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In-plane valence-band nonparabolicity and anisotropy in strained Si-Ge quantum wells
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We have observed strong peak shifts in the magnetotunneling I( V,B&) characteristics of strained p-
Si/Sil Ge double-barrier resonant tunneling structures as the transverse field B~ orientation is rotated
in the sample plane. These peak shifts map out the in-plane anisotropy of the light- and heavy-hole sub-
bands in the Si-Cxe well. At large in-plane wave vectors, the heavy- and light-hole E(k~) contours are
strongly crimped: the heavy-hole E (k~) is dilated in the ( 100) and compressed in the ( 110) directions,
while the light-hole anisotropy is rotated by 45' with respect to that of the heavy hole. The heavy-hole
peak shifts are well described by a simple nonparabolic band model, from which we extract an anisotrop-
ic nonparabolicity factor that varies by more than a factor of 2 as a function of crystallographic direc-
tion.

The effect of a magnetic field transverse to the tunnel-
ing direction (B~l I,I

~
~z ) on the current-voltage I ( V)

characteristics of double-barrier resonant tunneling struc-
tures (DBRTS's) is well understood. As long as the mag-
netic length remains larger than the well width, the ener-
gies E, and densities of states of the two-dimensional (2D)
subbands in the well are not appreciably changed and the
main effect of B~ is to modify the energy and transverse
momentum conservation rules' that govern DBRTS
transport. Thus, in a B~ field, carriers tunnel from states
with energy E and transverse momentum k~ in the em-
itter to states with the same energy but transverse
momentum (ki + b.ki ) in the well, where
b,ki =eBi (z ) /A' and (z ) is the distance traversed by
tunneling into the well. ' Due to this change in k~ con-
servation, the peak in the supply function N( V)—defined
as the number of occupied states in the emitter that can
tunnel into the well conserving E and k~ —occurs at
higher applied bias, and hence the I(V) peaks shift to-
wards higher V. If the in-plane dispersion E(ki) is para-
bolic, one obtains immediately that the supply function
peak shift is proportional to B~. Since the current into
the we11 depends also on the transmission coefticient of
the emitter barrier T„which varies with bias, the B~-
induced shift in the resonant peak bias can deviate from
the simple B~ dependence. Once the variation of T,
with bias is taken into account, I(V,Bi) measurements
agree very we11 with the theoretical description, at least
in the commonly studied III-V DBRTS. '

If the in-plane dispersion E(ki ) of the tunneling car-
riers is isotropic, the Bi-induced shifts of the I(V,B~)
peaks obviously cannot depend on the orientation of B~
in the sample plane. On the other hand, since the change
in the transverse momentum component Ak~ is both pro-
portional and perpendicular to Bj, aligning B~ to
different crystallographic axes of a DBRTS with aniso-
tropic dispersion should reveal the extent of the in-plane
band anisotropy. This effect can be understood schemati-

cally by referring to Fig. 1(a): if the curvature of the
E(k )idispersion varies along different axes, the supply
function N( V) will peak at difFerent values of V. Anisot-
ropy determination by magnetotunneling measurements
as a function of B~ orientation was originally proposed
by Eisenstein et al. , but data taken on p-
GaAs/Al Gai „As DBRTS (Ref. 7) did not exhibit a
strong effect. The first measurements in p-Si/Si, „Ge
DBRTS's, where valence-band anisotropies are expected
to be stronger than in III-V materials, were reported by
Gennser et al. , who observed a weak B~ orientation
dependence in the heavy-hole (HH) I( V, B&) peak and a
stronger effect in the light-hole (LH) resonance. In our
measurements on superior p-Si/Si& „Ge DBRTS de-
vices of varying well width 8' we observe a strong B~
orientation dependence in the I( V, Bi) characteristics of
both the HHO and LHo resonances. As in Ref. 8 we find
that the symmetry axes of the HHO and LHo bands are
rotated by 45': the constant-ki contour E(ki) of the
HHo subband is dilated (light mass) along the (100) and
compressed (heavy mass) along the (110) directions, and
vice versa for the LHo band. We analyze the I(V,Bi)
shifts of the HHO peak within the nonparabolic band
model with a single nonparabolicity parameter e and ob-
tain very good agreement by taking a to vary strongly
with crystallographic direction.

The strained p-Si/Si, „Ge, DBRTS's were grown by
atmospheric pressure chemical vapor deposition on Si
substrates. The growth sequence and DBRTS parame-
ters have been published elsewhere' ' "The data reported
here were taken on two DBRTS's with Si& Ge„wells
(x =0.25) of W=23 and 35 A clad by 50-A Si barriers;
for both devices the mean distance between the z coordi-
nates of the hole wave functions in the emitter accumula-
tion layer and the well (z ) =95+10A. The I( V) charac-
teristics of these DBRTS devices at B~=0 are shown in
Fig. 1(b). Strong HHO and LHo resonant peaks with high
peak-to-valley ratios are observed in both structures (the
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FIG. 1. (a) Schematic diagram of the energy alignment of the
occupied heavy-hole states in the emitter (shaded) and the two-
dimensional nonparabolic HHO subband in the well. The trans-
verse field B) shifts the k~-conservation condition by b kI. If
the nonparabolicity varies with crystallographic direction, as
shown, the supply function of hole states that can tunnel elasti-
cally (boldface) will vary as a function of B& orientation. (b)
I(V) characteristics corresponding to tunneling into the HHO
and LHO subbands of resonant tunneling structures with well
widths 8 =23 and 35 A, at T=4.2 K and B~=0.

peak assignment is confirmed by calculation of the sub-
band energies and the self-consistent potential distribu-
tion over the DBRTS reported previously" ).

When the DBRTS is placed in a transverse field BL, the
resonant peaks shift to higher bias and broaden. The
magnitude of the peak shift AV varies with B~ orienta-
tion in the plane of the sample. Figure 2(a) shows the
strong variation in the HHp peak shift as a function of
angle P between B~=25 T and the (110) direction

0
(wafer cleavage direction in Si) in the W=35 A device,
together with the reference I(V,B~=0) trace. Clearly
the dependence of b, V on P is very strong: 5 V = 65 mV
when /=0' (Bj ~~(110)), whereas b. V~ =110 mV when

/ =45' (B~ ~~ ( 100)). The variation of the LHo peak shift
in the W=35 A device is shown in Fig. 2(b). The magni-
tude of the LHp peak shift is comparable to the HHp re-
sult, while the B~-induced peak broadening is relatively
weaker. The anisotropy follows the crystal symmetry in
both heavy- and light-hole subbands, as expected, but
with the opposite sign: whenever B~ is aligned with the
( 100) direction the peak shift 6 V is largest for the HHo
peak and smallest for the LHp peak. Hence, for the HHp
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FIG. 2. I( V, BI ) characteristics of the 8'=35 A structure at
B& =25 T as a function of Bj orientation. The HHO (a) and LHo
(b) peaks are shown, P is the angle between B~ and the (110)
direction, the dashed line is the I(V) trace at B&=0. The
I ( V, B&) curves are displaced by clarity.

varies with the alignment of the 2D subband and the tun-
neling emitter states through the emitter barrier
transmission coefBcient T„the unequal peak shift anisot-
ropy of Fig. 3 need not directly correspond to different
in-plane band anisotropy E(k~). What is clear, however,
is that while the peak shift depends strongly on Bj orien-
tation, in no way is it proportional to B~ for any direction

subband the simple geometrical construction in Fig. 1(a)
immediately yields the curvature of the in-plane disper-
sion E(kz) to be steeper along the (100) direction —in
other words, the effective heavy-hole mass m * away from
the k~ =0 band edge is lighter along the (100) axis than
the (110) axis.

The I(V,Bj ) peak-shift measurements for different
values of B~ in the 8'=35 and 23 A DBRTS are sum-
marized in Figs. 3(a) and 3(b), respectively. The aniso-
tropic shifts are consistent in the two DBRTS's. The am-
plitude of the anisotropy varies: for the same B~=25 T,
the change in HHo peak position between (100) and
( 110) B~ orientations is larger in the W=35 A struc-
ture. However, since b,kj is proportional to (z ) as well
as B~, and the tunneling current into the well,

I( V, B~ )-eN( V, hkq)T, ( V)
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FIG. 3. B~-induced peak voltage shifts 5 V~ vs B~ magnitude
and orientation in the &=35 A (a) and 8'=23 A (b) structures.
Lines connecting the data points are guides to the eye.

of B~, indicating that the bands are nonparabolic in all
crystallographic directions. We note here that even at
the highest B~ of our measurements the magnetic length
is larger than the well width, so the simple model of Eq.
(1) should retain first-order validity.

In order to analyze our I ( V, B~) results we must then
turn to a nonparabolic dispersion model. Osbourn et al.
considered a two-band model in which the nonparaboli-
city is given by the simple analytic expression

160
— HH

120

X( V, hk t) is calculated from the geometric construction
in Fig. 1(a). Finally, the expected current is calculated
from Eq. (1) by integrating the transmission coefficient T,
through the supply function (T, is evaluated in the WKB
approximation with tunneling mass m,* obtained from in-
terpolated band parameters).

Analogous calculations on n-GaAs/Al„Ga& As
DBRTS's, where emitter and subband dispersions were
taken as parabolic, gave very good agreement with exper-
imental I(V, Bt) line shapes. For the more complicated
system at hand the results are summarized in Fig. 4,
which shows the experimentally observed HHO peak shift
A V~(B~) for B ~ 8.0 T (the field at which the anisotropy
first becomes discernible) in the IV=35 A DBRTS, to-
gether with the model results for a=0, 3.5X10 ' m,
and 8.5 X 10 ' m . Clearly the parabolic band calcula-
tion (a =0), which exhibits the expected sharp rise in b, V~
due to the strong X(V)-Bt dependence, does not agree
with either the B~~(1 00) or B~~(11 0) experimental re-
sults. On the other hand, considering the simplicity of
the model, the agreement is quite good between the ex-
perimental b, Vz(Bt) for B~~~(100), (110) and the calcula-
tion for (g=3.5X10 '~ m and 8.5X10 ' m, respec-
tively [these values of a were actually used to generate
the schematic diagram in Fig. 1(a)]. Since the peak shifts
b, V (Bt ) for an arbitrary B& orientation fall between the
Bt ~~

( 100) and ( 110) limits, we have 3.5 ~ a(P)
~ 8.5 X 10 ' m . An analogous calculation for the

08'=23 A DBRTS yields fairly similar limits on the non-
parabolicity factor 3.0~ a(P) ~ 7. 5 X 10 ' m . This is
not surprising, since in the two-band model that results
in Eq. (2) the nonparabolicity factor a is determined by
the energy separation Ac between the two interacting
bands, a —I /b, c.. From the peak positions shown in Fig.
1(b) and the self-consistent calculation'z'3 we find that
the HHo-LHo energy separation in the 8'=35 and 23 A
DBRTS is rather similar at —55 and —60 meV, respec-
tively, hence the similar values of a(P).

E(kt) =A' k~/2m *(k~)=A' kt/2m o ( I+akt), (2) ~ 80
(2)

where mo is the in-plane mass at kt =0 (estimated from
interpolated Si, Ge„band parameters y „y2 as
mo =0.13 for heavy holes) and a is the nonparabolicity
factor which for our samples is clearly anisotropic,
a=a(P). Then, as a function of the single parameter a
we fit the B~-induced peak shifts of the HHo peak as fol-
lows: we calculate the potential distribution over the
structure self-consistently' and estimate the average dis-
tance (z ) traversed by tunneling into the well via the tri-
angular potential approximation for the accumulation
layer in the emitter, ' yielding Akz for a given Bz and V.
The potential distribution calculation also yields the
alignment of the emitter and HHo dispersion at bias V
and, for a given value of o, , the supply function
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FIG. 4. HHp peak voltage shift 6 V~ vs B, oriented along the
(110) and (100) directions in the &=35 A structure. Solid
lines are 6 V~ values calculated (see text) with the nonparabolici-
ty factor +=3.5X10 " m (1) and 8.5X10 "m (2); dashed
line shows the calculated 6 V~ if the HHp subband were parabol-
ic (a=0).
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We note that these relatively high nonparabolicity fac-
tors predict a rapid increase in the in-plane heavy-hole
mass from the band-edge value mo =0.13 once kz be-
comes large: at k~ =4X 10 m ' the effective mass in the
(110) direction is already m*=0.31. While no direct
experimental measurements in-plane effective mass along
particular crystallographic directions in strained Si-Ge
are available, hole cyclotron resonance measurements
(which average the effective mass over k~ directions) in
wide Si& Ge quantum wells with similar Ge content
have yielded values consistent with a heavy in-plane mass
at large k~. '

In principle, the foregoing analysis should be applica-
ble to the light-hole resonances as well, but since the in-
plane dispersion of the LHO subband can be so strongly
nonparabolic as to become electronlike, ' a geometrical
determination of X( V) similar to Fig. 1(a) would require
a fairly involved numerical computation' ' of the
dispersion E (k )jfor our strained Si& Ge, quantum-

well parameters. Hence we cannot, at this time, describe
the LHO subband anisotropy of Fig. 3(b) in terms of a sin-
gle, anisotropic parameter. The remarkably strong anis-
tropy of the heavy-hole subband, however, seems ade-
quately explained by a simple two-band nonparabolic
model with the nonparabolicity factor varying by over a
factor of 2 between (100) and (100) crystallographic
directions. A combination of the experimental magneto-
tunneling data presented in this paper with a more so-
phisticated calculation of valence-band dispersion in
strained Si

&
Ge„should elucidate the complicated

valence-band structure of this scientifically and techno-
logically interesting material.
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