tetrahedral symmetry.

4.2.1 The T4 symmetry group for a shape with tetrahedral symmetry
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Figure 4.1: Illustration of a shape with tetrahedral symmetry.

The symmetry group for a shape with tetrahedral symmetry is the T4 group. There
are totally 12 group elements [57]:
T4= {E, TA , TA2 , TB , TB2 , TC , TC2 , TD , TD2 , TAB , TAC , TAD } ,

(4.2)

where E is the identity operator; TA means rotation around OA by 120 degrees; TA2
means rotation around OA for 240 degrees; TB is rotation around OB for 120 degrees
and TB2 is rotation around OB for 240 degrees. TC and TC2 are rotations around OC for
120 degrees and 240 degrees respectively; The same definition applies for TD , and TD2
around OD. TAB is a rotation by 180 degrees along the line which connects the center
point of AB and the center point of CD; TAC and TAD have similar definitions. In our
problem, R=R(θ ,ϕ ) is a three dimensional shape with tetrahedral symmetry, hence any
group element TG of the T4 group acts on the function R(θ ,ϕ ) should not change
R(θ ,ϕ )

T̂G R(θ ,ϕ )=R(θ ,ϕ ) .

(4.3)

This means that the function R(θ ,ϕ ) actually forms a trivial representation of the T4
group. If the shape R(θ ,ϕ ) can be expressed via linear combinations of spherical
harmonics as shown in Eq. (4.2), the coefficient set { Alm } must be such that the
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summation

∑A

Y (θ , ϕ ) forms a trivial representation of the T4 group. Hence by

lm lm

l ,m

acting any group element TG on

∑A

Y (θ , ϕ ) , there shouldn’t be any change.

lm lm

lm

On the other hand, as is well known, the 2l + 1 spherical harmonic functions
Ylm (θ , φ ) ’s, with m from −l to l , are basis functions that form a 2l + 1 dimensional
irreducible representation Dml ,m′ (Tg ) for the 3 dimensional rotational group SO(3) group.
T4 group is a sub-group of the SO(3) group, so any irreducible representation Dml ,m′ (Tg )
of the SO(3) group must also be a representation of the T4 group. But normally

Dml ,m′ (Tg ) is no longer an irreducible representation of the T4 group since T4 has lower
symmetry than SO(3). We can then build new base functions Y (θ , φ ) by linear
combination of the old base functions Ylm (θ , ϕ )

Y (θ , φ ) =

l

∑X

m= −l

Y (θ , φ ) ,

(4.4)

m lm

in a way such that the representation Dml ,m′ (Tg ) is then decomposed into irreducible
representations of the T4 group under the new base functions

XDml ,m′ (TG ) X −1 = ⊕ ai D i (TG ) .

(4.5)

i

where ai is the times of the irreducible representation D i of the T4 group appears in the
representation Dml ,m′ (Tg ) . If in the decomposition, there exists a trivial representation
D i = 1 for the T4 group, then we know there must exist a special way of linearly

combining the 2l + 1 Ylm (θ , φ ) base functions so that

l

∑X

m= −l

Y (θ , φ ) forms a trivial

i
m lm

representation for the T4 group. The coefficients X mi ’s are completely determined in the
decomposition. Thus for a shape with tetrahedral symmetry, the spherical harmonics
expansion coefficients { Alm } must be proportional to { X mi }
l

∑

AlmYlm (θ , ϕ ) = Al

l

∑X

Y (θ , φ )

i
.
m lm
m=
−l
m=
−l
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(4.6)

So once we determine all { X mi } based on representation decompositions, we then reduce
the number of spherical harmonic expansion coefficients from 2l + 1 to the only free
parameter Al . [58]

4.2.2 Spherical harmonic expansion of a tetrahedral shape
In group theory, the number of times ai that an irreducible representation D i of the T4
group appears in the decomposition of a reducible representation Dml ,m′ (Tg ) can be
simply calculated via the Clebsch-Gordan theorem to be

ai =

1
χ l (TG ) χ i (TG ) ,
∑
g TG ∈T4

(4.7)

where χ l (TG ) is the character of the group element TG in representation Dml ,m′ and

χ i (TG ) is its character in the irreducible representation D i of the T4 group. For the
problem we are considering now, we want to see how many trivial representation of the
T4 group can be found in the decomposition of reducible representation Dml ,m′ (Tg ) . Thus
we have χ i (TG ) =1 for all T4 group elements in this case. To calculate χ l (TG ) , we can

think in the following way. For a group element Rˆ (ω , n) , which means the rotation

along the n direction for an angle of ω , of the SO(3) group, its character in a irreducible

representation of the SO(3) group Dml ,m′ (Tg ) is equal to the character of the group

element Rˆ (ω , z) since they are equivalent

 
  
Rˆ (ω , n) = Tˆ (n, z) −1 Rˆ (ω , z)Tˆ (n, z) ,

(4.8)

 

where Tˆ (n, z) is the rotation which rotates the vector in the n direction back to the z 
 
axis; Tˆ (n, z) −1 is the inverse operation of Tˆ (n, z) . In the irreducible representation

Dml ,m′ (Tg ) of the SO(3) group, the matrix of Rˆ (ω , z) is diagonal and is given by:


Dml ,m′ ( Rˆ (ω , z)) = e − imωδ mm′ .

It is straightforward to show the character of Rˆ (ω , z) is
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(4.9)

χ l (ω )
=

l

e ω
=
∑
− im

m= −l

sin{(l + 1 2)ω}
,
sin(ω / 2)

(4.10)

Hence we obtained the character for each of the group element of the T4 group. For
classes C1={E}, C2={ TAB , TAC , TAD }, C3={ TA , TB , TC , TD }, C4={ TA2 , TB2 , TC2 , TD2 },
we have
sin{(l + 1 2)ω}
 l
l
 χ (C1)= χ (0)= lim sin(ω / 2) = 2l + 1
ω →0

sin{(l + 1 2)π }

l
l
= (−1)l
 χ (C 2) = χ (π ) =
sin(π / 2)

2π

sin{(l + 1 2) }

l  2π 
3
,
 =
χ l (C 3) χ=


π

 3 
sin( )

3

4π

sin{(l + 1 2) }
4
π


l 
3
χ l (C 4) χ=


 =
2
π
 3 
sin( )

3


(4.11)

Apply the Clebsch-Gordan theorem

=
aTl

1
1
=
χ l (TG ) χT (TG )
χ l (TG )
∑
∑
12 TG ∈T4
12 TG ∈T4

2π
4π 

sin{(l + 1 2) }
sin{(l + 1 2) }  , (4.12)

1
l
l
3 + 4×
3
⇒ a=
1× (2l + 1) + 3 × (−1) + 4 ×

T
π
2π
12 

sin( )
sin( )
3
3



aTl is the number of times the trivial representation of T4 group appears in the
decomposition of Dml ,m′ . The results are shown in Table 4.1.
We see that aT1 , aT2 and aT5 are zero which means there is no way to linear combine
spherical harmonic functions { Y1m }, { Y2m } and { Y5m } to form a shape which has
tetrahedral symmetry. Therefore the coefficient sets { A1m }, { A2m } and { A5m } must all be
zero in the expansion of the shape R(θ , ϕ ) . Since aT6 = 2 , the 13 spherical harmonic
functions { Y6m } with m from -6 to 6, can form two independent trivial representations of
the T4 group. Hence so far we have the spherical harmonics expansion for a shape with
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Table 4.1 The number of times aTl that the trivial representation of T4 group in the
decomposition of the reducible representation Dml ,m′ .

l

0

1

2

3

4

5

6

7

8

9



aTl

1

0

0

1

1

0

2

1

1

2



tetrahedral symmetry
3

4

6

R(θ , ϕ ) =
A0Y00 + A3 ( ∑ c3mY3m ) + A4 ( ∑ c4 mY4 m ) + A6(1) ( ∑ c6(1)mY6 m )

m=
−3
m=
−4
m=
−6

6

7
(2)
6m 6m
7
7m 7m
m=
−6
m=
−7

+ A ( ∑ c Y ) + A ( ∑ c Y ) +
(2)
6

,

(4.13)

where the Al ’s are independent free coefficients while the clm ’s are determined by group
theory during the decomposition of the reducible representations. In this way, we
determined the restrictions on the coefficients for the spherical harmonics expansion of a
shape with tetrahedral symmetry. To vary a shape which has tetrahedral symmetry, we
only need to vary these independent Al ’s. In table 4.2 we show the calculated linear
combinations of spherical harmonics that have tetrahedral symmetry. These were first
obtained by S.L. Altmann and C.J. Bradley [59]. To be consistent with Altmann and
Bradley, we choose coordinates such that OA, OB, OC, OD in Fig. 4.1 are along
directions (1,1,1), (1, 1, 1), (1,1, 1), (1, 1,1) and we define real functions
2l + 1 (l − m)! m
Y!lm ≡ (Ylm + Ylm* ) / 2 =
Pl (cos θ ) cos(mφ ) ,
2π (l + m)!

(4.14)

and

2l + 1 (l − m)! m
Y!l m ≡ −i (Ylm − Ylm* ) / 2 =
Pl (cos θ ) sin(mφ ) ,
2π (l + m)!

(4.15)

where m ≥ 0 . The results obtained here are quite general. To find constraints for
spherical harmonic expansion of shapes with other symmetries, the general procedures
are similar to what we have outlined above.
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Table 4.2 The calculated linear combinations of spherical harmonics that have tetrahedral
symmetry.

l =0

l =3

l=4

Y00

Y32

5
Y40 + Y44
7

l =6

Y60 − Y64 7

l =8

l =9

28  65
Y80 + Y84
+ Y88
99
99

l =6

[1]

13
Y92 − Y96
3

5
11

Y62 − Y66

l =9

[1]

Y94 − Y98

l =7

[2]

[2]

11
Y72 + Y76
13
……

7
17

…...

4.3 The shape of S-state electron bubbles at different pressures
4.3.1 Electron bubbles in the 2S state
To study the equilibrium shape of an electron bubble in the 2S state, we first write the
radius R(θ , φ ) of the bubble in the direction θ , φ as

R(θ , f ) = ∑ Al(i ) fl (i ) (θ , f ) ,

(4.16)

l ,i

where Al(i ) are some coefficients, and the functions
fl (i ) (θ , f ) = ∑ Blm(i )Ylm (θ , f )

(4.17)

m

are linear combinations of the spherical harmonics Ylm (θ , φ ) that have tetrahedral
symmetry as we discussed previously. We then solve the Schrödinger equation for the
electron wave function ψ with the boundary condition that ψ = 0 on the bubble surface
using for ψ an expansion in terms of a set of functions with T4 symmetry, i.e., with
angular dependence given by the fl (i ) (θ , f ) functions as well. Typically, the shape was
expanded using functions up to l = 6 , and up to l = 9 for ψ . In Fig.4.2, we show the
energy of the spherically-symmetric (SS) 2S state as a function of pressure along with the
energy of the bubble when deformations with T4 symmetry are allowed. We find that the
instability leading to T4 symmetry (T state) occurs at -1.23 bars, in agreement with the
earlier results of GK. In Fig.4.3 we show the shape of the 2S bubble at a series of
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Figure 4.2: Energy of the 2S electron bubble as a function of pressure. Below A the
bubble becomes unstable against uniform radial expansion. Above B the spherical bubble
becomes unstable and takes on a tetrahedral shape. At C the tetrahedral bubble becomes
unstable against relaxing to new electronic state. Above C, the bubble shape can be
varied continuously to lower the total energy, and the wave function of the electron
relaxes to a new electronic state.

pressures. It can be seen that the distortion of the bubble shape from spherical increases
rapidly as the pressure is increased. We do not have any simple physical explanation for
the instability of the 2S spherical state against tetrahedral distortion. However, we note
that the numerical simulations show that the T state has larger electronic and volume
energy, but significantly lower surface energy.
We then considered the T state at each pressure and examined whether the energy of
the state could be lowered if the radius in the direction θ , φ was allowed to be of the
more general form
R(θ , φ ) = ∑ ClmYlm (θ , φ ) ,

(4.18)

lm

where the complex coefficients Clm are restricted only by the requirement that R(θ , φ )
be real. The wave function was also allowed to have a general symmetry. The result was
that the T state was found to be stable up to a pressure of -0.65 bars. Above this pressure,
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Figure 4.3: Shape of the 2S electron bubble at several pressures. The shapes shown for 0
and 2 bars are stable against fluctuations with tetrahedral symmetry but are unstable
against other fluctuations.

it was possible to vary the Clm coefficients so as to lower the energy by a large amount
below the T state, i.e., the T-state became unstable.
It is important to recognize that these calculations simply search for equilibrium states,
i.e., the numerical program repeatedly varies the Clm coefficients to see if the energy can
be lowered. However, this calculation does not determine what actually happens to a Tstate bubble in helium when the pressure is increased so as to make the bubble unstable.
To study such a situation requires the analysis of the dynamics of the bubble wall and the
resulting motion of the surrounding liquid. To do this it would be necessary to include
the effects of dissipation in the liquid due to the thermal excitations, the radiation of
sound, and other effects. Thus, it is possible that the final state of a bubble after it has
become unstable is different at different temperatures.
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4.3.2 Electron bubbles in 3S and 2P states
We have also considered the 3S electron bubble. Grinfeld and Kojima [56] show that
the nS state becomes unstable against fluctuations with l-symmetry if the quantity f nl
defined by

f nl =

(l − 1)(l + 2)
,


n
π
J
(
n
π
)
l −1/ 2
4n 2  l − 1 −

J
l +1/ 2 ( nπ ) 


(4.19)

is positive and if the pressure is such that the bubble radius is less than a critical radius
1/ 4



h2
Rc = 

 32π mα f nl 

.

(4.20)

Based on these equations we find that a spherical 3S bubble can be unstable against
fluctuations with l = 3 or l = 5 . The critical pressures are -0.92 bars ( l = 3 ) and +1.72
bars ( l = 5 ). In addition, the bubble becomes unstable against uniform expansion when
the pressure is below -1.08 bars. Thus, the SS state is stable for −1.08 < P < −0.92 bars.
We have confirmed by numerical calculations that the SS state becomes unstable against
T deformations above -0.92 bars.
The 3S bubble has a much more complex behavior and we have not been able to make
a complete study. At some pressures, the bubble can have more than one shape that is
stable against small amplitude fluctuations. Thus, for example, immediately above

P = −0.92 bars, we have found two stable states with T symmetry. For P = −0.90 bars
these shapes are shown in Fig.4.4. They are both stable against further tetrahedral
deformations, and have energies that differ by only a few K. For state A, the distortion
from spherical tends to zero as P → −0.92 from above, while the B state retains its T
symmetry even below -0.92 bars.
These results naturally lead to questions about the stability of other states such as nP,
and nD sates. The investigation of these states is more difficult because there is no
obvious way to do a linear stability analysis as GK did for the nS states. So far we have
investigated only the 2P state using numerical methods. We do not find any evidence of
instability of the axially-symmetric state in the pressure range up to +1.53 bars at which
point the state becomes unstable against axially-symmetric fluctuations as known.
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Figure 4.4: Two stable shapes of the 3S electron bubble at P = −0.9 bars.

4.4 Summary
We studied the equilibrium shape for the 2S state electron bubble in detail using an
expansion of the bubble shape in terms of spherical harmonics. For a bubble shape with
tetrahedral symmetry, we found the constraints on the spherical harmonic expansion
coefficients and this reduced the number of parameters needed in describing the shape of
the bubble, hence greatly improving the simulation speed. Our study confirms the results
obtained previously by Grinfeld and Kojima that the spherical shape for the 2S bubble is
stable only in a small pressure range. Above a pressure of -1.23 bar, the stable shape of
2S bubble has tetrahedral symmetry (T state). At pressure higher than -0.65 bar, the T
state is no longer stable. The behavior of the shape for 3S and 2P bubbles with varying
pressure was investigated as well. Multiple stable shapes are found for 3S bubble at
pressure higher than -0.92 bar while no special results obtained for the 2P state so far.
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Chapter 5
Properties of an electron bubble moving
through liquid helium
5.1 Introduction
It is well known that the Bernoulli Effect modifies the shape of gas bubbles moving
through a liquid. In this chapter we investigate the influence of the Bernoulli pressure on
the shape of electron bubbles moving through superfluid helium.
For a bubble moving in liquid helium with a very small velocity, the change in the
shape of the bubble can be estimated through a perturbation scheme based on the known
stiffness of each surface fluctuation mode of the electron bubble. We will show that for a
bubble moving in liquid with zero applied pressure, the radius along the direction of the
velocity of the bubble R pole decreases with increasing velocity, while the radius along the
waist of the bubble Rwaist increases as the bubble moves faster. When the bubble moves
with a high velocity, the change in shape becomes comparable to the size of the bubble.
The perturbation theory does not work in this situation. We performed numerical
calculations on bubble shape under different pressures and with different moving
velocities. The simulation results agree quite well with the perturbation calculation when
the moving velocity is very small. However, we observed that in the high velocity regime,
both R pole and Rwaist increase with increasing velocity under zero applied pressure. This
result may come from the decreasing in stiffness of the l = 0 surface mode with
increasing velocity of the bubble.
When the velocity of the bubble is higher than a critical value, we find from our
simulation that the bubble becomes unstable against expansion. We have calculated the
critical pressure as a function of the moving velocity. We show that an electron bubble
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moving through liquid helium at zero pressure becomes unstable when its velocity
reaches approximately 47 ms -1 , which is close to the critical velocity for an electron
bubble to nucleate a vortex ring in superfluid liquid helium. The contribution to the
variation of the bubble mobility with velocity due to the change in shape is discussed.

5.2 Bernoulli Effect of bubble moving in liquid
5.2.1 Bernoulli Effect
When a bubble moves through a liquid of low viscosity, the Bernoulli effect results
in a variation of the liquid pressure over the surface of the bubble. If the liquid is treated
as incompressible and the bubble is for the moment, taken to be spherical, it is
straightforward to show that the velocity potential in the fixed frame at the center of the
bubble is given by [60]

φ= −


R3
nˆ .V ,
2
2r

(5.1)


where the sphere has a radius R and a velocity V in the positive z-direction. r is the
distance from the center of the sphere and n̂ is a unit vector from the center of the sphere.
Then the liquid velocity is

=
v



R3
ˆ
ˆ
[3
n
(
V
⋅
n
)
−
V
].
2r 3

(5.2)

This gives a velocity at a location θ on the surface of the sphere with y-coordinate zero
of

=
vx

3
1
V , vz
sin θ cos θ=
(3cos 2 θ − 1) V .
2
2

(5.3)


where θ is the angle between the velocity V and the location of a point on the bubble
surface. The Bernoulli pressure as a result of this flow is then given by
∂φ
1
,
P=
P0 − ρ v 2 − ρ
∂t
2

(5.4)

where ρ is the liquid density and P0 is the pressure in liquid that is at rest and far away
from the bubble. φ in terms of coordinates relative to the center of the sphere is
independent of time. But in the rest frame φ is time dependent, specifically,
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dd d
∂φ
=−V ⋅ gradφ =−V ⋅ v .
∂t

(5.5)

Therefore
 
1
1  
1
P = P0 − ρ v 2 + ρ V ⋅ v = P0 − ρ (v − V ) 2 + ρ V 2 .
2
2
2

(5.6)

The pressure varies over the surface of the sphere as
1
P=
P0 + ρ V 2 (9 cos 2 θ − 5) .
8

(5.7)

As a result of this pressure variation, the bubble undergoes a change in shape such that
the waist increases.

5.2.2 Perturbation theory for a moving electron bubble
Consider now an electron bubble moving through superfluid helium at low
temperatures where the drag on the bubble due to the normal fluid is small. It is
important to recognize that the elastic properties of an electron bubble are different from
those of a gas bubble. To a very good approximation a gas bubble of macroscopic size
(e.g., ~ 1 cm) deforms in a way such that its volume remains constant. [61] The extent to
which the shape of the bubble changes due to the variation of the Bernoulli pressure over
the bubble surface is determined by a balance between the pressure and the surface
tension. For an electron bubble, on the other hand, the energy of the electron inside the
bubble is a function of both the volume and the shape of the bubble. For small velocity,
the shape change can be readily calculated by perturbation theory. We can decompose
the pressure distribution over the surface of a moving sphere into
P=

1
1
3
ρ V 2 (9 cos 2 θ − 5) = − ρ V 2 P0 (cos θ ) + ρ V 2 P2 (cos θ ) .
8
4
4

(5.8)

where P0 (cos θ ) and P2 (cos θ ) are Legendre polynomials. The l = 0 component of the
pressure will result in a change in radius and the l = 2 component will give a change in
shape.
Consider first the change in shape of a bubble moving in liquid at zero ambient
pressure. To find the change in radius, we minimize the total energy of the electron
bubble with the l = 0 component of the Bernoulli pressure
65

3
h2
1
2
2 4π R
.
+
−
π
α
ρ
E=
R
V
4
8mR 2
4
3

(5.9)

Write δ R= R − R0 , with R0 the equilibrium radius of a static electron bubble, we have
therefore

δR=

ρ V 2 R02
,
32 α

(5.10)

where α and ρ are the surface tension coefficient and density of liquid helium,
respectively. Taking α = 0.361 erg cm -1 [41], ρ = 0.14513 g/cm3 and R0 = 19.4 Å, we
have δ =
R 5.0 ×10−4 V 2 Å where V is in unit of m/s . Alternatively, we could use the
result obtained in the former chapter about the surface deformation stiffness. For l = 0
deformation, the stiffness is derived to be k0 = 8 α [62] and the effective force on the
1
l = 0 mode is F0 = − ρV 2 . Hence the change in radius is
4

F0
ρ V 2 R02
1
,
R
R
=
−
⇒
=
δ
δ
R02
k0
32 α

(5.11)

the same as Eq.(5.10). For the l = 2 deformation, the shape of the bubble can be
expressed as

R(θ ) =
R0 + f 20 Y20 (θ , f ) =
R0 + f 20

5
P2 (cos θ ) ,
4π

(5.12)

where f 20 is the deformation amplitude and Y20 (θ , φ ) is spherical harmonic function with
=
l 2,=
m 0 . The change in the potential energy of the electron bubble due to this

deformation has been derived to be
1
∆V = k2 f 202 ,
2

where k2 =

(5.13)

4π 2α
is the stiffness for this type of surface deformation. The equilibrium
3

value of f 20 due to the l = 2 component of the effective force exerted by the flow is
hence
f 20 = −

5 9 ρ V 2 R02
.
4π 20 π α
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(5.14)

Therefore the change in shape due to the l = 2 deformation is

δ R(θ ) = −

9 ρ V 2 R02
P2 (cos θ ) .
16π 2 α

(5.15)

Hence the total change in shape of the bubble is

1

9

2 2
 ρ V R0

δ R=
(θ )  −
P (cos θ ) 
2 2
 32 16π


α

.

(5.16)

In particular, the changes in the radius along the pole direction δ R pole and along the
waist of the bubble δ Rwaist are given by

ρ V 2 R02
9  ρ V 2 R02
1
=
−0.02574
δ R pole =
2
 32 − 16paa

.
ρ V 2 R02
9  ρ V 2 R02
1
=
δ Rwaist =
0.05975
2
 32 + 32paa


(5.17)

Therefore the aspect ratio of the bubble as a function of the moving velocity goes as

χ=

Rwaist
27 ρ V 2 R0
.
= 1+
R pole
32 p 2 a

(5.18)

If the pressure in the liquid is not zero, a similar analysis gives the change in radius of the
moving bubble as

1
 ρ V 2 R02
1
9
1
P
−
(cos
)
θ
. (5.19)

2
2
2
 32 1 + 5PR0 / 8α 16π 1 + ( PR0 / α )(1 / 2 − 3 / 2π )
 α

δ R(θ ) = 

5.2.3 Numerical simulations of the shape and stability of moving bubbles
For bubbles moving with large velocity, the change in shape due to the Bernoulli
pressure can no longer be treated as a perturbation. We have developed a numerical
method to calculate the bubble shape. We start with a guess at the bubble shape and then
calculate the electron wave function and determine the pressure ∆Pel that the electron
exerts on the bubble surface. In order to evaluate the Bernoulli pressure due to the flow
in the liquid, we expand the velocity potential as
Φ =∑ Bl Pl (cos θ ) r − l −1 ,
l
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(5.20)

where Bl are some coefficients and the sum includes terms for l from 1 up to 20. The
coefficients are determined so as to give a velocity distribution in the liquid such that in
the frame of reference of the moving bubble, the liquid velocity at the bubble surface in
the direction normal to bubble surface is as close to zero as possible. The velocity field
outside the bubble is next calculated and the variation of the Bernoulli pressure ∆PB (θ )
over the surface is determined. We next add in the effect of surface tension and
determine the net pressure imbalance ∆P at different locations on the surface. The net
inward force acting on unit area of the bubble surface is then
P0 + ∆PB (θ ) + 2σκ − ∆Pel (θ ) ,

(5.21)

where κ is the total curvature of the surface and P0 is the pressure in the liquid far away
from the bubble. Each part of the bubble surface is then moved inward a distance
proportional to ∆P , and the process repeated until the equilibrium shape is found. The
calculation as just described is based on the assumption that the bubble shape and
velocity field have axial symmetry around the direction in which the bubble is moving.
In this calculation the liquid is treated as incompressible. In Fig. 5.1 we show the
calculated bubble radius R pole along the pole direction and Rwaist along the waist of the
bubble as a function of the bubble velocity at zero liquid pressure. The perturbation
results for R pole and Rwaist based on Eq. (5.17) are shown in the figure as well (the dashed
line and the solid line). We see that for a small moving velocity, the simulated result
agrees very well with the perturbation theory. When the drifting velocity is small, with
increasing velocity, R pole decreases while Rwaist increases. However, when the velocity is
large, the bubble radius from the simulation shows a quite different behavior from the
perturbation theory. We note especially that the radius along the pole direction of the
bubble R pole increases with increasing velocity when the velocity is large. This
phenomenon may be understood in the following way. Suppose we increase the velocity
of the bubble from zero by small steps. The change in the bubble shape can be evaluated
in a perturbative way as follows. At step zero, the bubble is at rest and we can easily
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Figure 5.1: Electron bubble radius along pole direction R_pole and waist direction
R_waist as a function of the bubble velocity at P=0. The dot line and the triangle line are
the simulated results for R_pole and R_waist respectively. The dashed line and the solid
line are the perturbation results based on Eq. (5.17).

calculate its equilibrium shape and the stiffness of each surface mode. From step zero to
step one, the change in pressure due to the fluid flow is calculated and decomposed into
effective forces acting on the different surface modes (see Eq. (5.8).) The displacement
for each surface mode can then be calculated by dividing the effective force by the
stiffness constant. The resulted bubble shape is the equilibrium shape at step one. We
then recalculate the surface modes and stiffness for the new shape. From step one to step
two, the change in liquid pressure is now decomposed according to the surface modes of
bubble in step one and the change in shape is obtained by again dividing the effective
force by the new stiffness. By repeating the above process, we can evaluate the shape of
the bubble even when the velocity is large. The stiffness constant for each surface mode
changes from step to step. It turns out that the stiffness of the lowest mode (expansion
mode) decreases by a large amount with increasing velocity and approaches zero when
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Figure 5.2: Electron bubble radius along the pole direction R_pole and the waist direction
R_waist as a function of the bubble velocity at P = 1 Bar. The solid line and the dashed
line are the simulated results for R_pole and R_waist, respectively.

the velocity approaches a critical value while all other surface modes still have positive
stiffness constants. As a result, at large enough velocity, the expansion effect on the pole
direction that comes from the expansion mode may overwhelm the shrinking effect that
comes from other surface modes. Hence the radius along the pole direction starts to
increase with increasing bubble velocity. To get more insights on this argument, we also
calculated the bubble radius R pole and Rwaist as a function of the velocity at P = 1 bar
(shown in Fig. 5.2). Because of the positive pressure in the liquid, we expect to see R pole
starts to increase at a higher velocity than when P=0. One can see this effect clearly by
comparing Fig. 5.2 with Fig. 5.1. Above a critical velocity, the bubble becomes unstable
against expansion. The behavior of R pole and Rwaist as the velocity approaches the critical
velocity at P = 0 are shown more clearly in Fig. 5.3. We see that both R pole and Rwaist
increase quickly as the bubble velocity approaching the critical velocity. As the critical
velocity is approached the bubble becomes close to spherical. At zero pressure bubbles
become unstable and explode at a critical velocity Vex of 46 ms -1 .
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Figure 5.3: Radius to the poles and to the waist of an electron bubble as its velocity
approaches the critical velocity. Calculations are for P = 0 .

In Fig. 5.4 we show the calculated critical pressure at which bubbles explode as a
function of their velocity. As is well known, when electron bubbles move through
superfluid liquid helium at a sufficiently high velocity, a vortex ring can be nucleated by
the bubble and the bubble is then trapped on the ring. The critical velocity Vv for vortex
nucleation [63] is approximately 44 ms -1 . Thus, by coincidence, Vex and Vv are almost
identical. From Fig. 5.3, it can be seen that when the velocity of the bubble is 44 ms -1 ,
there is a very significant change in the size (and shape) of the bubble compared to the
size at zero velocity. This change is not taken into account in the Muirhead-VinenDonnelly theory of vortex nucleation [64] and it would be interesting to know how
inclusion of this change in size would modify the predictions of this theory.
Finally, we mention that the increase in the radius of the waist of the bubble will
increase the drag on the bubble due to scattering of thermal excitations. Thus, the change
in shape should lead to a mobility that decreases with velocity. At 30 ms -1 , the change in
the area of the equator is 14 %, corresponding to a decrease in mobility relative to the
low field value of 12 %. The measured decrease in mobility [65] at this velocity is 18%,
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Figure 5.4: Pressure at which an electron bubble explodes as a function of the bubble
velocity.

in surprisingly good agreement, considering that there may be other factors that
contribute to the change in mobility with velocity.

5.3 Summary
We have investigated the influence of the Bernoulli pressure on the shape and
stability of electron bubbles moving through superfluid helium. The change in shape
depends on the velocity of the bubble. When the velocity is small, the change in bubble
shape can be well determined by perturbation theory using the stiffness of each surface
deformation mode. For a bubble moving with a large velocity, we developed a simulation
method to calculate its shape. The calculated results agree very well with the perturbation
theory at small velocities, but when the velocity is large the simulation shows a different
behavior for the bubble radius compared with the perturbation. When the velocity is
above a critical value, the electron bubble is no longer stable against expansion. We
calculated the critical pressure for bubbles to explode as a function of their velocity.
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Chapter 6
Stability of multi-electron bubbles
6.1 Introduction
Multi-electron bubbles in liquid helium-4 were first observed by Volodin et al. [66]
In their experiment a layer of electrons was held in place just above the free surface of a
bath of liquid helium by an electric field. The field was produced by a positive voltage
applied to an electrode immersed in the liquid. The electrons remained outside the helium
because for an electron to enter liquid helium it has to overcome a potential barrier of
height approximately 1 eV. [18] When the field reached a critical value, the surface of
the liquid became unstable and a large number of electrons entered into the liquid
through the formation of bubbles. Each of these bubbles typically contained 107 ~ 108
electrons. A rough approximation to the electronic structure of multi-electron bubble has
been proposed by Shikin [ 67]. He assumed that the electrons form a thin layer of
thickness δ  R near the free surface of liquid helium due to the strong Coulomb
repulsion. Salomaa and Williams [68, 69] studied the structure of the MEB using density
functional theory and found the (radial) width of the density distribution of the electron
film to be small. The multi-electron bubbles are of interest since they could possibly
provide a way to study a number of properties of an electron gas on a curved surface.
The total energy of a spherical multielectron bubble can be expressed as following
[67]
Etotal =4π R 2s + P

4π 3
N 2 e2
2
R +
+g N
+ exchange terms .
3
8πee
2me d 2
0 (R − d )

(6.1)

Here R is the radius of the bubble, σ is the surface tension of liquid helium, P is the
pressure in the liquid, N is the total number of electrons in the bubble, ε is the
dielectric constant of liquid helium, d is the thickness of the layer of electrons. The first
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two terms are the surface energy and volume energy respectively. The third term is the
Coulomb energy due to the electrons with the polarization effect included. The fourth
term is the localization energy; the electrons are localized in a layer of thickness d
adjacent to the bubble wall. Typically this thickness is of the order of a few nanometers.

γ is a geometrical factor of order one. Shung and Lin [70] studied the exchange energy
on MEBs using density functional theory; their results can be accurately represented by
Eexch

e2 N 4 / 3
= −0.3176
2
1/ 3
4πee
0 (R d )
.

(6.2)

For large bubbles, the localization and exchange energies can be ignored and d be set
equal to zero in the Coulomb term. By minimizing the total energy one finds that for zero
applied pressure, the equilibrium radius R0 is
1/ 3

 N 2e2 
 N 
1.064  4 
R0 =
=

 10 
 16πσ e 

2/3

.

(6.3)

This uses σ = 0.36 erg cm -2 at 1.3 K [ 71], and ε =1.0573. Thus, for example, for
N = 107 the radius is 106 m m . Note that the electric field is everywhere exactly normal

to the surface to ensure that the charge distribution is in equilibrium
So far, there have been a very limited number of experimental studies of these
bubbles. [66, 72, 73, 74] In this chapter we shall discuss the stability of an MEB that is at
rest in the liquid. We will see that at least when the simplest model of the energy of the
electron system is used, the bubble is unstable against fission whenever the applied
pressure is positive. However the stability of a bubble is changed when it is moving
through the liquid due to the Bernoulli effect. The work is done in collaboration with
Dafei Jin.

6.2 Stability of MEB
6.2.1 Surface normal modes of a spherical MEB
Since MEB's were first observed, there have been several theoretical investigations
of the stability of these objects. The first discussion was given by Shikin [67] and further
analysis has been given by Salomaa and Williams [68, 69], and Tempere, Silvera and
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coworkers. [ 75 , 76 , 77 , 78 ] In the simplest model, the electrons are taken to be
distributed over the inner surface of the bubble in a way such that the electric field is
everywhere exactly normal to the surface. This ensures that the charge distribution is in
equilibrium. The electrons are treated classically and so are localized at the surface in a
layer of zero thickness. Thus the total energy of the bubble is taken to be
E = ES + EV + EC .

(6.4)

Here ES = σ S is the surface energy with S the surface area and σ the surface tension,
EV = PV the volume energy with P the applied pressure and V the bubble volume, and
EC is the Coulomb energy given by

2

EC = ∫

ε E
8π

dV .

(6.5)


Since the electrons can move freely around the surface, the field E inside the bubble
must be zero and so the integral in Eq. (6.5) can be restricted to the region outside the
bubble. If the bubble is spherical, the bubble radius that gives the minimum value of the
energy is the solution of the equation
1/ 3



N 2e2
R0 = 
 .
 16πeσ + 8πe PR0 

(6.6)

For zero applied pressure, this gives the total energy of an MEB as
E=

3 2π e 4 N 4σ 1/ 3
(
) .
2
e2

(6.7)

Since the energy is proportional to N 4 / 3 the energy is always reduced if the bubble
breaks into two. Hence, in the discussion of stability given here we are not considering
whether the energy of the bubble can be lowered if it breaks into pieces, but are trying to
determine whether there is an energy barrier that prevents the bubble from breaking.
To study whether the spherical shape of a MEB is stable, we need to consider the
total energy change of the MEB when its shape undergoes a slight deformation from the
equilibrium spherical shape. We write the deformed shape of the MEB as
∞
l


R(θ=
, φ ) R0 1 + ∑ ∑ ηlm Ylm (θ , φ )  ,
 l = 0 m= −l
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(6.8)

* and R is defined by Eq. (6.6). It is straightforward to show that to
where ηl , − m = ηlm
0
second order in the parameters { ηlm }, the surface energy and the volume energy can be
written as


1
1 ∞ l
(6.9)
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(6.10)

1
To calculate the Coulomb energy, we write EC = eNφ where φ is the Coulomb
2
potential on the bubble surface. φ satisfies the equation
(6.11)
∇ 2φ =
0

with boundary condition φ S = φ0 and the normalization condition that the total charge on
bubble surface is eN
eN = −ee
0 
∫ dS nˆ⊥ ⋅ ∇φ ,

(6.12)


n⊥ is the unit vector along the normal direction of the outer surface. Solving φ to second
order in ηlm , we obtained the Coulomb energy
EC =

Z 2 e2
2e R0


1
1
1
η00 + η002 −
1 −
4π
4π
 2 π

∞

l

∑ ∑ l |η
l = 0 m= −l

lm


|2  .


(6.13)

Hence the total energy is given by
E=

∞
l
N 2e2
4π
1
2
PR03 + ∑ α l ∑ ηlm ,
+ 4πσ R02 +
2ee
3
l=0 2
m= −l
0 R0

(6.14)

where the spring coefficient α l for each surface mode is given by
=
α 0 6σ R02 + 4 PR03 ,

(6.15)

and

α l =(l − 2)(l − 1)σ R02 − 2(l − 1) PR03

(6.16)

for l ≥ 1 .
The kinetic energy T associated with the motion of the liquid helium surface can be
derived from the velocity potential ψ . For incompressible flow of an inviscid fluid, the
kinetic energy is given by
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=
T

π
1 2π

dϕ ∫ dθ ψ ( R (θ , φ ) )R 2 sin θ n⊥ ⋅∇ψ
∫
0
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2

,

S

(6.17)

the velocity potential ψ is solved with boundary condition that ψ = 0 at infinity and
fluid velocity on bubble surface satisfies
∞
l
η
v=
∇ψ =
R0 ∑ ∑ ηlmYlm (θ , φ ) .

(6.18)

l = 0 m= −l

To second order in ηlm , the kinetic energy T is then given by
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Collecting the previous expressions for the different energy contributions leads to the
following expression for the Lagrangian
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This is in the form of a collection of harmonic oscillators in the coordinates ηlm ; these
oscillators are the surface modes. The frequency of each surface mode is given by
=
ωlm

l 2 −1
[σ (l − 2) − 2 PR0 ] .
ρ R03

(6.21)

The surface fluctuations have a finite amplitude due to both thermal and quantum zero
point fluctuation effects. The spherical equilibrium shape of a MEB is stable only if all
the surface modes have positive mode frequencies.

6.2.2 Stability of static MEB
Based on the surface mode frequencies derived in last section, one can see that the
bubble is stable against spherically symmetric perturbations provided that

α 0 > 0 ⇒ 3σ R02 + 2 PR03 > 0 .

(6.22)

This leads to the condition P > Pc where
1/ 3

 27π e σ 4 
Pc = − 
2 2 
 2N e 
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(6.23)

For l = 1, the spring coefficient α1 is zero; this is to be expected since a perturbation of
the form η1mY1m (θ , φ ) corresponds to a simple translation of the bubble in some direction.
For l = 2 the spring constant α 2 is zero if the pressure is zero, and so this analysis of the
effect of small perturbations to the initial spherical shape does not determine the stability
of the bubble. The higher l spring constants are all positive at zero pressure but each
becomes negative if the pressure is increased to a sufficiently positive value. It was noted
by Tempere et al. [76] that if the pressure is negative (but not negative with respect to
Pc ), all of the spring constants will be positive [79] and so the spherical bubble must be
stable.
The stability of the bubble at zero pressure is of especial importance since in the
experiments that have been performed so far there has been no applied pressure apart
from the very small hydrostatic pressure due to the distance the bubble is below the free
surface. The analysis of the effect of small perturbations to the initial spherical shape
however does not determine the stability of the bubble at zero pressure. α 2 is zero when

P = 0 , and so we need to go beyond the lowest order in perturbation theory in order to
investigate the stability of an MEB at zero pressure. One approach would be to calculate
the terms in the energy that are fourth order in the ηlm parameters. Instead we have
performed numerical calculations of the total energy as a function of bubble shape.
To do this, we describe the shape of the bubble using Eq. (6.8) but now do not
restrict the parameters to being small. When the bubble shape changes, the electrons will
redistribute themselves over the surface so as to minimize the energy and to make the
electric field inside the bubble zero. For each choice of shape we use the finite element
method [80] to compute the surface charge distribution and the Coulomb energy. The
simulation uses 1280 triangle patches. We start with a spherical shape and vary the
parameters to see if a state of lower energy can be reached without passing over a barrier.
We have done this using a maximum value of 5 for l in Eq. (6.8). This process was then
repeated for a series of different pressures. We also performed similar calculations with a
maximum value of l of 15 but taking only m = 0. Both procedures gave the same results
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Figure 6.1: Schematic graphs of MEB under different pressures. The bubble is stable
when Pc < P < 0 and unstable against uniform expansion when P < Pc ; at P > 0 , MEB
splits into two equal size smaller bubbles.

for the stability. The result of this investigation (See Fig. 6.1) is that for all positive
pressures there is no energy barrier to fission, whereas for negative pressures there exists
a barrier to prevent fission; when the pressure is more negative than the critical
homogenous expansion pressure Pc , no stable shape can be found and the bubble keeps
growing in the simulation. This result holds for all values of Z such that the expression
Eq. 6.4 is a good approximation to the energy. To illustrate the path to fission, we
describe results obtained for a simplified calculation in which only l = 0 and l = 2
contributions are retained. Thus we write
R (θ , φ ) =
a0 + a2 (3cos 2 θ − 1) .

(6.24)

Within this simplified model, fission occurs when a2 = a0 and the bubble develops a
hole along the z-axis, i.e., takes on a donut shape, when a2 = −a0 / 2 . In Fig. 6.2(a), we
show
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Figure 6.2: Contour lines of constant energy for a multi-electron bubble containing 106
electrons for three different pressures. The energy spacing between contour lines is 100
K. The energy is shown as a function of the parameters a0 and a2 as defined in Eq. 6.24.
The electrons are distributed over the bubble surface so as to minimize their energy.
examples of contour plots of the energy in the a0 − a2 plane. The pressure is -0.03 mbar
and Z = 106 . There is a stable minimum with a2 equal to zero, i.e., the bubble is
spherical. When the pressure is zero (Fig. 6.2(b)), there is still a point in the plane at
which the energy of the bubble is stationary with respect to both a0 and a2 (at
a0 = 23.8m m and a2 = 0 ), but it is now possible to reach the fission line from this point
without passing over any energy barrier. Note that along this path there is, of course, an
increase in the value of a2 but also a substantial decrease in a0 . Once the pressure
becomes positive (see, for example, Fig. 6.2(c)), there is no energy barrier to prevent the
spherical bubble from fission.
These results can be compared with the earlier calculations by Tempere et al. [78]
who also investigated the stability against fission. They used an ingenious method in
which the bubble was described by 6 parameters chosen so that the shape of a bubble
undergoing fission could consist of two spheroids connected by a hyperboloidal neck.
The choice of parameters was such that the bubble could vary from consisting of a single
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sphere, to an ellipsoid, and then all the way to separated spheres. They minimized the
total energy of the bubble by adjusting these parameters subject only to the constraint
that the total length L of the bubble had to have a given value. They then investigated
how the total energy varied with L starting from a value of L equal to 2R0 . If the energy
decreased monotonically as L increased from 2R0 to a large value, this indicated that the
MEB was unstable against fission. If the energy first increases before decreasing, this
indicates that the bubble is stable. To simplify the calculation, Tempere et al. made the
approximation that the charge density was uniform over the surface of the bubble. They
concluded that at zero pressure even though there is a mode of deformation (the l = 2
mode) which can grow without increasing the energy of the bubble, there should be an
energy barrier which prevents fission [81]. This is in contrast to our result that there is no
barrier.
The difference in the results arises from the treatment of the charge distribution on
the bubble. If the bubble is assumed to have a surface charge density that remains
uniform when the shape changes, it is straightforward to show that the Coulomb energy
for small changes from the equilibrium spherical shape is

EC =

Z 2e2
2e R0


1
1
η00 −
1 −
4π
 2 π


l 2 + 3l − 1
| ηlm |2  .
∑
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2l + 1
l = 0 m= −l

∞

l

(6.25)

In this case the spring constant α l' for the l-th mode (considering only l ≥ 1 ) becomes
Z 2 e 2 l 2 + 3l − 1
.
=
α σ R (l + l + 2) + 2 PR −
4πe R0 2l + 1
'
l

2
0

2

3
0

(6.26)

Comparing this with the spring constant α l when the charge redistributes (Eq. (6.16))
gives
Z 2 e 2 (l − 1) 2
'
.
(6.27)
α=
α
+
l
l
4πe R0 2l + 1
Thus for all modes, except l = 0 and l = 1 , making the approximation of a uniform
surface charge gives an increase in stiffness and makes it harder for the bubble to
undergo fission. The increase in stiffness is to be expected since a redistribution of
surface charge can only lower the total energy. In Fig. 6.3, we show energy contour lines
in the a0 − a2 plane for an MEB with 106 electrons at zero pressure calculated by taking
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Figure 6.3: Contour lines of constant energy for a multi-electron bubble containing 106
electrons at zero pressure. The energy spacing between contour lines is 0.05 eV. The
energy is shown as a function of the parameters a0 and a2 as defined in Eq. 6.24. The
electrons are uniformly distributed over the surface area of the bubble.

a uniform surface charge. One can see that within this approximation the spherical
bubble is stable.
There are several physical effects that are not included in the simplified model used
so far. It is possible that allowance for these effects would change the stability of an
MEB at zero pressure. A more detailed consideration of the Coulomb energy (the total
electron energy, to be more precise) for a spherical bubble has been given by Salomaa
and Williams [68, 69] using the density functional formalism of Hohenberg and Kohn.
[82] This makes possible the inclusion of the kinetic, exchange and correlation energies,
but how these extra contributions affect the spring constants is not clear and is difficult to
calculate. Salomaa and Williams show that these extra contributions to the energy make a
very small contribution to the energy when Z is large. For example, for Z = 108 the extra
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terms make a contribution that is roughly 4000 times smaller than the form Z 2 e 2 / 2 e R0
for the energy used in the simple model. The calculation could also be improved, for
example, by using a density functional theory to treat the surface of the liquid helium,
and by allowing for the penetration of the electron wave function into the liquid. All of
these effects appear to be very small corrections to the total energy and hence are
unlikely to change the spring constants by a large amount. However, it is important to
note that even a small correction could lead to a positive value for α 2 which would in
turn lead to a finite (but small) energy barrier against fission. As an example, consider
corrections that arise as a result of using a density-functional scheme to describe the
helium. For a bubble with radius large compared to the thickness of the liquid-vapor
interface the first correction to the energy can be represented by considering the surface
tension σ to contain a correction that is proportional to the κ , the summation of the
principle curvatures of the surface. Based on a simple density functional scheme used
previously, [83] it is straightforward to show that the correction to the surface tension is
∆σ =
σ ' κ , where

σ=' 0.9 × 10−8 erg cm-1,

(6.28)

and the sign of the correction is such that the surface tension is increased for a concave
surface of the liquid. Inclusion of this term changes the total energy by an amount ∆E
which is given by

∆E = ∫ ∆σ dS = σ ′∫ κ dS

η
1
= σ ′  8π R0 + 8π 00 +
4π R0
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(6.29)

It is straightforward to show that the spring constant for an l = 2 deformation at zero
pressure now becomes

α 2 = 12σ ' R0

(6.30)

Because α 2 is now positive at zero pressure there will be a barrier against fission, but
clearly for large Z (e.g., Z ~ 108 ) this barrier will be very small.
Another effect that may influence the stability has been pointed out by Williams and
Salomaa [68, 69]. They show that if the bubble is undergoing a spherically symmetric
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oscillation of finite amplitude (an oscillation involving η00 ), then there is an increase in
the effective spring constant for oscillations with l = 2 , i.e., the spherically symmetric
oscillations tend to stabilize the bubble. It would be interesting to extend the present
calculations to include such dynamic effects. For example, one could start with a bubble
in a non-equilibrium configuration corresponding to some initial value of the { ηlm }
coefficients and their time derivatives { ηlm }, and then calculate how the bubble shape
evolves as time elapses. However, this is a significantly more complex computation and
would require both a large number of calculations of the electron distribution inside the
bubble and also a calculation of the motion of the liquid surrounding the bubble.

6.2.3 Stability of a moving MEB in liquid helium
The above results indicate that one way to stabilize an MEB is to produce it in liquid
that is under a small negative pressure. We now consider an alternate way to maintain a
stable bubble. A bubble moving through a liquid will be affected by the local pressure
change associated with the liquid moving around it. For a spherical bubble moving at
velocity v through an incompressible inviscid fluid with density ρ , the Bernoulli effect
results in a pressure variation over the surface of the bubble which is given by [60]

1
P=
P0 + ρ v 2 (9 cos 2 θ − 5)
8

π

=
P0 − ρ v
Y00 (θ , φ ) + ρ v
4
2

2

9π
Y20 (θ , φ )
20

.

(6.31)

For a bubble in liquid that is at zero pressure far removed from the bubble ( P = 0 ), this
changes the shape of the bubble in two ways. The term proportional to Y00 by itself
would provide a negative pressure around the surface of the bubble and since bubbles are
stable at negative pressure, this contribution serves to stabilize the bubble. The second
term gives a positive pressure at the poles of the bubble and a negative pressure around
the waist. This pressure distribution will distort a spherical bubble so as to make the
parameter η 20 in Eq. (6.8), or a2 in Eq. (6.24), to be negative. This tends to stabilize the
bubble since, as can be seen from Fig. 6.2, for fission to occur a2 has to become positive.
We have performed computer simulations in order to find the shape of moving
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bubbles and the range of velocity and pressure for which they are stable. We start with a
guess at the bubble shape and then calculate the charge distribution on the surface. This
then gives the pressure ∆Pel (θ ) exerted on the surface by the electrons. We then find the
flow in the liquid. To do this we expand the velocity potential as
Φ =∑ Bl Pl (cos θ ) r − l −1 ,

(6.32)

l

where Bl are some coefficients and the sum includes terms from l = 1 to l = 20 . The
coefficients are determined so as to give a velocity distribution in the liquid such that in
the frame of reference of the moving bubble, the liquid velocity at the bubble surface in
the direction normal to bubble surface is as close to zero as possible. This gives a
pressure at the bubble surface of
P0 + ∆PB (θ ) ,

(6.33)

where P0 is the pressure in the bulk liquid far removed from the bubble and ∆PB (θ ) is the
Bernoulli pressure. The net inward force acting on unit area of the bubble surface is then
P0 + ∆PB (θ ) + σκ − ∆Pel (θ ) ,

(6.34)

where κ is the total curvature of the surface and ∆Pel is the outward pressure exerted by
the electrons. Each part of the bubble surface is then moved inward a distance
proportional to this force, and the process repeated until the equilibrium shape is found.
For an MEB with Z = 106 shapes for three velocities are shown in Fig. 6.4. In Fig. 6.5,
the distance R pole from the bubble center to the pole and the radius Rwaist of the waist are
shown as a function of the velocity.
Note that the change in the shape of the bubble even for a small velocity is
surprisingly large. This comes about simply because the Bernoulli pressure contains a
finite term varying with angle as Y20 (θ , φ ) but the spring constant α 2 for this pressure
component is zero. Thus, for an MEB the changes in R pole and Rwaist are linearly
proportional to the bubble velocity whereas for a gas bubble in a liquid the spring
constant α 2 is finite and so the changes in dimensions are proportional to the square of
the velocity.
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Figure 6.4: The shape of a multielectron bubble containing 106 electrons for bubble
velocities of 3, 10 and 20 cm s-1. The pressure at large distance from the bubble is zero.

Figure 6.5: Distance R pole from the bubble center to the poles and the radius Rwaist of the
waist as a function of the bubble velocity. These results are for a bubble containing 106
electrons moving through liquid in which the pressure at large distance from the bubble
is zero.
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Figure 6.6: Plot of the region in the pressure-velocity plane in which a MEB containing
106 electrons is stable. The region is bounded by the lines on which the two different

types of instability occur as described in the text. Along the dashed line the bubble
becomes concave at the poles and the numerical calculations become inaccurate.

The calculation as described so far has found shapes that are stable against axially
symmetric perturbations. In order to test for stability including non-axial symmetric
variations, we added some non-axial symmetric perturbations on the shape and repeated
the simulation mentioned above. But this time, the fluid potential is expanded by
spherical harmonics with maximum l = 5 and all m ≠ 0 . The bubbles were found to be
stable. In Fig. 6.6 we show a plot of the region in the pressure-velocity plane in which the
bubble is stable. This region is bounded by two lines. For small velocities there is a
critical positive pressure at which the bubble undergoes fission. At negative pressures the
bubble becomes unstable against expansion. For zero velocity this expansion is isotropic.
We are able to perform the numerical calculation until the bubble becomes concave
at the poles. This is shown by the dashed line in Fig. 6.6.
The region of stability of bubbles containing a different number of electrons can be
87

found by scaling the results shown in Fig. 6.6. The instability pressure Pinstab ( Z , v) can be
written in the form
Pinstab ( Z , v) = AZ −2 / 3 f ( B v 2 Z 2 / 3 ) ,

(6.35)

where f is a dimensionless function, A = (σ 4 e / e 2 )1/ 3 and B = ρ (e 2 / σ 4 e )1/ 3 . Thus, for
zero velocity the critical negative pressure at which a bubble becomes unstable is
proportional to Z −2 / 3 , and at zero applied pressure the critical velocity at which the
bubble becomes concave at the poles occurs is proportional to Z −1/ 3 . This scaling law
can also be used to give the instability pressure for an electron bubble in helium-3 since
the only parameter of the liquid that enters is the surface tension.
We note that we have treated the liquid as inviscid although, of course, helium above the
lambda point has a finite viscosity and below the lambda point the liquid still has a
normal fluid component. At sufficiently low temperatures the density of the normal fluid
becomes very small and, in addition, the mean free path of the excitations making up the
normal fluid becomes comparable to the radius of an MEB. Under these conditions, it
appears that the only effect of the normal fluid is to determine the mobility of an MEB
and there should be no effect on the shape change or the stability. For a bubble with
Z = 106 the mean free path of the thermal excitations becomes equal to the radius at

around 0.6 K and at this temperature the normal fluid density is less than the total density
by a factor of 4 × 10−5 . But as far as we are aware, there have been no experiments with
MEB’s at low temperature.
At high temperatures where the helium is in the normal state, the situation is not so
clear. It is known that when the Reynolds number is large (but not so large that the flow
becomes turbulent) the viscosity results in a thin boundary layer on the surface of the
bubble and the pressure at the bubble surface is close to the value that would result from
potential flow. [84] This general idea would suggest that the inviscid approximation
should give reliable results for the stability of MEB's over a wide range of Reynolds
number. To determine this range one could calculate the effect of viscosity using the
method developed by Li and Yan [85] and applied by them to calculate the shape and
drag on gas bubbles moving through a liquid. We have not attempted to do this. We note
that, Albrecht and Leiderer [74] in their experiments at 3.5 K found that the mobility of
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the MEB's was between one and two orders of magnitude smaller than expected on the
basis of ordinary hydrodynamics. The reason for this is unknown.
In the experiments of Volodin et al. [66] and Khaikin [72] which were performed at
1.3 K, velocities of the order of 104 cm s −1 were reported. At these velocities the normal
fluid component would be in the turbulent regime and the bubble is moving so fast that it
should lose energy through the production of quantized vortex rings.

6.3 Summary
We have examined the stability of multi-electron bubbles in liquid helium and found
that stationary bubbles at positive pressures are unstable. We show that because of the
Bernoulli effect moving bubbles can be stable even at small positive pressures. It is
interesting to compare the results obtained here for an MEB with the behavior of a single
electron bubble (SEB). For an SEB it is essential to treat the electron using quantum
mechanics. The shape is determined by a balance between surface tension, the quantum
pressure exerted by the electron on the inside of the bubble wall, and the Bernoulli
pressure acting on the outside. The change in shape of an SEB has been calculated in
Chapter 5. [86] For a SEB bubble both Rwaist and R pole increase with increasing velocity
and the difference between them is small so the bubble remains approximately spherical.
This is in contrast to the results for the MEB where Rwaist increases and R pole decreases
as shown in Fig. 6.5. The different behavior is related to the different “elastic” behavior
of the bubble contents. For an SEB there is a large energy increase associated with a
change in shape of the electron wave function even if there is no change in the volume.
This is in contrast to the behavior of the electron energy (i.e., the Coulomb energy) for
the MEB. From Eq. (6.8), one sees that the Coulomb energy actually decreases as the
square of η 20 . Thus, the response of an SEB to a surface pressure varying as Y2m is much
smaller than the response of an MEB, and it is for this reason that the SEB bubble
remains nearly spherical as the velocity increases whereas the MEB undergoes a large
distortion.
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Chapter 7
Experimental study of homogenous cavitation on vortices in HeII
7.1 Introduction
Cavitation in superfluid helium has been studied for many years. These
investigations have been carried out because of the interest in studying cavitation in a
superfluid and also because helium can be prepared with a much higher purity than other
liquids. A theory of the nucleation barriers allowing for long wavelength liquid density
fluctuations and small bubble nucleus size has been given by Xiong and Maris, which
shows that in superfiuid 4He cavitation should occur at a pressure of around -9 bars in the
zero temperature limit and at around 5 or 6 bars around 2 K. However, experimental
measurements of the tensile strength have not led to consistent results and, while a
variety of reasons for this have been put forward, no satisfactory explanation has so far
emerged. The earliest quantitative measurements were by Beams [87] and gave a tensile
strength at around 2 K of about 0.1 bars. Some subsequent work has given cavitation
strengths smaller than Beams' value [ 88, 89, 90] and therefore much less than the
predictions of theory. Recently, however, there have been two independent sets of
measurements that have given substantially larger values for the tensile strength. Nissen
et al. [91] obtained values that increased from a value of less than 1 bar at 4 K to 8 bars
at 1.6 K. Xiong and Maris [92] made measurements from the λ -point down to 0.8 K.
They found a rather slow variation with temperature, and a maximum tensile strength at
the lowest temperature of 2.8 bars. Further work was done by Pettersen, Balibar and
Maris [93] and by Caupin and Balibar [94]. All these experiments used a hemispherical
piezoelectric transducer to produce a large pressure oscillation at the acoustic focus.
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The reason for the large differences between the results of different experiments has
not been satisfactorily explained. In the ultrasonic experiments there are certainly some
technical difficulties associated with the calibration of the transducer, but it seems
unlikely that this could cause the wide spread of results. In a paper published by R. B.
Dean in 1944 [95], it was first suggested that the tensile strength of liquids might be
lowered by vorticity. Dean was, of course, considering vorticity in a classical liquid, but
it is reasonable to suppose that the same effect will occur in a superfluid containing
quantized vortices. Experiments that indicate a connection between vorticity and tensile
strength have been reported by a number of authors. [90, 96, 97] The effect of a negative
pressure on the structure and stability of an isolated straight vortex has been studied
theoretically by H. Maris based on a simple density functional theory. [98] It was found
that the vortex becomes unstable against uniform radial expansion at a pressure of around
-6.5 bars.[92, 99] A more elaborate density functional theory [100] that allows for short
distance correlations in the liquid finds this instability at a somewhat larger negative
pressure (-8.8 bars). These calculations provide an upper limit to the tensile strength at
zero temperature.
Here we report a simple experiment designed to show the difference between the
homogeneous cavitation of vortex free liquid helium and the cavitation on the vortices. A
hemispherical transducer is used to generate a strong sound pulse in the focus region.
This technique has been used for years to study the homogeneous cavitation in liquid
helium and cavitation of electron bubbles. [14, 15, 16] A heater was installed in the
helium cell to generate heat flow towards the focal region. Based on Vinen’s theory
[101, 102], heat flow may cause the appearance of vortex tangles in superfluid liquid
helium, hence we expect to be able to generate vortices in the focal region in a
controllable way. Our goal is to study the cavitation threshold pressure in the focal region
with heat on and off and hence obtain information about vortex cavitation. The
experiments were conducted in collaboration with Matthew Hirsch. Some results of a
later experiment of Hirsch are included in this chapter under his permission.

7.2 Theory background
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According to homogeneous nucleation theory [103] the rate Γ(T ) at which bubbles
are nucleated per unit volume and time should vary as
Γ(T ) = Γ 0 exp(−∆E / k BT ) ,

(7.1)

where Γ 0 is the attempt frequency, ∆E is the energy barrier, k B is Boltzmann’s constant
and T is the temperature. The energy barrier is a quantity that decreases as the
magnitude of the negative pressure P applied to the liquid increases. The simplest
theory of ∆E is based on the assumption that the energy of a small bubble in helium can
be taken to be the sum of a volume term proportional to the applied pressure and to the
radius R cubed, together with a surface term proportional to the surface tension α and
R 2 . This leads to a barrier height of
16πα 3
∆E = 2 .
3P

(7.2)

Because of the exponential dependence of the rate Γ(T ) on ∆E , the nucleation rate
increases very rapidly as the pressure becomes more negative. In an experiment in which
a given volume V of liquid is observed for a time τ , cavitation is likely to occur if
Γ(T )V τ > 1 .

(7.3)

Thus, in principle, the pressure at which cavitation occurs is dependent on the
experimental volume and time. However, because Γ(T ) increases so rapidly with
decreasing P the effects of different values of V and τ are relatively minor, and as a
first approximation one can consider that cavitation occurs at a fairly definite threshold
negative pressure. The magnitude of this negative pressure is called the tensile strength
of the liquid.
The energy barrier for nucleation of a bubble on a vortex line is defined in the
following way. We start with a uniform straight vortex so that the liquid density ρ
depends only on the radial distance r from the vortex. We then adjust r (r ) to minimize
the energy. Starting from this configuration we then vary the density distribution r (r , z )
continuously until we form a bubble in the liquid; z is the distance along the vortex. As
this variation is carried out, the energy will first increase, then pass through a
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Figure 7.1: Energy required to nucleate a bubble in helium-4. The solid curve shows the
energy required to nucleate a bubble in bulk liquid and the crosses indicate the energy
required to nucleate a bubble on a quantized vortex.

maximum value Emax and eventually, when the bubble has become sufficiently large,
decrease to a value which lies below the energy Evort of the initial straight vortex state.
The value of Emax will depend on the particular way in which the density is varied on
going from the vortex to the bubble state. By considering all possible paths leading from
the vortex state to states of lower energy, one can find the minimum value Emin − max of
this quantity. All paths which have this minimum value of Emax must pass through a
particular configuration of the liquid that corresponds to the energy Emin − max , and this
configuration can be regarded as the critical nucleus for the formation of a bubble. The
energy of this nucleus, denoted by Enuc , exceeds the energy of the straight vortex by the
nucleation barrier ∆Enuc . This has been calculated by Maris [98] via a simple densityfunctional approach. The result of his calculation on ∆Enuc as a function of applied
pressure in liquid is shown in Fig. 7.1.
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Figure 7.2: Rate of nucleation of bubbles on a vortex line as a function of pressure
calculated by Maris. The rate is per unit length of vortex line, and the curves are labeled
by the temperature in units of K.

Using the results for the activation energies, one can evaluate the nucleation rate for
bubbles on vortices per unit length of vortex line. We write
Γ vort = Γ 0 exp(−∆Enuc / k BT ) .

(7.4)

One expects that the pre-factor Γ 0 will be of the order of magnitude of an attempt
frequency v0  k BT / h times the number of physically-distinct nucleation sites per unit
length of line. This number will be of the order of the reciprocal of the linear dimensions
Lc of a critical nucleus, which for simplicity one may take to have the constant value of
20 A. Results for the nucleation rate per unit length of line as a function of temperature
and pressure are shown in Fig. 7.2. We have included in the figure results for a
temperature of 2 K but, of course, at this temperature the "zero temperature model" of the
vortex is likely to be inaccurate.
Based on these results one can estimate the tensile strength of helium containing a
length Lv of vortex line per unit volume. If the experimental volume is V and the
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Figure 7.3: Tensile strength of superfluid helium calculated by Maris. The solid curve
shows the tensile strength for vortex-free helium and the dotted and dashed curves are for
helium containing 104 and 1012 cm of vortex line per cm3, respectively.
experimental time is τ , nucleation will occur when the pressure is such that
Γ vort Lv Vt =
1,

(7.5)

i.e., when

 v Vτ Lv
∆Enuc =
k BT ln  0
 Lc


.


(7.6)

As an example, the calculated tensile strength for Vτ = 10-10 cm3sec-1 and Lc having the
values 104 and 1012 cm -2 are shown in Fig. 7.3. On the plot, the tensile strength for
nucleation in bulk helium for the same value of V τ has also been included. In this
example, the presence of vortices lowers the tensile strength by 1 or 2 bars (depending on
the vortex density).

7.3 Experiment background
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7.3.1 Cryostat
The cryostat was placed in a standard common–vacuum dewar [ 104 ] and had
aluminum heat shields attached to the liquid helium and liquid nitrogen reservoirs. All
shields and inner cans of the dewar were wrapped with several layers of superinsulation.
Windows on the shields and the vacuum can provided optical access. For the He–Ne
laser light we used three sapphire windows on the vacuum can and three fused silica
windows on each of the helium and nitrogen shields. A typical recirculating 4He pot is
installed to attain base temperatures as low as 0.45 K. A 4He pot is used to liquefy the
3

He coming through a narrow tube and typically ran at 1.25 K. The 4He pot had a small

capacity (a few cc) and thus had a tendency of being overfilled. The best cooling power
and base temperature results for the 4He pot is obtained when the flow impedance was
around 2 ×1012 cm -3 . This was constructed by inserting a 190 mm long, 0.14 mm diameter
stainless steel wire inside a stainless steel capillary of 0.15 mm inner diameter. In some
of the experiments, we connected our cell directly to the 1 K pot to increase the cooling
power delivered to the cell. For this reason we were able to cool down our cell only to
1.3 K. For pre-cooling the system to 77 K and to 4 K, we used a “heat switch”, similar in
design to the one described by Torii et al [105].
The experimental cell was made of stainless steel, had three sapphire windows and,
and approximately 200 cm3 volume capacity. Electric access to the cell was obtained by
using homemade electric plugs using copper wires and stycast 2850 epoxy. The cell was
thermally connected to the 4He pot by a thermally annealed OFHC copper piece.
Calibrated [106] germanium thermometers and homemade resistive heaters were used to
monitor and control the cell temperature. The cell was filled with helium through a
stainless steel capillary (inner diameter 0.15 mm), which was thermally anchored at the 4
K stage and 4He pot stage, before entering the cell.

7.3.2 Ultrasonic transducer and data analysis
We used a hemispherical ultrasonic transducer to generate focused sound waves in
the liquid. The transducer was similar to the ones used in the previous ultrasonic
experiments and had been discussed in great detail [14, 107] before. The transducer was
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Figure 7.4: Schematic diagram of the electronics used in the ultrasonic experiments.

purchased from Channel Industries Inc. [108], had an inner radius of 8 mm and was 2
mm thick. The material of the transducer was lead zirconate titanate which has a
piezoelectric constant=
d 300 ×10−12 m/V . Because of the hemispherical shape, the sound
waves generated at the inner surface of the transducer interfere constructively [109] and
can give rise to significant pressure swings at the acoustic focus.
The typical electronics setup to drive the transducer is shown in Fig. 7.4. A CW wave
synthesizer [110] was used to provide a continuous rf signal of small amplitude to the
gated power amplifier [111]. A pulse generator [112] was used to provide gating pulses
to the power amplifier, and the width (typically about 10 μs ) of the pulses determined the
number of cycles of oscillation. The amplified rf pulse was applied to the inner surface of
the transducer after passing through a set of attenuators, which were used to control the
voltage input to the transducer. The voltage appearing on the transducer was measured in
a dual channel oscilloscope [113], which was externally triggered by the same gating
pulse from the pulse generator. The other channel of the oscilloscope was connected to
the PMT output.
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Typically we operated the transducer in its fundamental thickness mode, and the
resonant frequencies were expected to be dependent on temperature and pressure. To
determine the resonant frequency of a particular mode, we fed a long (200 cycles)
voltage pulse from the synthesizer to the transducer. After the pulse is turned off, we
recorded the voltage appearing on the transducer on the oscilloscope. At resonance, the
decaying voltage appearing on the transducer appeared for the longest time. By adjusting
the CW frequency and looking at the decay time, we could determine the resonant
frequency with a high level of accuracy. During the experiments, we only supplied a few
cycles (typically 10) of oscillation close to the resonance frequency, and thus never drove
the transducer to saturation. Therefore, it was not necessary for us to be exactly at
resonance, and it is reasonable to believe that the final cycle of pressure oscillation at the
acoustic focus had the highest amplitude. This amplitude of pressure swing was roughly
proportional to the voltage applied to the transducer. The pressure profile around the
acoustic focus be simply modeled by [114]

dd
exp(ik rS − r ) d
P(r , θ , φ ) ∝ Re ∝∫
dd drS ,
S
k rS − r

(7.7)


where k = 2π / λ depends on the frequency of the transducer. rS is a vector pointing
from the focal center to a point on transducer surface. The nucleation energy barrier



∆Enuc (r ) at location r depends on P (r ) . The cavitation probability S is then given by
[13]
d
S = 1 − exp  −nτ ∫ dV Γ 0 exp(−∆Enuc (r ) / k BT ) 

(7.8)

Experimentally, for a fixed voltage on the transducer Vtran , we normally supply 200
voltage pulses to the transducer and determine the number of times that cavitation
appears in the sound focus region. In this way, we can measure the cavitation
probability S as a function of the applied voltage on transducer Vtran and extract
information about the tensile strength for vortex cavitation.

7.3.3 Heat flow in He-II and vortex generation
To generate vortices in the acoustic focal region, we placed a metal film resistor
(~1000 Ohms) in a small plastic tube pointing towards the focal region at a distance
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Figure 7.5: Measured vortex line density by Schwedner, Stam and Schmidt [117]. A
10ms voltage pulse is applied on a thin film resistor to generate a heat flux of about
3 W/cm 2 at 1.85K in liquid helium. The vortex density is measured at a distance about

5mm away from the resistor.

of about 1 cm. We generate heat flow in the focal region by applying a voltage pulse to
the resistor. Superfluid liquid helium has a very high thermal conductivity, which results
from an internal convection process that can be described in terms of Tisza’s two fluid
model [115] Heat is transported solely by the normal fluid component, whereas the
superfluid moves so as to provide no net mass flux of the whole liquid. This is the socalled counterflow process. Early experiments of Gorter and Mellink [ 116 ] on
temperature and pressure gradients in flows in tubes showed an extra dissipation that
could be described by an additional friction force in the equations of motion. Hall and
Vinen showed that this additional dissipation is related to the appearance of quantized
vortex tangles and they developed a phenomenological theory on heat induced vortices in
He-II.[101, 102] Schwedner, Stam and Schmidt [117] demonstrated experimentally that
a vortex line density as high as ~ 107 cm -2 can be produced by a thin file heater at 1.85K.
The vortex line density they measured at a distance of 5mm away from the heater is
shown in Fig. 7.5. The heat pulse length they used is 10ms and the heat flux generated is
about 3 W/cm 2 . The introduction of a heater to the cavitation experiment may be able to
generate a large vortex line density at the acoustic focus of the transducer. This would
allow for a measurement of the cavitations on vortex lines.
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7.3.4 Experimental setup and detection of cavitation
The schematic diagram of the experimental setup is shown in Fig. 7.6. In the
experiments, we normally applied a voltage pulse to the heater of width 10 ms at
amplitude between 0 and 22V. The heat pulse generated in the liquid propagated towards
the transducer focus. Then at a variable time delay, 0 to 30 ms, a pulse generator was

Figure 7.6: Schematic diagram showing the detection of a cavitation bubble.

used to deliver a voltage pulse to a gated amplifier. The voltage pulse usually contains 10
cycles of oscillations. The amplified voltage pulse is then applied to the transducer
through a synthesizer. The oscillation frequency of the voltage pulse is chosen to be close
to the resonant frequency of the lowest thickness mode of the transducer in order to drive
the transducer efficiently (normally around 1.365 MHz).
For detection of cavitation we used the light scattering of a He–Ne laser [118]. The
laser light was focused around the acoustic focus by a converging lens. The intensity was
controlled by making the light pass through a set of polarizers, and had a typical intensity
of less than 10 mW. A photomultiplier [119] tube (PMT) was placed outside the cryostat.
A screen was placed in front of the tube aperture to block the incident light beam from
entering the tube. The PMT was placed at an angle of around 10 mrad from the light axis
of the incident laser beam. The aperture on the PMT was adjusted for the best signal to
noise ratio. Since the output of a PMT is current, we used a load resistor across the
output of the PMT and looked at the voltage in the oscilloscope. A typical good signal of
a bubble explosion is shown in Fig. 7.7, recorded using a LeCroy [113] oscilloscope. The
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.
Figure 7.7: Typical signal from a PMT when cavitation occurs. The unit of vertical axis
is volt.
unit of the vertical axis is volts, while the load resistor was 50 Ω. This particular signal
was taken for a sound frequency of 1.365 MHz.
We usually applied 200 pulses on transducer at a repeat rate of 1 per second and then
recorded the total number of cavitation events ncav . The cavitation probability S is
obtained by dividing the number of cavitation events by the total number of pulses we
applied on the transducer S = ncav / 200 . The resulting probabilities of cavitation events
can then be plotted versus the voltage applied to the transducer. This S curve can be
used to determine the critical voltage, and hence the critical pressure at which these
various objects explode. The heater power, the time delay between the heat pulse and the
sound pulse, the voltage on transducer and the temperature can be varied in the
experiments

7.4 Results and discussion
In the first experiment we conducted, we fixed the pulse length on the transducer to
be 9 microseconds. The pulsed voltage on the heater was in the range of 0~21V (0~0.4W)
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Figure 7.8: Cavitation probability S as a function of the voltage V on transducer. The
data was taken at T=1.3K and a 10ms delay time between heat pulse and sound pulse.
The different curves were obtained at different temperatures as shown in the figure.

with fixed pulse duration of 10ms. At different temperatures and delay times between the
heat pulse and the sound pulse, we measured the cavitation probability S as a function of
voltage on transducer. To obtain reasonable statistics, we normally sent in 200 pulses.
But in order to maintain the temperature, the repeat rate of the pulses was set to be 2 per
second. And we normally divided the 200 pulses into 4 or 5 groups. After each group, we
waited about 20 min till the temperature went back to the starting point, then we started
the next part. In this way, the change in temperature can be controlled within 0.02 K but
we have to spend about an hour on measuring each cavitation probability curve.
In Fig.7.8, we show the measured cavitation probability as a function of the voltage
on the transducer at 1.3 K with different voltages on heater. The delay time between the
heat pulse and the sound pulse is set to be 10 ms for these measurements. We see that as
we increased the voltage on heater, the S-V curve moves towards higher voltages. The
cavitation threshold increases with increasing heat power which is the opposite of what
we had expected to occur. The bulk liquid with no vortices, should have a higher tensile
strength (critical pressure) than liquid with vortices present, due to the difference in
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Figure 7.9: Cavitation probability as a function of the delay time between the heat pulse
and the sound pulse at T=1.32K. Different curves correspond to different voltage applied
on the heater as shown in the figure.

tensile strengths as discussed before. However, what we observed here seems to indicate
that the heat flux in the focal region makes cavitation more difficult.
In order to understand more about this strange effect, we first of all studied the heat
flux pulse generated by the metal film resistor. The velocity of the normal fluid and the
density of vortices may have a complicated dependence on the time. . Hence it is of
interest to measure the displacement of the S-V curve as a function of the delay time. We
measured the cavitation probability S as a function of the delay time for a fixed voltage
on the transducer (116.9V peak to peak). This voltage on the transducer is just enough to
get S=100% when the heater is off. In Fig. 7.9, we show the measured S-delay curves.
We see that if the voltage on the heater is smaller than 14V, the cavitation probability is
always 1 no matter what delay time we choose. When the voltage on the heater is higher
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Figure 7.10: Measured cavitation probability S as a function of the voltage V on the
transducer at T=1.3 K. The delay time between heat pulse and sound pulse is set to be
19.5 ms so that the heat flux in the acoustic focus is maximized. Different curves are for
different voltages on the heater as shown in the figure.

than 14 V, a small sharp valley appears with minimum around 19.5 ms. As we increase
the voltage on heater, the valley becomes broader and finally within some delay time
region, S=0. The S-delay curve for 20 V on the heater shows an extra valley which we
believe is due to the reflection of the heat from the wall of the cell. Based on these results,
we determined that the time delay to give a maximum effect of the heat pulse is around
19.5 ms.
We then fixed the delay time between the heat pulse and the sound pulse to be 19.5
ms and measured the S-V curves with heat off, 20 V on the heater and 21 V on the heater.
The results are shown in Fig. 7.10. We see that the curve moves further towards
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Figure 7.11: Measured cavitation probability as a function of the voltage on the
transducer. A 10 ms voltage pulse with amplitude of 20 V is applied on the heater. The
delay time between the heat pulse and the sound pulse is set to be 19.5 ms. Different
curves correspond to different temperatures as shown in the figure. The red square and
the black dot curves were taken at 1.42 K and 1.32 K, respectively, with the heater off.

higher transducer voltage as we increased the voltage on the heater. Also the curves with
the heater on become much broader. There is no sign that displacement of the S-V curves
reach a limiting value, at least not up to heater voltages that we have been able to use. In
Fig. 7.11, we show the measured S-V curves with 19.5 ms delay time between heat pulse
and sound pulse at several different temperatures and fixed voltage on heater (20V). We
see that with increasing temperature, the difference between heater on and heater off
becomes smaller. We found that around 1.6 K no obvious difference can be observed.
The red square curve and black dot curve are for temperature 1.42 K (red) and 1.32 K
(black) with heater off.
We first tried to explain the above observed phenomena by a simple sound defocus
model. When we turn on the heater, heat flux generated by the heater results in a
counterflow in the superfluid liquid helium. Both the normal fluid and the superfluid are
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Figure 7.12: A picture taken by Matthew Hirsch showing a gas bubble formed in front of
the tube in which the heater is placed when a high voltage pulse is applied to the heater.
In this picture, the heater is located on the left side with the hemispherical transducer
facing up from the bottom of the picture.

moving in the sound focus region. As the sound waves generated on the inner surface of
the transducer propagate towards the focal region, the flow of the liquid changes their
trajectory and phase and the waves no longer come to a sharp focus. As a result, when
the heater is on we need to apply a higher voltage on the transducer in order to observe
cavitation. With a fixed heat flux, the velocity of the normal fluid is expected to decrease
when the temperature is raised. This could explain the observation that at higher
temperatures, the shift of the S curve with the heater on is smaller. To test all of these
ideas we made an estimate of the velocities of the normal and superfluid components due
to the heat flow. We found that these velocities were too small to give a large defocusing
and explain the rather large effects that we have seen.
We then realized that since all of the measurements were taken at saturated vapor
pressure when the voltage pulse is applied to the heater, the surrounding helium may
easily boil and create gas bubbles inside the tube in which the heater is placed. When we
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apply a high voltage (>25V) to the heater, we actually observed very large gas bubbles
formed in front of the exit of the tube. A picture of the large gas bubble is shown in Fig.
7.12. When a gas bubble is formed, both superfluid and normal fluid components are
pushed towards the acoustic focal center with a very high velocity, hence results a strong
sound defocus effect. We believe that the sound defocus due the formation of gas
bubbles is the main reason responsible for the observed phenomena.
In order to get rid of the heat induced gas bubbles and study the true cavitation on
vortices, in a later experiment we slightly pressurized the helium cell by filling the cell
with and making the pressure higher than the saturated vapor pressure. Then when we
applied a 10 ms voltage pulse to the heater with amplitude from 0 V to 25 V, no gas
bubbles were observed at any temperature between 1.0 K and 2.0 K. Several typical
measured cavitation probability curves are shown in Fig. 7.13. All these measurements
were taken at T=1.0 K with the helium cell being pressurized to a pressure about 7.9
mmHg higher than the saturated vapor pressure. The delay time between the heat pulse
and the sound pulse is still set to be about 19 ms so as to get a maximum heat flux in the
acoustic focal region. We clearly see that the shift between the curves is much smaller
than the shift that was observed in the previous experiment in which the helium was not
pressurized. This supports the idea that the formation of large gas bubbles is the main
source responsible for the strong sound defocus effect observed previously. With the cell
pressurized, we still see a sound defocus effect although much weaker. This may be due
to the heat induced counterflow in the sound focal region as discussed above. However,
there is still no sign of cavitation on any objects with smaller tensile strength than bulk
liquid that can be observed in the whole measurements. There are two possible
explanations. One is that the tensile strength for cavitation on vortices is actually higher
than what is predicted by Maris’ calculation using the simple density functional method
[98]. If the tensile strength for vortex cavitation is close to that of the bulk liquid, at finite
temperature, there may be no chance to distinguish a different threshold for cavitation on
vortices and in bulk liquid. Another possible explanation is that actually the so-called
homogeneous cavitation with the heater off is not true homogeneous cavitation of the
bulk liquid helium but rather cavitation on vortices. Vortices can be generated by the
sound pulse from the transducer. Indeed, the quantum turbulence induced by ultrasound
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Figure 7.13: The measured cavitation probability as a function of the voltage applied to
the transducer by Matthew Hirsch at T=1.0 K. The cell is pressurized to be about
7.9mmHg higher than the saturated vapor pressure at 1 K. The voltage shown in the
figure is half of the measured peak to peak voltage. The black, red and blue dotted curves
correspond to heater off, 20V on heater and 22V on heater, respectively.

has been studied by F. P. Milliken, K.W. Schwarz and C.W. Smith [ 120]. In their
experiment, they drove two parallel placed ultrasonic transducers, to generate strong
sound waves in the region between the two transducers. In the steady state, they
measured a vortex line density of order of 104 cm -2 . Compared with their experimental
conditions, the amplitude of the sound waves in our transducer focus region would be
much higher than what they had in their experiment. Although the sound field in the
focal region in our experiments is transient (~10 microseconds) since we generate sound
pulses rather than continuous waves, it is still reasonable to expect that an appreciable
number of vortices may exist in the focal region due to all the previous sound pulses pass
through the focal region considering the long decay time of vortex tangles as observed in
Milliken’s experiments. If that is the case, then all the so-called homogeneous cavitation
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in bulk helium measured previously may actually be due to cavitation on vortices.

7.5 Summary
We designed a simple experiment to study cavitation on quantized vortices in
superfluid liquid helium. Cavitation on quantized vortices is believed to have a lower
tensile strength than on bulk liquid, which means that it should be easier to cause
cavitation in the liquid with the presence of vortices. In our experiments, we employed a
hemispherical transducer to focus a sound wave and to generate pressure oscillations in
the focal region which is strong enough to cause cavitation. A specially designed heater
was used to generate a heat pulse propagating towards the sound focal region. Quantized
vortices are generated due to the heat induced counterflow in the liquid. We measured
the cavitation probability as a function of the voltage applied to the transducer at
different temperatures and with different heat powers. Our results show that with the
heater on, we need to apply higher voltage on the transducer in order to see cavitation,
which is the opposite to what we had expected. We believe that these results arise
because the liquid in the sound focal region is moving due to both the heat flux and the
formation of large gas bubbles around the heater. As a result, sound waves coming
towards the focal region at different solid angles do not come to a sharp focus, and so a
higher sound wave amplitude at the transducer is needed to compensate for this effect.
By pressurizing the helium cell, we were able to prohibit the formation of large gas
bubbles around the heater which in turn greatly reduced the sound defocus effect. We did
not observe any lowering of the cavitation threshold due to the heater. We speculate that
even when the heater is not operated the cavitation is occurring on vortices that are
generated by the focused sound itself.
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Chapter 8
Low temperature properties of PMN-xPT
transducers
8.1 Introduction
The acoustic impedance of liquid helium is very small compared to that of
conventional solid materials and consequently to generate a sound wave of high intensity
in liquid helium it is necessary to use a transducer that can provide a large surface
displacement. Here we present our studies on the low temperature properties of a very
promising transducer material that can be used in liquid helium to generate strong sound
waves: lead magnesium niobate-lead titanate (1 - x)Pb(Mg1/3 Nb 2/3 )O3 -xPbTiO3 single
crystals ( PMN-xPT ).

PMN-xPT has excellent piezoelectric and dielectric properties at room temperature.
The piezoelectric coefficient d33 is greater than 2000 pC/N. The electromechanical
coupling factor k33 is greater than 90% and the maximum strain can be more than 1%.
[121, 122, 123] These superior properties make PMN-xPT a promising candidate for the
next generation ultrasonic transduction devices. The exceptional electromechanical
properties of PMN-xPT are related to a morphotropic phase boundary (MPB) near

x = 33% ~ 35% , [124] which separates the rhombohedral (pseudo-cubic) (3 m) and the
tetragonal (4 mm) phases. The coupling between rhombohedral and tetragonal phases for
crystals with near-MPB compositions enhances the dipole polarizability, allowing an
optimum domain reorientation during the poling process.[121] Up to the present time, the
piezoelectric and dielectric properties for PMN-xPT crystals have been mostly studied at
room temperature.[121, 122, 125, 126] The investigations on PMN-xPT crystals at low
temperatures have been primarily focused on the phase transition behavior, dielectric
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properties, and thermal conductivity.[127, 128, 129, 130] The piezoelectric properties of

PMN-xPT crystals at liquid-helium temperature (4.2 K) have not yet been systematically
characterized. In this chapter, we report measurements of the impedance curves for thin
plates

of

z-cut

PMN-xPT

crystals

containing

different

PT

compositions

( x = 27% ~ 31% ) at 4.2 K. A theoretical model of the impedance of a PMN-xPT plate is
discussed. Piezoelectric, dielectric, and elastic properties are obtained by fitting the
measured impedance curves using our model. The experiments were conducted in
collaboration with Dafei Jin and Wanchun Wei from our group and Jian Tian, Xingling
Huang, Pengdi Han from the H.C. Material Corporation. Material specimen fabrication
and room temperature material properties measurements were done at H.C. Material
Corporation.

8.2 Theoretical model of piezoelectric material
We consider a thin plate of z-cut PMN-xPT of thickness d sandwiched between two
semi-infinite slabs of fluid (Fig. 8.1). The transducer is driven by an applied alternating
voltage V (τ ) . For a z-cut plate the electric field results in a displacement in the direction
of the field. In standard notation, the simplified constitutive equations of the stress field
TII and electric field EII in region II are given by [131, 132]

=
TII c33D S II − h33 DII

1
,

=
 EII ε S DII − h33 S II
33


(8.1)

where S II is the strain along the thickness direction and DII is the electric displacement.
The strain and electric field are related to the longitudinal mechanical displacement
uII ( z ,τ ) and the electric scalar potential ϕ II ( z ,τ ) at each spatial point z and time τ via
S II =

∂uII ( z ,τ )
∂ϕ ( z ,τ )
.
, EII = − II
∂z
∂z

(8.2)

Here c33D is the elastic stiffness constant at constant electric displacement, h33 is the
piezoelectric pressure constant, and ε 33S is the dielectric constant at constant strain. The
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Figure 8.1: A PMN-xPT crystal plate between two semi-infinite fluid slabs.

stress fields in I and III regions are quite straightforward:

TI,III ( z ,τ ) = c′

∂uI,III ( z ,τ )
∂z

,

(8.3)

where c′ is the elastic stiffness constant in the fluid. By solving the equations of motion
for u ( z ,τ ) and ϕ ( z ,τ ) inside the material with density ρ and the fluid with density ρ ′
 ∂TI,III ( z ,τ )
∂ 2uI,III ( z ,τ )
= ρ′

∂z
∂τ 2

 ∂TII ( z ,τ )
∂ 2uII ( z ,τ )
,
=
ρ

2
∂
∂
τ
z

∂DI,II,III ( z ,τ )

=0

∂z


(8.4)

with boundary conditions at z = ± d / 2 for u ( z ,τ ) and ϕ ( z ,τ ) ,

uII = uI,III


TII = TI,III


∂D
,
−A
=
I (τ )

∂
τ

  d 
 d 
V (τ )
ϕ  + ,τ  − ϕ  − ,τ  =
 2 
  2 

(8.5)

where A is the electrode area, I (τ ) and V (τ ) the current and voltage on the plate. One
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can obtain the surface displacements of the PMN-xPT crystal thin plate in the Fourier
representation

±e33V (ω )
 d 
uII  ± , ω  =
,
 2  2h 2 e S + iBq′d − c D qd cot  qd 
 
33 33
33
 2 

(8.6)

where B is the bulk modulus of the loading fluid and e33 is the piezoelectric strain
constant of PMN-xPT given by [131]
e33 = h33e 33S .

(8.7)

The wave numbers in the loading fluid and in the PMN-xPT are
=
q′

ω

ω

ω

= =
, q
B / ρ ′ v′

ω

,
=
c33D / ρ v

(8.8)

where v′ and v are the densities of the loading fluid and the PMN-xPT , respectively.
The impedance of this structure is given by


D 2

2c33 kt / ( Bq′ ) 
d

,
=
+
1
Z (ω )
c33D q
−iω Aε 33S 
 qd  
 i − Bq′ cot  2  



(8.9)

where we have introduced the thickness-mode coupling coefficient kt defined as [131]
kt = h33

ε 33S
c33D

.

(8.10)

To be more realistic, we should also take into account the internal mechanical damping
of the PMN-xPT . [132] We may add a damping term in the equation of motion for the

PMN-xPT
∂TII
∂ 2u
∂u
=
ρ 2II + γ II ,
∂z
∂τ
∂τ

(8.11)

where γ is the damping coefficient. This change makes the wave number in the PMNPT contain both a real part and an imaginary part which gives the damping. The modified
impedance formula can be easily obtained by making the substitution

q → q ⋅η (ω , γ ) , q′ → q′ ⋅η (ω , γ ) ,
everywhere in Eq. (8.9) where the dimensionless factor η (ω , γ ) is defined by
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(8.12)

η (ω , γ ) =

2
2


1
γγ
1




 1 +   + 1 + i
 1 +   − 1 .
2
2


ω 
ω 





(8.13)

This change gives a broadening of the resonance peaks of Z (ω ) .

8.3 Experimental setup and measurements
Specimens of PMN-xPT crystals with x=0.27, 0.28, 0.29, and 0.31 were prepared
from a <001>-seeded crystal grown using a modified Bridgman technique. The PT
composition of each specimen was estimated from the Curie temperature ( Tc )
measurements. All of the crystal specimens were oriented and cut along the <001>
crystallographic direction with dimensions of approximately 7 × 7 × 0.7 mm3 . The
specimens were annealed at 600 °C for 8 hours. Gold electrodes were deposited onto the
surfaces by sputtering.
T
at room temperature in air
We measured the dielectric constants at constant stress ε 33

and in liquid helium around 4.2 K using an LCR meter (Agilent 4263B) at 1 kHz and 1 V
T
voltage level. ε 33
was calculated by the formula

ε 33T =

Cd
,
ε0 A

(8.14)

where C is the measured capacitance. At room temperature, the dielectric constant at
constant strain ε 33S was also determined from capacitance measurement at frequencies
T
well above any of the strong resonances. The measured results of ε 33
and ε 33S are listed in

Table 8.1.
A radio frequency network analyzer (Agilent 8712ES) was employed for the
resonance measurements of the thickness modes of our specimens. Two frequency ranges,
2–4 MHz covering the first thickness mode resonance frequency and 9–11 MHz covering
the third thickness mode resonance frequency, were chosen for measuring the impedance
curves of our specimens at room temperature and 4.2 K.
The fitting of the impedance curves is carried out in the following steps. First, the
thickness mode coupling coefficient kt and the elastic constant c33E are calculated from
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the resonance and anti-resonance frequencies on the measured impedance curves by
using the formulas [131]
kt2 =

 f p − fs 
fs
pp
2 fp

tan 
 2

fp

E
c=
4 (1 − kt2 ) ρ f p2 d 2 ,
33

,


(8.15)
(8.16)

where f s is the resonance frequency (impedance magnitude minimum) and f p is the
anti-resonance frequency (impedance magnitude maximum). Here we used the roomtemperature specimen density in the calculation and curve fitting at liquid-helium
temperature. Then in Eq. (8.9), using the known properties of the loading fluid, we adjust

ε 33S , the sound velocity v , and the damping part of the wave number q to get the best fit
to the experimentally measured impedance curves. In this way, we can determine ε 33S and
the sound velocity v .

8.4 Fitting results and discussion
In Fig. 8.2 we show a fit to data obtained from a PMN-xPT specimen with x=0.28 at
room temperature. The small peaks on the measured curves are due to a weak coupling to
modes other than the thickness mode of the specimen and their amplitudes are influenced
by the way that electrical contact is made to the specimen and the exact placement of the
specimen in the holder. The fitted results for this specimen show good agreement with
the directly measured values (Table 8.1), indicating that our fitting method works well.
T
The obtained values of the dielectric constants ε 33
, ε 33S , elastic constants c33E ,

piezoelectric pressure constants h33 , piezoelectric strain constants e33 , sound wave
velocity v , and thickness coupling coefficient kt for all our PMN-xPT crystals (x=0.27,
0.28, 0.29, 0.31) at room temperature and 4.2 K are given in Table I. For comparison, the
directly measured ε 33S at room temperature are also shown in the table. A typical fitting
of the measured impedance curve at 4.2 K is shown in Fig. 8.3. Our results (Table 8.1)
show that the thickness coupling coefficient kt for different PT compositions depends

116

Figure 8.2: Magnitude of the impedance of a PMN-0.28PT plate at room temperature.
Parts (a) and (b) show the first and third resonance peaks, respectively. The solid curve
shows the experimental data and the dashed curve is the fit.

weakly on temperature. The dielectric constants with constant strain or constant tension
both decrease significantly with temperature for all specimens. The elastic constants c33E
and sound wave velocities v of the specimens increase with decreasing temperature.
According to Eq. (8.9), if the internal damping of the transducer is ignored, it is easy to
show that if we drive the transducer in liquid helium at the resonance frequency for a
long enough time, the final surface displacement the transducer can achieve is
approximately given by

 d
 ±e V (ωr )
uII  ± , ωr   33
,
 2
 i r ′v′ωr d
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(8.17)

Table 8.1 Material constants for PMN-xPT crystals at room temperature (RT) and 4.2 K.

x
(%)

ρ
 g 
d
T
 3  (mm) (K)
 cm 

ε
ε0

T
33

ε
ε0

S
33

c33E

h33

v
(m ⋅ s -1 )

kt

11.8

4540

0.55

26.4

19.5

14.7

4850

0.49

82.4

5.69

11.6

4530

0.56

27.3

19.7

14.6

4800

0.47

80.8

5.15

11.5

4540

0.56

27.9

19.3
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Figure 8.3: Magnitude of the impedance of a PMN-0.28PT plate at 4.2 K. Parts (a) and (b)
show the first and the third resonance peaks, respectively. The solid curve shows the
experimental data and the dashed curve is the fit.
where V (ωr ) is the voltage on the transducer at resonance frequency ωr . We see that e33
is the only material constant that appears in the earlier formulas and thus a large e33
constant is required in order to have a large magnitude of the surface displacement at a
fixed external voltage. Although the finite internal damping of the material may change
the earlier result to some extent, the e33 constant is still the dominant factor in
determining the magnitude of surface displacement. In Table 8.2, we list the relevant
material constants for z-cut lithium niobate and lithium tantalate together with our PMN-
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Table. 8.2 Measured dielectric, piezoelectric, and thickness coupling constants of PMN0.29PT in thickness mode compared with other materials.
T (K)

ε 33S / ε 0

e33 ( C ⋅ m −2 )

kt

RT

780

19.3

0.56

4.2

74

5.75

0.51

LiNbO3a

RT

27.9

1.33

0.17

LiTaO3a

RT

47.8

1.09

0.19

Material
PMN-0.29PT

a) All data from Ref [133].

0.29PT. Due to its larger e33 , PMN-xPT is indeed a very promising choice for physics
experiments at low temperatures. We list room temperature values for lithium niobate
and tantalate because we have been unable to find in the literature low temperature
values of e33 for these materials and because, at least in the temperature range around
room temperature, their piezoelectric constants depend weakly on temperature. [133]
Based on the results of our measurements and fitting, we can see that PMN-xPT crystals
retain a strong piezoelectric effect at liquid-helium temperature. These materials should
be particularly useful for studies of liquid helium itself.

8.5 Summary
Lead magnesium niobate-lead titanate ( PMN-xPT ) single crystal plates were prepared
close to the morphotropic phase boundary with PT compositions 27%−31%. The
piezoelectric and dielectric properties of these plates at liquid-helium temperature (4.2 K)
were obtained by fitting measured impedance curves. In particular, the piezoelectric
strain constant e33 is found to be in the range of 5.1−5.7 C ⋅ m -2 at 4.2 K, which indicates
an extraordinarily large piezoelectric effect compared with other materials even at such a
low temperature. This result shows that PMN-xPT single crystals are promising
candidates for ultrasonic transducers at low temperatures.
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Chapter 9
Experiments on imaging single electron
bubbles in liquid helium
9.1 Introduction
In several previous experiments in our lab, the cavitation in liquid helium that results
from nucleation at an electron bubble has been studied [12, 15, 16]. The energy E of an
electron bubble of radius R in helium is given by the approximate expression
E=

4π 3
2
+ 4π R 2α +
R P,
2
8me R
3

(9.1)

where the three terms represent the zero-point energy of the electron confined in a
spherical cavity, the surface energy, and the work done against the applied pressure P in
forming the cavity. α is the surface tension and me is the mass of the electron. The
variation of the energy E with radius is shown in Fig. 9.1. At zero pressure the minimum
energy is for a radius of 19.4 Å. For negative pressures, the radius increases and at a
critical pressure Pc , the bubble becomes unstable against isotropic radial expansion and
“explodes”. Pc has the value −1.9 bars in the low temperature limit and has a smaller
magnitude at higher temperatures due to the temperature dependence of α . This critical
pressure is considerably smaller in magnitude than the pressure required to cause
homogeneous nucleation of bubbles in helium. Consequently, cavitation due to electron
bubbles is readily distinguished from cavitation due to homogeneous nucleation. In the
experiments performed so far [13, 15, 16, 17], a hemispherical transducer has been used
to focus sound to a region in the liquid with a volume of the order 10−5 cm3 . If the
pressure swing due to the sound pulse is large enough and if an electron bubble is in the
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Figure 9.1: Energy of an electron bubble as a function of radius. The curves are labeled
by the pressure in bars. This figure is based on a surface tension of 0.341 erg cm -2 . This
value differs from the low temperature experimental value of 0.375 erg cm -2 , but is
chosen because it leads to a bubble size that is consistent with optical absorption
measurements.

focal region, cavitation will occur. In this type of measurement, a series of pulses is
applied and the number of times that cavitation occurs is recorded. From an analysis of
how the probability of cavitation varies with the driving voltage applied to the transducer,
it is possible to deduce the pressure threshold Pc for cavitation and also the number
density of the electron bubbles.
In this chapter we report experiments in which instead of using focused sound we
employ a planar ultrasonic transducer to produce a transient negative pressure over a
large volume ( ~ 1 cm3 ). In this way, we explode all electron bubbles within the volume.
By choosing a suitable ultrasonic frequency, we can make each bubble expand to a size
that is sufficiently large that we can determine its position. Through the application of a
series of sound pulses, we can then take images showing the track of individual electrons.
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In the first several experiments, without putting in any electron source, tracks of electron
bubbles were observed in superfluid liquid helium. Some of the tracks were suspected to
be related to bubbles being trapped on quantized vortices and sliding down the vortices.
In later experiments, by applying voltage on a tungsten tip immersed in the liquid, we
were able to observe the bending of the electron tracks due to an applied electric field.
The possible origins of these electrons are discussed. Some of the electrons that first
appear on the surface of the transducer are likely to be produced as a result of cosmic
rays passing through the liquid in the experimental cell. Monitoring the motion of single
electron bubbles in liquid helium may have great potential applications in studying the
flow properties of liquid helium and the quantized vortices.

9.2 Ideas for monitoring single electrons
A highly energetic electron passing through condensed matter will result in the
excitation and ionization of atoms along its path. The track of the electron can be
determined by observation of the scintillation from the excited atoms, or through the
detection of the ionization produced in the material or the energy deposited [134]. For an
electron that is moving slowly, these detection methods cannot be applied since the
electron does not have enough energy to excite atoms. The determination of the position
of an electron by optical means is extremely challenging because of the very small crosssection for photon-electron scattering. For a photon of energy much less than the rest
mass of the electron the total scattering cross-section is given by the Thomson crosssection [135]
8π
=
σ
3

2

 e2 
= 6.7 × 10−25 cm 2

2 
m
c



(9.2)

This is for an isolated electron. If the electron is in a liquid or a solid there may be extra
scattering because the presence of the electron modifies the medium around it. This
modification is particularly pronounced for an electron in liquid helium. An electron
strongly repels helium atoms because of the exclusion principle; the 1S levels of the
helium atom are occupied and for another electron to be within the volume of the atom
the electron has to go to a higher energy state with quantum number n=2. Furthermore,
liquid helium is an extremely soft material which has a low surface tension and is easily
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deformed. As a result, when an electron enters liquid helium it forces open a cavity that
is free of helium atoms and becomes trapped in this cavity forming an object usually
referred to as an electron bubble. This bubble can move through the liquid and has been
studied extensively primarily through measurements of its mobility [136]. The presence
of the hole in the liquid (a region of different dielectric constant from that of the liquid)
has the consequence that the scattering cross-section σ of light from an electron bubble
is larger than the Thomson cross-section, but σ still has the very small value of only
~ 10−23 cm 2 for red light at zero pressure.

In order to image the motion of electrons a larger scattering cross-section is needed.
One possibility is to use a photon energy that causes the electron to make a transition to
an excited state within the bubble. For example, photons of wavelength around 10 μm
can excite the electron from the ground state to the 1P state [4, 5]. The cross-section for
this process is larger [62], i.e., of the order of 10−14 cm 2 . The electron can return to the
ground state by emitting a photon of wavelength around 30 μm [23]. It might be possible
to detect these photons and in this way determine the position of an electron bubble. In
the present experiments we have used an alternative approach by using ultrasonic
techniques. The scattering cross-section may also be enhanced when the photon energy is
close to the energy needed to cause a transition.
We can enhance the scattering cross-section of an electron bubble by increasing its
size. If a negative pressure is applied to the bubble, the radius that minimizes the energy
increases. According to Eq. (9.1), at a critical pressure of [12, 137]
16  2π m 
5/ 4

 α ,
5  5h 2 
1/ 4

Pc = −

(9.3)

the bubble becomes unstable, i.e., there is no value of the radius at which the energy has
a minimum (see Fig 9.1). Based on a value of 0.341 erg cm -2 for the surface tension [4],
the pressure at which this “explosion” occurs is -1.89 bars at low temperatures. Pc
decreases in magnitude as the temperature is raised because the surface tension decreases.
Once the pressure becomes negative with respect to Pc , the bubble begins to grow very
rapidly and, as we have shown in earlier experiments, can reach a large size [12]. The
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Figure 9.2: Calculated radius of a bubble as a function of time based on Eq. (9.4). The
two curves show results for when the electron bubble is unstable at −1.8 bars (dashed
line) and −1.5 bars (solid line).

growth rate of the bubble can be estimated from the Rayleigh-Plesset equation [138]

P(t )
R 2

R=
−
−3
,
(9.4)
2R
ρR
where ρ is the density of the liquid. In this equation the effect of the surface tension is
neglected (surface tension is important only when the bubble is very small) and it is
assumed that the work done by the negative pressure when the bubble expands is equal to
the rate of increase of the kinetic energy of the liquid surrounding the bubble. Thus, the
liquid is taken to be incompressible. If a periodically-oscillating pressure is applied to the
bubble, the maximum radius that the bubble reaches depends in a complicated way on
the amplitude and frequency of the pressure oscillation, and the negative pressure at
which the bubble explodes. In Fig. 9.2 we show the bubble radius as a function of time
when the pressure has the form P(t ) = − P0 sin(2π f t ) , with P0 equal to 2 bars and
f = 1.5 MHz, and for two different values of Pc . As an example, we see that if the

amplitude is 2 bars, and the frequency is 1.5 MHz, the maximum bubble size is around 8
μm . At this size, the scattering cross section has increased to a value of the order of

10−9 cm 2 .
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20cm

Figure 9.3: Schematic diagram showing the apparatus for detection of the motion of
single electron bubbles via planar transducer.

Experimentally we use an ultrasonic transducer to generate high amplitude sound
waves in liquid helium (shown in Fig. 9.3). A pulsed oscillating voltage with amplitude
of several hundred volts is applied to the transducer. The generated sound pulse produces
a local density oscillation, hence a pressure oscillation, as it passes through the liquid.
The drift velocity of the electron bubbles in the liquid is much smaller than the sound
velocity. Hence when the sound pulse passes through the liquid, the drifting distances of
the bubbles are negligible. The thickness of the transducer is chosen such that its lowest
thickness resonance frequency is in the range of 1.3MHz to 1.5MHz. We drive the
transducer at its lowest resonance frequency so as to generate strong sound waves. The
details of the transducer will be discussed in a later section. The sound pulse scans a
large volume in the liquid (~1 cm3 ) and, as a result, any electron bubbles within this
volume will explode when the sound pulse passes. The exploded bubbles can grow up to
a size of several microns in radius based on Eq. (9.4). A flash lamp synchronized with
the sound pulse illuminates the region that the sound pulse scans. Electron bubbles in
different parts of the cell will explode at different times. To make sure that a bubble
receives a sufficient degree of illumination no matter where it is when it explodes, we use
a flash lamp with a pulse duration of approximately 40 μs (full-width at half maximum),
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comparable to the time for the sound pulse to run across the viewing region. The timing
of the light was set so that the maximum intensity is when the sound pulse is roughly in
the middle of the cell. Light scattered from an exploded bubble is then recorded by a
home-style camcorder. In this way, we can take a picture of all electron bubbles within
the volume that the sound pulse scans. At a later time, each electron drifts to a new
position and we then repeat the above mentioned process to get a new picture. Several
images for each electron along its path may be obtained. This is the way that we monitor
the motion of single electron bubbles in liquid helium.

9.3 Experimental details
9.3.1 Helium cell
The first helium cell (cell I) we used is a cube with exterior side length of 6.8cm and
is made of stainless steel. In the experiments, the cell was attached to a continuously
operating 1 K pot and measurements could be made at temperatures down to 1.3 K. The
cell was cooled at the bottom. Two side surfaces of the cell had windows of diameter 1.4
cm, one for the light from the flash lamp and the other for viewing. The transducer is
mounted at a height just above the top edge of the viewing window so as to limit the
amount of scattered light from the transducer that reaches the viewing window. The
sound wave pulse generated by the transducer propagates from the surface of the
transducer to the bottom of the cell. The interior of the cell was painted black to
minimize scattered light. Electrical access to the cell was obtained by using homemade
electric plugs using copper wires and stycast 2850. Germanium thermometers and
homemade resistive heaters were used to monitor and control the cell temperature. The
cell was filled with helium through a stainless steel capillary (inner diameter 0.15 mm),
which was thermally anchored at the 4 K stage and the 4He pot stage, before entering the
cell.
In later experiments, we used a larger cylindrical cell (cell II). This cylindrical cell is
made of stainless steel with inner diameter of 5 cm and the height of 15cm. The cell has
three sapphire windows of diameter 1 cm on three side surfaces. Light enters the cell
from one of the windows and exits the cell from the window at the opposite side so as to
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reduce the light induced heating in the cell. The other window is for viewing. The bottom
of the cell was thermally connected to the 4He pot by a thermally-annealed OFHC copper
piece. The interior of the cell was painted black and the transducer was mounted at the
bottom of the cell at a height just below the bottom edge of the viewing window. The
generated sound pulse propagates upward. A tungsten tip was mounted at the top of the
cell, perpendicular to the transducer plane. By applying a voltage between the tip and the
top surface of the transducer, we can generate an electric field in the cell. When a high
enough voltage is applied to the tip, field emission current will appear from the tip.

9.3.2 Transducer
As discussed in Chapter 8, when we drive a unclamped transducer plate with a
continuous oscillating voltage of frequency ω , the amplitude of the displacement on the
transducer surface S (ω ) is given by [132]
S (ω ) =

e33V (ω )
 qd 
2h e + iBHe q′d − c qd cot 

 2 
2 S
33 33

,

(9.5)

D
33

where e33 is the piezoelectric strain constant, c33D is the elastic stiffness constant at
constant electric displacement, h33 is the piezoelectric pressure constant, and ε 33S is the
dielectric constant at constant strain of the transducer material. BHe is the bulk modulus
of liquid helium. q′ and q are the wave numbers in liquid helium and in the transducer
material, respectively. V (ω ) is the amplitude of the voltage applied on the transducer.
This formula is applicable for z-cut crystal material in 3m class [Error! Bookmark not
defined.131]. In the experiment, instead of using a continuous oscillating voltage, we
normally apply a voltage pulse during the time interval t = 0 to t = T on the transducer
with a form given by
V sin(ω0t )
V (t ) =  0
 0
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0<t <T
,
t >T

(9.6)

where V0 is the amplitude of the oscillating voltage and ω0 is the driving frequency. In
this case, the surface displacement of the transducer as a function of time S ( t ) is given
by

Figure 9.4: Calculated velocity on the surface of a PMN-PT transducer plate with side
length of 1.2 cm and thickness 1.6 mm. The oscillating voltage applied to the transducer
starts at t = 0 and ends at t = 20 μs and has an amplitude of 350V. The driving
frequency is chosen to be 1.372 MHz which is close to the lowest resonance frequency of
the transducer.

S ( t ) = Re ∫ eiωt

e33V (ω )
 qd 
2h e + iBHe q′d − c qd cot 

 2 
2 S
33 33

dω ,

(9.7)

D
33

where V (ω ) is the Fourier transform of V (t ) . The velocity on the transducer surface is
simply given by
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v=
(t ) Re ∫ iω eiωt
( t ) S=

e33V (ω )
 qd 
2h e + iBHe q′d − c qd cot 

 2 
2 S
33 33

dω .

(9.8)

D
33

As an example, we show in Fig. 9.4 the calculated surface velocity of a PMN-PT
transducer plate with side length of 1.2 cm and thickness of 1.6 mm when it is driven by
an oscillating voltage starts at t = 0 and ends at t = 20 μs with amplitude of 350 V. The
material properties of PMN-PT are given in Table. 8.1. In the simulation, we choose the
driving frequency to be 1.372 MHz, which is close to the lowest thickness resonance
frequency of the transducer. As we can see, when the transducer is driven near resonance,
the amplitude of its surface velocity increases almost linearly with the driving time
before saturation. In this efficient way, a large surface velocity can be achieved.
Nevertheless, it is difficult to produce a large amplitude sound wave in helium using a
conventional piezoelectric ultrasonic transducer because the acoustic impedance of liquid
helium is much smaller than that of most solid materials. After considering various
options, we decided to use a standard 1.5 MHz lithium niobate piezoelectric transducer.
In some of the experiments conducted, we also used PMN-PT transducers.
To achieve the required pressure amplitude to explode electron bubbles is very
challenging. The amplitude of the pressure wave launched into bulk liquid by a planar
transducer is given by the formula
δ PHe = r c vsurface ,

(9.9)

where c is the sound velocity in helium and vsurface is the magnitude of the oscillating
velocity of the transducer surface. To achieve a pressure swing of 2 bars, it is necessary
for vsurface to be 600 cm s-1 , which corresponds to a strain amplitude of about 10−3 in the
center of the transducer. Because of the very high strain amplitude, several transducers
have broken and this remains a major challenge in operation of the experiment. Typically
the transducer was driven with electrical pulses of duration 30 μs to 35 μs . Only at the
end of the driving pulse is the amplitude of the transducer sufficiently large to give the
required pressure swing in the liquid. With the given waveform of the sound, we expect
that each electron bubble within the volume of the sound field will be exploded and
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collapse a few times, probably 1 to 5, for each sound pulse. We have not investigated this
point experimentally.
There is a practical problem for the transducer as we noticed in our experiments.
Normally the transducer plate is coated with gold on the two main surfaces as electrodes.
Two copper wires are then soldered on the two surfaces as electric leads. However when
we drive the transducer with high voltage, the vibration of the transducer surface is so

Figure 9.5: Diagrams showing the shape of the transducer with edge being cut. Two pairs
of leads are soldered on the edge part of the transducer.

strong that the leads may come off the surfaces before the desired surface velocity is
achieved. The problem bothered us for long time. To solve this problem, we made a
special design for the shape of the transducer. The idea is as following. The resonance
frequency of a transducer plate depends on its thickness. If we cut the edge of a
transducer plate so that the thickness on the edge part is smaller than the center part, the
resonance frequency of the edge will be different from the center. We then solder the
leads onto the edge part of the transducer and drive the transducer with a frequency close
to the resonance frequency of the center part. As a result, the center part of the transducer
vibrates strongly while the edge part does not since the edge part is off resonance. In this
way, the leads may survive the strong surface vibration of the transducer. We have tested
this design experimentally and confirmed the improvement.
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9.3.3 Field emission tip
The idea of using a sharp tungsten tip to inject ions into cryogenic liquids ((H2, D2, He,
O2 etc.) was first given by Halpern and Gomer [139]. They showed that ions of both
signs can be produced in these liquids by field-emission from a sharp point of a metal
when a voltage in the range of a kilovolt is applied. Later McClintock [140] successfully

Figure 9.6: Schematic diagram of the setup used for electrochemical etching to make
sharp tips.
used sharp tungsten tips in both 4He and 3He to produce a current of ions as large as 10−6
A. The large value of the current indicates that the field emission is important only at
small currents and the ionization of helium in the vicinity of tip point is the main
mechanism for ion production. In fact, McClintock [ 141] observed the emission of
reddish light and the formation of a gas bubble of diameter ~ 10−2 cm exactly at the tip
point whenever the current exceeded 10−7 A. This supports the idea that some sort of a
gas discharge is responsible for a large value of current. McClintock [142] also pointed
out that in order to successfully operate a field-emission tip in the liquid it should have a
radius of curvature typically between 100 and 1000Å. Following his suggestion we
prepared field-emission tips for our experiment from a tungsten wire by electrolytic
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etching in 10% NaOH solution. To prepare sharp tips we used a method similar to that
described by Bryant et al [143]. The schematic diagram of the setup for electrolytic
etching is shown in Fig. 9.6. The tungsten wire of diameter 0.275 mm is held vertically
with its lower end inserted into a glass capillary of about 0.5 mm inner diameter. The
lower end of the capillary is attached to a piece of rubber (not shown in the figure) at the
bottom of the glass container, in order to avoid damage to the tip. The wire passes
through the center of a grounded metal ring of diameter about 30 mm made of 2 mm
diameter copper wire. The position of the ring is adjusted so that the plane of the ring is
about 1–2 mm above the upper end of the capillary. The NaOH solution is then carefully
poured into the container so that the liquid level is held about 2–3 mm above the
grounded ring. An ac voltage of 1–2 V peak-to-peak at a frequency 0.8–1.0 kHz is then
applied to the wire starting the electrolytic etching of the part of the wire that is in
contact with the solution. Usually we reduced the applied voltage amplitude to 0.5–1.0 V
as the etching proceeded. If the liquid is poured into the container carefully, then due to
surface tension the liquid does not enter the capillary so that the lower part of the wire,
which is located in the capillary, is not exposed to etching. When the waist on the wire
resulting from the etching becomes very thin, the wire breaks and the lower part falls
down to the bottom of the capillary. The rubber below the capillary bottom protects the
etched tip from mechanical shock when it hits the bottom. There are two main
advantages of this method, which help to prepare very sharp tips. Firstly, the plastic
deformation of the metal when the wire breaks, produces sharp asperity at the tip point.
Secondly, the moment the wire breaks, the voltage and the liquid are removed from the
lower part of the wire and it does not undergo electro polishing as the upper part of the
wire does. For this reason the tip formed on the lower wire piece is always much sharper
then the tip on the upper wire piece. After the etching is completed, which usually takes
10–15 minutes; the tip is carefully removed from the capillary and gently washed in
clean water.
In the experiment, the tip was held vertically by clamping the lower end of the wire
between two brass pieces. Copper wires were soldered onto the brass pieces through
which we supplied high voltages. Before installing them into the experimental cell all
tips were checked under typical working conditions in liquid helium at 4.2 K by placing
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them into a helium storage dewar. A negative current was measured as a function of
applied negative DC voltage to determine the emission voltage threshold. A typical I-V
curve is shown in Fig. 9.7. The heat dissipation on the tip was small below the λ point.
Also at these temperatures the current was very stable within many hours of work.
Usually some deterioration was observed only after hundreds of hours of operation.

Figure 9.7: Magnitude of the negative current from a tip for different magnitudes of
negative tip voltages in liquid helium at 4.2 K.

Different tips had different threshold voltages and I–V characteristics. The heat
dissipation increased significantly above the λ point and the current oscillated..
Presumably, the gas bubble at the point tip, whose formation is crucial for fieldionization, is more stable below the λ point.

9.3.4 Flash lamp
To detect the exploded bubble we illuminated it with a flash lamp that can deliver
strong light power in short duration. The velocity of sound in liquid helium is
approximately 2.4 × 104 cm s-1 . As a result, it takes the sound pulse approximately 40 μs
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to cross the part of our helium cell that we can observe. The time that an electron bubble
explodes will hence vary according to its position in the cell. To make sure that a bubble
receives a sufficient degree of illumination no matter where it was when it explodes, we
need to select a lamp that has pulse duration about 40 μs and can be triggered externally.
In the first several experiments, we used a flash lamp (flash lamp I) [144] with a

Figure 9.8: (Flash lamp I) Intensity of the light from the Digital Nova-strobe flash lamp
as a function of time. The Y-axis is the intensity in arbitrary unit. The red curve shows
the measured intensity at distance around 3 meters from the lamp. The black curve is the
trigger signal.
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Figure 9.9: (Flash lamp II) Measured pulse shape of flash lamp.
pulse duration of approximately 30 ms (full-width at half maximum) but with a very long
tail. The measured light intensity as a function of time is shown in Fig. 9.8. The lamp
comes with a built-in reflector so as to focus the output light. The flash lamp was
triggered so that the flash began at the time at which the amplitude of vibration of the
transducer had built up to its maximum value. The output energy of the lamp was about
0.22 J. The lamp was placed at a distance of 20 cm from the window of the helium cell in
the experiments. We estimate that the flux of photons through the cell was of the order of
2 ×1020 cm -2s -1 . The repetition rate of the sound (and light) pulse could be adjusted.

In later experiments with the tungsten tip installed in the cell, we used a stronger
flash lamp (flash lamp II) [145] with output energy of about 350 mJ per pulse. The
duration of the light pulse is about 50 μs and the pulse shape is shown in Fig. 9.9. A
homemade light guide is used in the experiments to collect the output light from the flash
lamp and deliver the light into the helium cell. The light energy delivered into the cell is
estimated to be about 4 mJ per pulse. To reduce the heat in the cell due to the input light,
we placed a mirror inside the helium cell to reflect the incoming light out of the cell.
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9.3.5 Camera
To detect the light scattered from the bubble we used a home-style camcorder [146]
with its lens 15 cm from the center of the cell. The camcorder is placed at right angles to
the incoming light. Based on geometrical optics, the differential scattering cross-section
for scattering un-polarized light at 90° from a bubble in helium is estimated to be
dσ
≈ 2 ×10−4 R 2
dΩ

(9.10)

Thus, for an 8 mm bubble the rate at which photons are scattered per unit solid angle in
our experiment is 2.6 ×1010 s -1 . More generally, the total number of photons scattered into
unit solid angle at 90° with the flash lamp I will be

N = 2 ×1020 × 2 ×10−4 ∫ R 2 dt ,

(9.11)

where the integral extends over the duration of the sound pulse. We do not know the
precise value of the integral, but a rough estimate gives the value 10−12 s cm 2 . The solid
angle subtended by the camcorder lens is 0.056 steradians. Based on these values, the
total number of photons entering the camcorder is found to be around 2 ×103 from each
exploded bubble. With the available camera, we were able to detect these photons
provided we used the camera in “super night mode” running at 4 frames per second with
high sensitivity. In some cases, this rate was less than the rate at which sound pulses were
generated. In this situation each frame recorded by the camcorder there would typically
be several images for each individual electron bubble. For example, if the acoustic pulses
and flash lamp are set to run at 20 pulses per second, then as many as 5 positions of an
electron are sometimes recorded by the camcorder on a single frame.

9.4 Experiments with bare setup
9.4.1 Experiment setup
The experiment setup is shown schematically in Fig 9.10, which we shall refer to as
the bare setup since the cell did not contain a tungsten tip as an electrons source. A planar
lithium niobate transducer with side length of 1.2 cm was used to generate sound pulses.
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Figure 9.10: Schematic diagram of the bare setup.

The transducer was mounted inside the helium cell with height just above the top edge of
the viewing window. Pulsed oscillating voltage with duration of 30 μs was applied to the
transducer at a repetition rate of 20 Hz. The oscillation frequency of the voltage was
chosen to be 1.46 MHz so as to drive the transducer in resonance. The generated sound
pulses propagated down the cell. A flash lamp (lamp I) that was placed at a distance of
20 cm from the center of the cell was triggered at the end of the sound pulse. The light
was directed horizontally into the cell through a sapphire window and a stainless steel
tube with length of 2.3 cm. The electron bubbles in the viewing region were exploded by
the sound pulse and illuminated with light from the flash lamp. Light that was scattered
by the exploded bubble passed through the viewing window at 90 ° . A camcorder
running with 4 frames per second was placed in front of the viewing window to collect
the scattered light from the exploded bubble and record its image. The cell was cooled by
means of a heat link from the bottom of the cell to a continuously-operating 1 K pot, and
this enabled measurements to be made down to around 1.3 K.

9.4.2 Experiment Results and discussions
In Fig. 9.11, we show four frames, each capturing the motion of a single electron.
The electron is moving from the top to the bottom of the cell. When we left the ultrasonic
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pulse generator and camcorder running, we found that approximately 5 % of the frames
showed an image of an electron somewhere within the part of the volume of the cell that
could be viewed. The bright bar in Fig. 9.11 on top of the viewing window is the
transducer.
In this first experiment the cell did not contain any source of electrons and so
naturally it was important to determine that the objects that are detected are in fact
electrons. For example, one could suppose that the images come from the scattering of
light by dust particles drifting around in the liquid. We were able to eliminate this
possibility by looking to see if scattering occurred when the transducer was not excited.
We found that there was no scattering. A second possibility is that the scattering arises
more indirectly from dust particles in the liquid. The dust could be too small to give
significant light scattering but might still be able to cause heterogeneous nucleation of
bubbles in the presence of the sound wave. To test this we made measurements of how
the number of times a scattering event was seen varied as a function of the voltage
applied to the sound transducer. When the voltage applied to the transducer was above
210 V, it was found that scattering by some object was seen on approximately 1% of the
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Figure 9.11: Images of an electron moving down the cell. The temperature is 1.5 K.

frames recorded by the movie camera. However, if the voltage was reduced to a value
below 200 V, no scattering was observed. This sharp threshold is expected if we are
seeing bubbles that grow from electron bubbles. For heterogeneous nucleation of bubbles
on dust particles, however, one would expect that there would be a different pressure
required for each particle and so there should be no sharp threshold. For higher voltages
there is a slow increase in the probability of seeing electrons. We presume this is because
the sound field falls off at the edge of the transducer and so when the transducer
amplitude is increased, the volume within which electrons can be exploded increases.
The majority of the electrons that we have detected travel down the cell along
smooth and slightly curved paths. They undergo this motion because of the drag exerted
on the electron bubbles by the moving normal fluid. This normal fluid is nothing more
than the gas of thermally-excited phonons and rotons and so we can consider that the
electrons are drifting with the phonon-roton wind. The wind flows down the cell because
the operation of the ultrasonic transducer results in a heat input at the top of the cell and
this heat has to cross the cell in order to escape through the cooling heat link at the
bottom. The velocity of the wind, i.e., the velocity vn of the normal fluid, is given by
vn =

Q
,
ATS

(9.12)

where A is the cross-sectional area of the cell and S is the entropy per unit volume. The
velocity that we observe for the electrons is consistent with the velocity of the normal
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fluid as given by this formula when allowance is made for the fact that the cell does not
have a simple geometry so the area A is not rigorously defined. For example, Fig. 9.11
(a) was obtained at 1.5 K, with an average power input of ~250 mW. The measured
electron velocity is about 5 cm s -1 and this is consistent with Eq. (9.12) if the area is
taken to be 1 cm 2 . Of course, an accurate calculation of the velocity of the normal fluid
requires detailed allowance for the shape of the cell, the heat flow in the walls, and the
Kapitza resistance. There may also be a contribution from acoustic streaming. The paths
of the electrons tend to curve outward away from the center of the cell (see Fig 9.11(b)).
This curvature occurs because the heat enters the fluid over a rather small area at the top
of the cell whereas it leaves the cell over a larger area at the cell bottom.
The electron moves with the phonon-roton wind because the effect of other forces
acting on it (electrical, gravitational) is very small. The interaction of the electron bubble
with the phonons and rotons also gives rise to a diffusive motion. The diffusion
coefficient D is related to the mobility µ by the Einstein relation
D=

µ kT

.

(9.13)

e
2
-1 -1
At 1.5 K, m = 0.245 cm V s and so =
D 3.2 × 10-5 cm 2 s -1 . The bubbles take about one

second to drift from the top of the cell and so during this time move diffusively a
horizontal distance that it is of the order of

Dt ~ 0.006 cm. Thus, the effect of diffusive

motion is too small to be seen.
As already mentioned, the cell does not contain any source of electrons. It is natural

142

Figure 9.12: Images in which an electron bubble is first seen at a point in the interior of
the cell rather than at the top.

to ask where these observed electrons come from. One possibility is cosmic rays. A high
energy muon passing through the cell will cause ionization along its track. Most of the
electrons knocked off of helium atoms will quickly recombine with the resulting positive
ions, and only a small fraction of the electrons will escape. These electrons will be
distributed uniformly throughout the cell. However, these cannot be the electrons that we
are seeing since most of the electrons appear to start at the very top of the cell close to
the surface of the transducer, rather than being distributed throughout the liquid. When
the cosmic rays excite or ionize the helium, UV photons will be produced. The energy of
these photons is around 16 eV. It is possible that when the UV photons reach the cell
wall and the surface of the transducer, electrons are ejected into the helium by the
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photoelectric effect. At the bottom wall of the cell these electrons would be swept back
into the wall by the normal fluid. In later experiments, we studied this possibility more
carefully. The details and discussions will be presented in later sections.
A small fraction of the electrons that were seen first appeared at a point within the
liquid helium. Examples are shown in Fig. 9.12. There are at least two possible origins of
these electrons. They could result from cosmic rays, or other charged particles, ionizing
helium atoms and the resulting positive and negative ions not recombining. A second
possibility is that the electron bubbles appear when a gamma from outside the helium,
i.e., from the cell wall or other part of the cryostat, undergoes Compton scattering or
photoelectric conversion within the helium. In Fig. 9.12 (b), the electron is moving much
slower than it is in Fig. 9.12 (a). We assume this is because the downward component of
the normal fluid velocity is different in different parts of the cell. In some of the images,
a second electron is also detected. Of course, this could just be a coincidence that two
electrons enter the cell at the same time, but the number of times that this happens
appears to be larger than would be expected on this basis. Examples are shown in Fig.
9.13. A typical two electron event is shown in Fig. 9.13 (a). The two electrons following
different paths were recorded on the same frame. It looks as if the two electrons were
generated at the same time near the surface of the transducer. A more detailed
experimental study on this phenomenon will be reported in later section. In Fig. 9.13 (b),
we show a very rare case that the two electrons observed originate a close distance apart
and at the top of the cell. We have also seen events in which more than two electrons
appear in the interior of the cell (Fig. 9.13 (c)). Although there must be more than one
electron present, it is not obvious which of the images are associated with which electron.
One possibility is that these events originate when a first electron is excited by Compton
scattering and then the lower energy gamma ray that is produced undergoes a second
Compton scattering process.
When planning this experiment, our idea was to extend it so that images of quantized
vortices could be obtained. The plan was to use a radioactive source to introduce a large
number of electrons into the helium. By going to a temperature of around 1 K, many of
these electrons would become attached to vortex lines. We would then send in a single
sound pulse that would explode all of the electrons along the vortex lines and thus
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(a)

(b)

(c)
Figure 9.13: Images in which more than one electron are seen.

provide an image of the path of the line. The electron bubbles can be optically observed
once they explode. When the electron is trapped on a vortex line, the explosion critical
pressure measured previously by Ghosh [17] is about 12% smaller in magnitude
compared to that of an untrapped electron bubble. Qualitatively, this is expected because
of the reduction in the ambient pressure, which occurs due to the Bernoulli effect from
the circulating superfluid. Hence we may control the driving voltage on the transducer to
generate sound pulses with amplitude just enough to explode bubbles trapped on vortices
without exploding any untrapped bubbles. Thus, the plan was that only those bubbles on
vortex lines could be seen. As a result, vortex lines can be easily distinguished from the
background. This is the greatest advantage of using electron bubbles to visualize vortex
lines.
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Figure 9.14: Images of an electron following a snake-like track which may relate to the
electron being trapped on and sliding along a vortex line.

We have not done this experiment yet since the purpose of our current experiments
is to study the motion of individual electrons in liquid helium. What is more, the 1K
refrigeration system that is needed for this experiment is still under-construction.
However, we have observed some interesting tracks of single electron bubbles that may
relate to bubbles being trapped on quantized vortex lines. In the experiment, most of the
electrons that we see follow a nearly straight path from the top to the bottom of the cell,
presumably following the streamlines of the normal fluid. However, occasionally (less
than 10 percent of the observed single electron bubbles), we see an electron that follows
a very different snake-like path as shown in Fig. 9.14. This cannot be due to normal fluid
turbulence because these paths appear in the same volume of liquid as the other events.
According to Vinen’s theory [102], when the heat flow in superfluid helium exceeds a
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critical value, quantum turbulence appears which consists of large number of tangled
vortices. Based on the heat input in our experiment, the vortex density in the cell is
estimated to be of the order of ~ 105 cm -2 . The vortex tangle may partly polarized by the
flow of the normal fluid [147]. Some of the vortices may pin between the surface of
transducer and the bottom surface of the cell [148, 149]. As a result, there may exist
many vortex lines aligning roughly along the vertical direction. We consider it is likely
that an electron is trapped on a vortex line and then follows the line from the top of the
cell to the bottom. If this is correct, this simple experiment provides a way to visualize
the geometry of quantized vortices. [150] It is well known that there is an attractive force
that can bind an electron to a vortex line [151]. However, this force is very short range,
i.e., it is appreciable over a distance of less than 100 Å, and so it is remarkable that the
bubble can grow to a radius of several mm and then return to its normal small size and
still be attached to the vortex.

9.5 Experiments with tungsten tip
9.5.1 Experiment setup
The experimental setup with a tungsten tip is shown schematically in Fig 9.15. A
homemade tungsten tip was clamped by two pieces of copper at the top of the cell (cell II)
such that the apex of the tip was located just above the top edge of the viewing window.
An electrical lead with an insulating coating was soldered to the copper clamp. Out side
the cryostat, a 1011 Ω resistor was connected to the electric lead of the tungsten tip to
stabilize the current on the tip. A planar lithium niobate transducer disc with radius of
1cm was used to generate sound pulses. The transducer was mounted inside the helium
cell with height below the bottom edge of the viewing window. The top surface of the
transducer was grounded. When a small negative voltage was applied to the tungsten tip,
an electric field formed between the tip and the top surface of the transducer which
repelled electrons from the tip. When we put a high enough negative voltage on the tip,
field emission current would appear. Pulsed oscillating voltage with duration of 30 μs
was applied to the bottom surface of the transducer at a repetition rate of 32 Hz. The
oscillation frequency of the voltage was chosen to be 1.31 MHz in order to drive the
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Figure 9.15: Schematic diagram of the experiment setup with tungsten tip.

transducer in resonance. The generated sound pulses propagated upward in the cell. A
flash lamp (lamp II) that was placed at a distance of 20 cm from the center of the cell was
triggered at the end of the sound pulse. The light was directed horizontally into the cell
through a homemade light guide installed in the cryostat. A stainless steel tube of length
of 2.3 cm with a sapphire window was installed on the cell to further eliminate the
chance for the light scattered at the cell inner walls to enter the viewing window. Inside
the cell, a mirror was used to reflect the incoming light out of the cell through the same
window that the light entered through. The electron bubbles in the viewing region were
exploded by the sound pulse and illuminated with light from the flash lamp. Light that
was scattered by the exploded bubble passed through the viewing window at 90 ° . A
camcorder running at 4 frames per second was placed in front of the viewing window to
collect the scattered light from the exploded bubble and record its image. The cell was
cooled by means of a heat link from the bottom of the cell to a continuously-operating 1
K pot. In order to use the light guide, we had to remove one of the shielding windows on
the 4 K shield of the cryostat. As a result, thermal radiation from the environment may
enter the cell and the lowest temperature that could be maintained in the experiment was
about 2K. Once we turned on the transducer and the lamp, due to the large heat input of
the light and the strong vibration of the transducer, the temperature in the cell rise up
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quickly. Normally, we only took pictures in a short period (~15s), then turned off the
transducer and lamp. Until the temperature dropped back to about 2K, we would start
recording again.

9.5.2 Experiment Results
In Fig. 9.16 we show two typical tracks of single electron bubbles recorded without
applying voltage to the tungsten tip. The pictures were taken with 650V on the transducer.

Figure 9.16: Typical images of an electron moving up the cell with no voltage on the
tungsten tip. The voltage on transducer is 650V. The temperature is 2.3K.

Since the repetition rate of the sound pulse was 32 Hz with the camcorder running at 4
frames per second, on each frame there should be at most eight images for each
individual electron bubble. In order to show the entire track, we collect the frames and
put all the images of an electron along its path in the same picture as shown here. In Fig.
9.16, the black spherical region at the center of each picture is the viewing window.
Some of the incoming light was scattered by the screws on the flange around the viewing
window as can be seen in the pictures. The bright little tip above the top edge of the
viewing window is the apex of the tungsten tip. The electrons were seen moving from
bottom to top in the cell with velocity typically around 4 cm s -1 . The temperature in the
cell was above the lambda point as we took these pictures. The heating due to the

149

vibration of the transducer may cause thermal convection in the cell. The liquid helium
flowed from the surface of the transducer upwards to the top part of the cell, and dragged
the electron bubble with it. The observed rate of seeing events similar to the one shown
was about one per two seconds. The details will be discussed later
At given temperature T, in order to see the bubbles, an oscillating voltage pulse with
amplitude higher than a threshold value had to be applied to the transducer. The
existence of a threshold voltage is evidence indicating what we observed were electron
bubbles. To measure the threshold voltage experimentally, an oscillating voltage pulse
with 100 V in amplitude was applied to the transducer. We typically observed the cell for
15 seconds. If no bubbles were seen, we then waited till the temperature dropped back to
the initial value and then increased the voltage on the transducer by a step of 25 V, and
made another 15 seconds observation. The threshold voltage was obtained by increasing
the voltage until finally we saw the bubbles. The voltage appearing on the transducer was
measured in a dual channel oscilloscope [113], which was externally triggered by the
same gating pulse from the pulse generator. However, it was difficult to determine the
actual temperature in the cell accurately after we turned on the transducer and the lamp.
The temperature rapidly increased due to the heat input. We observed that the germanium
thermometer attached to the cell showed an increase in temperature of roughly 0.3 K if
we turned on the transducer and the lamp for about 15 seconds with an initial
temperature of 2 K. As a result, we have to measure the threshold voltage while the
temperature changes a large amount, typically 0.5 K. In Fig. 9.17 we show the measured
threshold voltage at different temperatures. Beside the uncertainty in temperature, there
are several other factors that may affect the accuracy in determining the threshold voltage.
The measurement as described may not give the true threshold voltage since it is possible
that the voltage on the transducer is already above the threshold but there are no electrons
present in the viewing region within the 15 s observation time. Hence the finally
“measured” threshold voltage may be higher than the true threshold. To solve this
problem, when we increase the voltage to a certain value and for the first time see a
bubble, we then repeat the observation process for many times below and above this
voltage to make sure that the results are not affected by the length of the observation time.
The situation is further complicated by the fact that the sound pulse generated by the
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Figure 9.17: Measured threshold voltage of seeing electron bubbles as a function of the
temperature in the experiment cell.

transducer is not a perfect plane wave. When the sound pulse propagates across the cell,
modulation of the sound amplitude and distortion of the pulse profile may occur. As a
result, the amplitude of the pressure oscillation is different at different locations in the
cell and might even vary from pulse to pulse. So the uncertainty in determining the
threshold voltage may be large. In Fig. 9.17, estimated error bars are shown. Despite the
uncertainty in measuring the threshold voltage, we see that the voltage for seeing bubbles
does decrease with increasing temperature which is reasonable since at higher
temperature, the surface tension of liquid helium is less and leads to a lower threshold
explosion pressure for electron bubbles [12]. The threshold voltage measured in the tip
setup differs from the bare setup, which we assume to be due to the different transducers
used in the two setups.
In the experiment, both the cell and the top surface of the transducer were grounded.
When we apply a negative voltage to the tungsten tip, electric field would form between
the tip and the top surface of the transducer and the cell walls. As a result, it is expected
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that the tracks of the electron bubbles would bend due to the electric field. We did
observe this phenomenon experimentally. Typical pictures with -50 V, -150 V and -500
V on the tungsten tip are shown in Fig. 9.18. These pictures were taken at about 2.4 K
with 600 V on transducer. As we increase the amplitude of the negative voltage on the
tungsten tip, the bending of the electron tracks becomes obvious. To get a sense of the
effect of electric field on the motion of electron bubbles in liquid helium, we may
consider the terminal velocity of electrons under external electric field when the liquid is
static. The mobility of electron bubbles in liquid helium was systematically measured by
K.W. Schwarz [152]. At about 2.4 K, the mobility that he obtained is 0.03 cm 2 s -1 V -1 .
So for example, for electric fields of 50 V/cm , 150 V/cm and 500 V/cm , the resulted
drifting velocity of electron bubbles are 1.5 cm s -1 , 4.5 cm s -1 and 15 cm s -1 , respectively.
However, in our experiment, the liquid in the cell was not static but flowed with velocity
of the order of 4 cm s -1 from the transducer surface to the top part of the cell. The force
acting on electrons is indeed a combination of the electric force and the drag force due to
the fluid. What is more, the electric field in the cell is not a uniform field due to the
geometry of the electrodes. Close to the tungsten tip, the field is quite strong while away
from the tip, the strength of the electric field deceases quickly. As a result, the force on
the electron bubbles due to the electric field near the surface of the transducer appears to
be less than the drag force of the fluid. Bubbles were then dragged away from the
transducer. But as the bubbles get close to the tip, the electric force may dominate which
pushes the electrons away from the tip. When a higher voltage is applied to the tungsten
tip, the electric force may dominate the drag force at a closer distance from the
transducer. As a result the electron tracks bend more heavily. This qualitatively explains
the phenomenon that we have observed. But to give a quantitative calculation on the
motion of an electron bubble, we would need to know exactly the flow field of the liquid
and the electric field at all locations in the cell.
Just as in the bare setup experiment, beside the single electron bubble events, we
also observed two bubbles appearing simultaneously within the time resolution of our
experiment (1/32 second). Typical pictures are shown in Fig. 9.19. For pictures a(1) and
a(2) in Fig. 9.19, 50 V was applied to the tungsten tip and for b(1) and b(2), 150 V was
applied to the tip. In most of the cases, the two bubbles appeared from the surface of the
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a (1)

a (2)

b (1)

b (2)

c (1)

c (2)

Figure 9.18: Typical pictures showing the track of an electron bubble with different
voltage on the tungsten tip. 50 V on the tip for a(1) and a(2); 150 V on the tip for b(1)
and b(2); 500 V on the tip for c(1) and c(2). Voltage on transducer is 650 V for all
pictures.
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a(1)

a(2)

b(1)

b(2)

Figure 9.19: Pictures showing two electron bubbles appearing simultaneously. 50V on
the tungsten tip for a(1) and a(2); 150V on tip for b(1) and b(2). All pictures were taken
at 2.4K with 600V on transducer.

transducer and moved away from the transducer together. The rate of seeing these twobubble events is rather low, which we estimate to be roughly 0.04 events per second.
Considering that this two-bubble event happens in a rather small interval of time, it
appears to occur more often than would be expected based purely on coincidence. We
suspect that the two electrons were generated in the photoelectric process by the same
pulse of photons reached on the transducer surface. These photons, as mentioned
previously, may be caused by cosmic ray induced ionization and excitation in liquid
helium which we shall discuss later in detail.
In very rare cases, we recorded more than two electron bubbles (See Fig. 9.20). The
chance to see these events is too small to make any statistically meaningful measurement.
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(b)

(a)

Figure 9.20: Pictures with multiple electron bubbles recorded. (a) 50 V is applied to the
tungsten tip. (b) 150 V is applied to the tungsten tip.

(a)

(b)

(c)
Figure 9.21: Pictures showing electrons that first appeared in the interior of the cell. All
pictures were taken with 50 V on the tungsten tip at temperature 2.4K.
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We have also seen events in which the electron first appeared in the interior of the cell
just like those observed occasionally in the bare setup experiment. Examples are shown
in Fig. 9.21. These pictures were taken with -50 V on the tungsten tip. There are two
possible origins of these electrons as already mentioned. They could result from
Compton scattering or photoelectric conversion within the helium by a gamma photon
from outside the helium, i.e., from the cell wall or other part of the cryostat. A second
possibility is that they could result from cosmic rays or other charged particles, ionizing
helium atoms and the resulting positive and negative ions not recombining. It is
especially interesting to note that in Fig. 9.21 (a) and (b) only a single electron track
appearing inside the bulk liquid is recorded; while in (c) besides the track that first
appears in the bulk liquid, there is another electron track that first appeared from the
surface of the transducer. It is likely that the track which starts within the bulk liquid in
Fig. 9.21 (c) corresponds to an electron that escaped from recombining from a positive
ion rather than as a result of Compton scattering. The photons generated when a cosmic
ray or charged particle passes through the helium may cause photoemission from the
transducer surface. As a result, it is possible to see an electron appearing from the
transducer surface together with some other electrons in the bulk liquid that escaped from
recombination process. On the other hand, the chance to see simultaneously a Compton
scattering event and an electron from the transducer surface would be much smaller.
Nevertheless we have no clues to determine which processes would be responsible for
Fig. 9.21 (a) and (b).
When a DC negative voltage with very high amplitude was applied to the tungsten
tip, field emission took place. A large number of electrons were ejected into liquid
helium. We have also studied this electron emission process in our experiment. We run
the camcorder at 4 frames per second with the repetition rate of the sound pulse and light
pulse of 4 Hz instead of 32 Hz. As a result, on each frame, every electron only makes one
image. In this way we are able to obtain information about the distribution of electrons in
the cell since every bubble image recorded on each frame represents an individual
electron. The light pulse energy of the lamp was higher at 4 Hz than when it was
operated at 32 Hz. We took pictures in temperature range from about 2.4 K to 4 K. The
results were similar and did not obviously depend on temperature. Bubbles were first
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(b)

(a)

(c)
Figure 9.22: Pictures showing field emission. (a) -1900 V on the tungsten tip; (b) -2000
V on the tungsten tip; (c) -2100 V on the tungsten tip. All pictures were taken with 600 V
on transducer at about 2.4K.

seen leaving the tip when the voltage on the tip was around -1900 V. As we increased the
amplitude of the negative voltage on the tip, more bubbles could be observed. Typical
pictures are shown in Fig. 9.22. These pictures were taken with 600 V on transducer. In
the experiment (with no alternating voltage applied to the transducer) a current of the
order of 10−8 A was collected on the transducer surface in steady state when a negative
voltage around -2000 V was applied to the tungsten tip. The number density of the
electrons in the cell can be estimated if one knows their drift velocities in the strong
electric field. Indeed, the electron density resulting from the field emission of a tungsten
tip has been measured in the cavitation experiments conducted previously in our lab.
[153] A typical density of the order of 108 cm -3 was obtained when the tip current was of
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the order of 10−8 A. One can also estimate the density as follows. There are of the order
of 1011 electrons per second entering the liquid from the tip. At 3 K the mobility is
2.3 × 10−2 cm2 V-1s-1. At a distance of 1 cm from the tip the field will be of the order of

2000 V cm-1 and so the velocity v will be ~50 cm s-1. The flux of bubbles across a sphere
of radius 1 cm will be 4π nv where n is the number density. Setting this equal to the rate
at which bubbles leave the tip gives =
n 1.6 × 108 cm-3. However, as we can see from the
pictures, the number of bubbles that were observed is far smaller than one would expect.
We do not understand the reason for this. One possibility is that with the transducer on,
the sound pulse is strongly distorted by scattering from large amount of electron bubbles.
Since the average distance between bubbles is comparable to the wavelength of the
sound, interference between the scattered waves and multiple scattering may occur. As a
result, the sound pulse is no longer a plane wave but strong in some locations while weak
in other regions. Only those bubbles in the region with strong sound wave may be
exploded. However, it is hard to see that this effect is sufficiently large to explain the
observations. Consider, for example, the application of a transient negative pressure of -2
bars to 1 cm3 of liquid helium. The volume change that results is ~0.03 cm3. This can be
compared with the volume change that would result if each of 108 electron bubbles were
to explode and grow to a radius of 10 mm; this volume change is 4 × 10−4 cm3. Thus,
even if all of the bubbles did explode the change in the effective equation of state of the
liquid would be very small. Moreover, of course, as seen from Fig. 9.22 only a very
small fraction of the bubbles explode. Another possibility is that above the lambda point,
there exists significant heating on the tungsten tip due to the field emission [141]. A
small gas cavity may form around the apex of the tungsten tip. As a result, many
electrons may enter the liquid in clusters and form multi-electron bubbles (MEB). Multielectron bubbles have been observed in many experiments with a tungsten tip placed
above the surface of the liquid helium [73, 72, 74] and they can be exploded easily due to
their large size. It is possible that many of the recorded bubbles in Fig. 9.22 are indeed
multi-electron bubbles. Further experiments will be conducted in our lab with the aim to
better understand this observation. If the electrons are indeed forming MEB, then it
should be possible to explode them with a very small amplitude sound wave.
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9.5.3 Discussion on the origin of the observed electron bubbles
In both the bare setup and the tungsten tip setup experiments, we always observed
some electron bubbles appearing from the surface of the transducer. It is natural to ask
how these electrons are produced. Here we consider the possibility that they are caused
by cosmic ray muons passing through the cell.
Cosmic rays are energetic particles originating from space that impinge on the Earth's
atmosphere. Almost 90% of all the incoming cosmic ray particles are protons, about 9%
are helium nuclei (alpha particles) and about 1% are electrons (beta minus particles).
[154] The particles that make up cosmic rays are able to travel from their distant sources
to the Earth because of the low density of matter in space. When the cosmic rays
approach Earth they begin to collide with the nuclei of atmospheric gases. These
collisions result in the production of many pions and kaons, unstable mesons which
quickly decay into muons. Because muons do not interact strongly with the atmosphere
and because of the relativistic effect of time dilation, many of these muons are able to
reach the surface of the Earth. Muons are ionizing radiation and may easily be detected
by many types of particle detectors such as bubble chambers or scintillation detectors.
When passing through liquid helium, muons can cause ionization and excitation of
helium atoms. The averaged rate at which energy is deposited in liquid helium by a
cosmic ray muon is approximately 150 eV/μm [155].
The ionization energy for helium is 24.6 eV. Typically, the secondary electrons
produced by ionization have a kinetic energy the order of 100 eV, sufficient to produce
additional ionizations and atomic excitations. In pure helium gas the average energy to
produce an electron-ion pair has been measured for an electron [156] to be W = 42.3 ±
0.5 eV and for an alpha particle [157] to be slightly larger, 43.3 ± 0.3 eV. It is reasonable
to assume a comparable average energy needed for muons to produce an electron-ion
pair. In helium the difference of 18 eV between the average energy of 43 eV to produce
an electron-ion pair and the ionization energy of 24.6 eV goes into excitation of helium
atoms and into kinetic energy of secondary electrons below the excitation threshold of
21.2 eV. Sato et al. [158] calculate that for every ion produced 0.45 atoms are promoted
to excited states. Of the excited atoms 83% are calculated to be in spin singlet states and
17% in triplet states. The excited atoms, electrons, and ions quickly thermalize with the
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liquid helium. The electron, once thermalized, forms a bubble in the liquid. Experiments
on electron bubbles show that the bubble formation happens within 4 ps [159]. The He +
ion reacts between 100 ps and 500 ps with the surrounding helium to form He +2 . Then,
the He +2 ion can react again to form a triatomic ion. This ion is thought to then form the
core of a helium “snowball” which forms within 5 ps [ 160]. The average distance
between the electron bubble and its parent ion is estimated to be 20 nm [161]. Since the
Coulomb energy of the electron-ion pair at this distance is much larger than kT, most
electrons and ions in the liquid will quickly (∼ 10-11 sec) recombine, presumably 3/4 of
them forming excited state atoms in the spin-triplet state and 1/4 of them in the singlet
state. These excited-state atoms, upon interacting with ground-state helium atoms, form
diatomic excimer molecules
He* + He → He*2 .

(9.14)

A dimer in a highly excited singlet state can rapidly cascade to the first excited state,
He2(A1Σ+u), and from there radiatively decay [162] in less than 10-8 sec to the ground
state, He2(X1Σg), emitting an ultraviolet photon in a band from 13 to 20 eV and centered
at 16 eV. The situation is very different for molecules in the triplet state He2(a3 Σu+). The
transition from the triplet state to the singlet ground state is forbidden since the transition
involves a spin flip. The radiative lifetime of an isolated dimer in the triplet state He2(a3
Σu+) has been measured [163] in liquid helium to be around 13 s. The triplet molecules
can also be destroyed via a thresholdless bimolecular Penning ionization process [164] or
quenching on the cell wall. In our experiments, due to the flow of the liquid, most of the
triplet molecules generated when a cosmic ray muon passing through the liquid will be
dragged by the fluid and quenched on the cell wall before they can radiatively decay. So
only the singlet molecules will contribute to the production of ultraviolet photons in the
cell. Based on the above analysis, the number of prompt ultraviolet photons per ion

0.62 , the first term representing the fraction of ions
produced is then 0.25 + 0.45 × 0.83 =
that form singlet dimers and the second term accounting for the singlet dimers formed
from excited atoms. These photons can pass through bulk helium because there is no
absorption below 20.4 eV. Part of these photons may reach and strike the surface of the
transducer which is coated with gold. Given the work function of gold of 4.5 eV [165],
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the gold film on transducer surface responds to all photons shorter than 275 nm. As a
result, photo-electrons will be emitted into the liquid.
Considering the geometry of the cell used in our experiment (cell II for example), it is
estimated that the flux rate of the cosmic ray in the cell is roughly 0.8 events per second
[ 166]. Cosmic muons passing through the cell from different locations and incident
angles have different track lengths in the liquid. For simplicity, here we take the average
distance that each cosmic muon passing through the cell to be 7 cm, which is the distance
from the surface of the transducer to the top of the cell since the photons associated with
the tracks in the liquid below the transducer surface would not contribute to the observed
photo-electrons. To this end, the total number of ultraviolet photons generated per cosmic
ray event N tot is approximately
150 (eV/m m) × 7cm
× 0.62 =
1.5 ×105 .
N tot =
43 eV

(9.15)

Considering the solid angle of the transducer, we estimate that about 5% of the
ultraviolet photons may reach the surface of the transducer. Hence the number of photons
that strike the transducer per cosmic ray event N p is roughly 7.5 ×103 . Let the
probability that a photon striking the transducer generates an electron in liquid helium be

γ . Then the average rate of seeing electrons Pel would be

 Np
N −n 
n
1
⋅ (1 − ) p  × 0.8 s −=
Pel=  ∑ n ⋅ CNn p ⋅ γγγ
N p × 0.8 s −1 .
 n =0


(9.16)

Experimentally, the average rate of seeing electron bubbles appearing from the
transducer surface can be determined. We cut the recorded movie into 10-second
segments and count the number of photo-electron events in each segment. In Fig. 9.23,
we show as an example the counting result for 12 such segments. Based on the counting
results of many such movie segments, the averaged event rate for electron appearing on
surface of transducer is estimated to be 0.45 events /second. As a result, we may have a
rough estimate for the photon-electron conversion probability γ . 7.5 ×10−5 .
When the 16eV photons strike the transducer surface, there is a finite probability to
knock out two electrons simultaneously which may be responsible for the observed
double-track events as shown in Fig. 9.19 (a) and (b). The observed rate of the double161

Figure 9.23: The number of 10-seond movie segments as a function of the number of
photo-electron events observed in the segment.

track events in the tungsten tip experiment is roughly 0.04 s -1 . On the other hand, this rate
can be calculated based on the photoelectron model mentioned above. This could be a
consistency check of the model as we discussed. The rate of the double-track events is
given by

Pel(2)=

(C

2
Np

2
⋅ γγ
⋅ (1 - )

N p -2

) ⋅ 0.8 s

-1

.
2
≈ ( N p ⋅ γγγ
) ⋅ 12 1 - N p ⋅ + 12 ( N p ⋅ )2  ⋅ 0.8 s-1

(9.17)

7.5 ×103 , we have Pel(2) ≈ 0.07 s -1 which is
Plug in the obtained γ . 7.5 ×10−5 and N=
p
close to the observed double-track event rate.
When the electrons are knocked out from the transducer surface, these quasi-free
electrons will lose energy by collisions with helium atoms (the only mechanism of
energy loss for electrons below 20 eV). Once their velocities are sufficiently small, they
become trapped in bubbles. If the electron bubble is formed near to the gold surface, it
will be pulled back to the surface by the image charge. The drag force on a bubble due to
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a photon-roton wind of 5 cm s -1 at 1.5 K (in the bare setup experiment) is approximately
3 × 10−11 dynes. This exceeds the image charge force only when the bubble is at a distance

of 4.4 × 103 Å or more from the surface. On the other hand, the averaged thermalization
length of a “hot” electron with energy of order 10 eV is estimated in Ref. 165 to be of the
order of 103 Å. As a result, many of the electrons will form bubbles and then be pulled
back to the transducer surface, while only a small portion of them may drift a long
distance and then be dragged away by the fluid. This may be responsible for the small
photon-electron conversion probability γ . 7.5 ×10−5 we obtained. Based on known
values of the electron-helium scattering cross-section [167,], it should be possible to
perform a Monte Carlo calculation to find the fraction of electrons that can escape but as
far as we are aware this has not been done [ 168]. It is worthwhile to mention the
experiment conducted by Woolf and Rayfield on measuring the energy of negative ions
in liquid helium by photoelectric injection. [169] By shining light on a phototube with a
cesium-antimony photocathode immersed in liquid helium, they observed a photocurrent
in their experiment. Compared with the result obtained in vacuum, they noticed a
decrease in magnitude of the photocurrent by about six orders. However, as they pointed
out, this large decrease may partly due to the short wavelength cutoff of the glass Dewar
they used. They determined that the work function of their photocathode was about 1.8
eV in vacuum and 2.8 eV in liquid helium. Whereas in their experiment the light source
was such that the flux of photons decreased to zero as the photon energy approached 3.5
eV. As a result, only a small fraction of the incident photons could cause a photoelectric
effect after the phototube was immersed in liquid helium. Nevertheless, their results
confirmed that some of the photoelectrons were able to escape from the attraction of the
image charges even if the initial kinetic energy of the photoelectron was below 0.7 eV in
their experiment. In our experiment, the electrons knocked out of the transducer surface
can have initial kinetic energy up to around 10 eV. With the help of the fluid flow in our
cell, they would have an appreciable probability of escape from the metal surface.
As we mentioned before, when a cosmic muon passes through the helium cell,
electron-ion pairs are produced along the muon track in the liquid. The thermalized
electron bubbles and ion snow balls will quickly recombine due to the Coulomb
attraction between them. However, it is possible that some of the electron bubbles may
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escape from recombining with the ions just as the photoelectrons escape from the
attraction of the image charges on the transducer surface. The rate of seeing such electron
bubbles should be larger than that of the photoelectrons since the number of electron-ion
pairs is much larger than the number of photons striking on the transducer surface.
However, we did not observe many electron bubbles in the bulk liquid that could be
electrons that escaped from recombining with ions. Several possible factors may account
for this. The effective distance between a photoelectron and its image charge is double
the thermalization length of the electron; whereas in the case of an electron-ion pair, the
distance moved by the ion would be much less than that of the electron. As a result, an
electron-ion pair will on average have larger Coulomb attraction. What is more, the
photoelectrons were dragged by the fluid away from the image charges. When a positive
ion and an electron are produced in the interior of the liquid, on the other hand, both
objects are dragged with the same velocity by the normal fluid, and so the flow does not
increase their separation. Another fact is that, the ionized electrons may appear at any
location in the cell. Only when they happen to appear within the region that can be
viewed, we may then observe them.

9.6 Summary
We have developed an apparatus which can be used to monitor the motion of
individual electrons in liquid helium. A sound wave is used to explode an electron bubble
for a fraction of a microsecond. While the bubble is expanded, it is illuminated by light
from a flash lamp and imaged by a camera. Through the application of a series of sound
pulses, we can then record the tracks of individual electrons. In the first several
experiments with “bare setup”, we observed beautiful tracks of electrons in superfluid
liquid helium. Some of the tracks are suspected to be related to bubbles being trapped on
quantized vortices and sliding down the vortices. In later experiments, by applying
voltage on a tungsten tip immersed in the liquid, we were able to observe the bending of
the electron tracks due to the applied electric field. The possible origin of the observed
electrons that first appear on the surface of the transducer is discussed. It is likely that
these electrons are produced as a result of cosmic rays passing through the liquid in the
experimental cell. Monitoring the motion of single electron bubbles in liquid helium
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provide us the opportunity to study the dynamics of liquid helium and the quantized
vortices.
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Chapter 10
Conclusion
Based on the results we have discussed in this thesis, here are some suggestions in which
future research may be directed:
1) To find the equilibrium shape of an electron bubble in liquid helium, the usual
approach is to search for a bubble shape that minimizes the total energy. Within this
scheme, the equilibrium shapes of bubble with electron in different energy states have
been studied by Maris. [24] Some interesting effects of liquid pressure on the equilibrium
shape of bubble in the 2S state were discovered [56] and discussed in detail in chapter 4.
It would be interesting to extend the work to search for any possible metastable shapes of
a bubble that correspond to local minima of the total energy. The existence of metastable
shapes of electron bubbles may help in explaining some of the experimental observations.
What is more, when we calculate the total energy of an electron bubble, we normally
treat the helium liquid-gas interface as an ideal sharp interface and use a surface tension
constant that does not depend on the size and shape of the bubble in the calculation. In
reality, the interface energy does depend on the size and shape of the bubble [170]. In
order to compensate, a curvature energy term needs to be included as we discussed in
chapter 6. The curvature energy term has a larger effect for bubbles with smaller size.
Including this term may result new conclusions on the equilibrium shape of single
electron bubbles.
2) It has been shown by J. Eloranta et al. [171] that there may exist stable “crusted”
3

d triplet Rydberg state of the He*2 excimer in liquid 4 He . The triplet Rydberg states of

the He*2 excimer form little bubbles in liquid helium due to the strong repulsion between
their valence electron and the surrounding helium atoms. The wave function of the outer
electron of the 3 d triplet Rydberg state has a spherical nodal surface inside the bubble.
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The calculation of J. Eloranta el al. shows that due to the existence of a closed spherical
node surface of the valence electron wave function inside the little bubble, a layer of
helium atoms may have the chance to locate on the nodal surface so as to lower the total
energy. As a result, there may exist a metastable crusted 3 d state. Considering the single
electron bubble case, the wave function of an electron in 2S state also has a closed
spherical node surface inside the bubble. It would be rather interesting to perform a
calculation to see if there exists similar metastable state with helium atoms sitting on the
nodal surface. The electron bubble with helium atoms localized inside is expected to
shrink in size. As a result, its mobility may change and probably leads to effects that can
be observed experimentally.
3) When we calculate the change in shape for a moving electron bubble in liquid
helium (see chapter 5 for details), we treat the fluid as ideal incompressible fluid. We
studied the critical pressure that explodes the electron bubble. At zero pressure bubbles
become unstable and explode at a critical velocity Vex of 46 ms -1 . This velocity is quite
close to the critical velocity for bubbles to nucleate vortex rings in superfluid liquid
helium at zero pressure (44 ms -1 ). It is natural to ask if these two instabilities have a same
origin. When the bubbles move with high velocity, the incompressible fluid assumption
may not be appropriate. It would be worthwhile to include compressibility in the
calculation and see how the explosion critical velocity at zero pressure changes. This
may provide us more information about the relation between the measured critical
velocity for vortex nucleation and the explosion critical velocity.
4) In a series of experiments (see chapter 7), we tried to study homogeneous
cavitation on a vortex core in superfluid helium. However, no obvious sign associated
with vortex cavitation was observed. Considering the way that the experiments were
conducted, there are two possible explanations. One is that the threshold pressure for
cavitation on vortex core is indeed closer to that of the bulk liquid than we had expected
[98], and so at finite temperature the difference in cavitation pressure can hardly be
distinguished. Another possibility is that the strong sound wave in the transducer focus
region may generate vortex tangles [120]. As a result, all the cavitation experiments that
have been performed with or without heat flux may actually be studying cavitation on
vortices. In this case, we wouldn’t be able to observe any difference in cavitation
167

threshold pressure. Further experiments are needed in order to tell which explanation
would be responsible for our observations. Especially, we can make use of electron
bubbles. It has been shown that the difference in cavitation threshold pressure for an
electron bubble trapped on a vortex and in bulk helium is as large as 12% [153]. A
possible experiment would be to measure the homogeneous cavitation S-V curve at low
temperatures. We may apply a current pulse on the inner surface of the transducer to
generate a heat pulse. The focused heat flux may induce vortices in the focus region. This
could be an efficient way to make vortices without generating gas bubbles around the
heater. We can then measure the homogeneous cavitation S-V curve after the vortices are
generated and see if there is any change. The result may help us better understand the
vortex cavitation.
5) In chapter 9, we discussed the method that we developed to monitor the motion of
single electron bubbles in liquid helium. However, for some of the observed phenomenon,
so far we have no good explanations. Examples are the two bubbles moving with close
distance (see Fig. 9.13 (b)) and the multiple tracks observed in the bare setup experiment
(see Fig. 9.13 (c)). In the tungsten tip experiment, after a high negative DC voltage was
applied to the tip, we observed bubbles ejecting from the tip. However the number
density of the bubbles is smaller than expected. More experiments are needed in order to
understand what happened and what the observed bubbles were. A possible experiment
would be to use a radioactive source instead of a tungsten tip. This would eliminate the
possibility of multi-electron bubbles that might form in the field emission process. What
is more, it would be interesting to repeat the tungsten tip experiment with careful control
of the voltage on the tip. It might be possible to observe a single electron bubble shooting
out from the tip.
6) Electron cavitation in liquid helium has been studied extensively in our lab. Now
it provides us new opportunities to study the flow and dynamics of superfluid liquid
helium. Due to their small size and effective mass, electron bubbles follow the motion of
the normal fluid part of liquid helium. As a result they can be used as tracer particles.
What is more, electron bubbles can be trapped on quantized vortices in superfluid helium.
So far, we have not yet specially designed experiments with the aim to visualize vortices.
It would be very interesting to intentionally introduce vortices in superfluid helium, and
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then decorate them with electron bubbles. By exploding the bubbles on vortices, we may
be able to make images of the vortices.
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