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Abstract. As devices and operating voltages are scaled down, future circuits will be plagued by higher soft error rates,

reduced noise margins and defective devices. A key challenge for the future is retaining high reliability in the presence of

faulty devices and noise. Probabilistic computing offers one possible approach. In this paper we describe our approach for

mapping circuits onto CMOS using principles of probabilistic computation. In particular, we demonstrate how Markov

random field elements may be built in CMOS and used to design combinational circuits running at ultra low supply

voltages. We show that with our new design strategy, circuits can operate in highly noisy conditions and provide superior

noise immunity, at reduced power dissipation. If extended to more complex circuits, our approach could lead to a

paradigm shift in computing architecture without abandoning the dominant silicon CMOS technology.

Keywords: reliability, Markov random fields, probabilistic computing, noise immunity, redundancy

1. Introduction

As Si CMOS devices are scaled down into the nanoscale

regime, current microarchitecture approaches are reaching

their practical limits. Thus far, the semiconductor industry

has successfully overcome many hurdles, including the

current transition to silicon-on-insulator (SOI) technology

[2]. Looking to the future, the next major challenges to Si

CMOS include new materials (high-k and low-k dielectrics

[10]), new device geometries (dual-gate or Fin-FET devices

[19]), and further downscaling of devices and supply

voltages with attendant difficulties in manufacturing, power

dissipation, and economics of commodity manufacturing

[10]. The longer-term prospects of digital computation then

diverge into two interrelated areas. On the system side, there

are the computer architecture issues arising from the problem

of integrating billions of transistors at the lowest possible

supply voltage, with tremendous constraints on total power

dissipation and device reliability. On the device integration

front, there is hope that hybrid systems will emerge,

combining CMOS FET-based digital logic with any number

of alternative devices, ranging from analog circuits, to more

exotic alternatives (optical sources and detectors, quantum or

molecular transistors, carbon nanotube devices, etc.) all on

the same chip [5].

While there is no clear consensus on how far and how fast

CMOS will downscale and which of the emerging hybrid

technologies will eventually enter production, it is certain

that future nanodevices will have high manufacturing defect

rates. Further, it is clear that the supply voltage, VDD, will

be aggressively scaled down to reduce dynamic power

dissipation—VDD ¼ 0:5V is the current prediction for low-

power CMOS in 2018 [18], although extrapolations to

even lower VDD ¼ 0:3V have appeared in the literature [5].

The resulting reduction in noise margins will expose

computation to higher soft error rates.

Probabilistic computing provides a new approach to-

wards building fault-tolerant nanoarchitectures and sys-

tems. We propose a new CMOS-compatible approach to

the design and operation of logic circuits, where the logic

states are considered to be random variables whose values

can vary over the range of the logic signal level between 0



V and VDD. Under this framework, one no longer expects a

correct logic signal at all nodes at all times, but only that

the joint probability distribution of signal values has the

highest likelihood for valid logic states. The random logic

variables for a circuit interact through a distribution

representing their joint probability. Circuit design is guided

by the formulation of a multivariate distribution on vectors

of logic variables, aiming for a distribution that attains

maximum probability for valid states of the circuit.

In a circuit with hundreds of logic variables it is

impractical to directly consider a joint probability distribu-

tion. The number of constraints required to enforce maxi-

mum probability for the valid states grows exponentially with

the dimension of the random vector space and so the

computation quickly becomes intractable. Fortunately there

exists a representation for high dimensional joint distribu-

tions that can be factored into low dimensional distributions

known as the Markov random field (MRF) [3, 7].

In this paper, we describe how logic circuits may be

designed using CMOS elements, based on principles of

Markov Random Fields, such that correct logic operation

may be obtained even under extremely noisy conditions.

We show that with our new design strategy, the circuits

provide superior noise immunity and at reduced power

dissipation compared to standard CMOS counterparts.

The rest of the paper is organized as follows. A brief

overview of the Markov random field theory is presented in

Section 2, followed by a description of how the logic functions

maybe mapped onto CMOS using ideas from MRF in Section

3. The delay, area overhead, and power consumption of the

MRF circuit elements as compared to their CMOS counter-

parts is discussed in Section 4. A quantitative analysis of the

noise immunity of the MRF elements relative to their standard

CMOS counterparts is presented in Section 5, followed by

conclusions and future work in Section 6.

2. Markov Random Fields: Theory

Before presenting our MRF style circuits, we first provide

a brief overview of the Markov random field theory.

Consider a set of random variables called sites,

X ¼ fx1; x2; :::; xkg where each variable, xi can take on

various values called labels. The sites in X are related to

one another via a neighborhood system (N ) defined by a

set of variables from X � fxig. This collection of random

variables is called a Markov Random Field (MRF) if:

PðxÞ > 0; 8x 2 X ðPositivityÞ ð1Þ

PðxijfX� xigÞ ¼ PðxijN iÞðMarkovianityÞ ð2Þ

In other words, a set of random variables form a MRF if

all sites have a finite positive probability and the

probability of a particular site in the neighborhood

depends only on its immediate neighbors to which it is

connected by an edge. The edges in the neighborhood

represent the conditional dependence between the

connected variables in the neighborhood. The conditional

probability of a given site in terms of its neighborhood

can be formulated in terms of the associated clique of the

graph structure. Fig. 1 shows one such neighborhood with

one 1storder clique and one 2nd order clique.

Circuit networks can be expressed in terms of such

neighborhoods and the interaction of the logic states and

variables can be represented as a dependence graph. Fig.

2 shows a simple multi-level circuit and its corresponding

dependence graph. In this case, the graph is equivalent to

a Markov random field, where the nodes are random logic

variables that can hold values ranging from 0 V to VDD

and the edges are the conditional dependencies between

the variables. Importantly, there is no notion of directed

logic flow and causality, just statistical dependence. For

instance, if the output of the first NAND gate is at logic 0,

then both the inputs are constrained to be at logic 1—i.e.,

there is a (backward) statistical dependency between the

output state and the input state.

All the logic variables, fs0; s1; s2; s3; s4; s5g, in the

example, are varying in a random manner over the range

of the voltage levels. The correct logic states are those

that maximize their joint probability, i.e., the correct logic

operation for the example corresponds to the variables

that maximize, pðs0; s1; s2; s3; s4; s5Þ.
In the graph of Fig. 2, three distinct sets of cliques (i.e.,

the sets of fully connected subsets of the nodes in the

graph) fs0; s1; s3g, fs2; s3; s4g, fs4; s5g are observed.

These cliques represent the local statistical dependencies

of the logic states. The crucial factor for probabilistic

circuit design is that the full set of nodes (logic variables)

in the circuit can be factored into a product of joint

probabilities in the set of cliques that describe the local

interactions. Using the Hammersley Clifford theorem [1],

the joint probability distribution can be written as,

pðSÞ ¼ 1

Z

Y

c2C

e
�UðscÞ

U0 ð3Þ

where S is the set of all nodes in the dependence graph, C
is the set of cliques, sc is the set of nodes in a clique c,

Fig. 1. The MRF neighborhood system.
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UðscÞ is the clique energy function also referred to as the

logic compatibility function, and U0 is an abstract term

that defines the sharpness of the probability distribution.

The term Z is called the partition function and is a con-

stant required to normalize the probability function to [0,1].

The general algorithm for finding individual site labels

that maximize the probability of the overall network is

called belief propagation [20] and provides an efficient

means of solving inference problems by propagating

marginal probabilities through the network. The basic

idea of belief propagation is that the probability of state

labels at a given node in the network can be determined

by marginalizing (summing) over the joint probabilities

for the node state given just the probabilities for site

labels in the Markov neighborhood, N i. In our example

of Fig. 2 the probability pðs0; s1; s2; s3; s4; s5Þ can be

decomposed into:

pðs0; s1; s2; s3; s4; s5Þ

¼ Uðs0; s1; s3ÞUðs2; s3; s4ÞUðs4; s5Þ ð4Þ

For belief propagation, we start from the primary inputs of

the circuit network. As a first step, s0 and s1 are eliminated

by summing Uðs0; s1; s3Þ over all states of s0 and s1 to

obtain Uðs3Þ, i.e., s0 and s1 are marginalized out. Then s2

and s3 can be eliminated by summing Uðs3ÞUðs2; s3; s4Þ
over all states of s2 and s3, giving Uðs4Þ. Finally, s4 can be

eliminated similarly to obtain Uðs5Þ.
This example illustrates that achieving the correct state

configuration in the network corresponds to propagating

state values through the network and updating each node

assignment with a node state having the maximum

probability. The great advantage of the Markov network

model is that this probability is maximum when the total

clique energy is a minimum.

Consider the inverter from Fig. 2 with input s4 and

output s5. Successful operation of this inverter is

designated by the compatibility function f ðs4; s5Þ as

shown in Table 1. This compatibility function or the

clique energy function syntactically describes the inter-

action of the neighboring nodes represented in the circuit

dependence graph.

Here we list all possible states (input–output pairs): valid

states with f ¼ 1 and invalid states with f ¼ 0. The valid

input–output pair should have a lower energy than the

invalid states. Thus, the clique energy expression is obtained

by a negative sum over minterms from the valid states,

Uðs4; s5Þ ¼ �
X

i

fiðs4; s5Þ ¼ �ðs4s05 þ s04s5Þ ð5Þ

For the two valid states f01; 10g of the inverter, the

clique energy is j1 while for the two invalid states

f00; 11g the clique energy is 0. As long as the energy of

the correct logic state configurations is less than that of the

invalid state configurations, the logic element will operate

correctly. Although the example of a two-state inverter

may appear trivial, similar clique energy expressions may

be written down for all elementary logic elements.

3. Building MRF Elements in CMOS

As described in the previous section, the key underpinning

of the MRF circuit behavior is that the logic states of

network nodes need to depend, in a probabilistic fashion,

on the logic states of some finite number of neighboring

nodes. For the purposes of probabilistic computation based

on interacting nanodevices, we need to find a physical

embodiment of interacting logic levels and the clique

energy function. In principle, these could be encoded in

many physical variables, from occupation of quantum dots

by single electrons with occupation probability of neigh-

boring dots mutually influenced by their Coulomb repul-

sion [9], to the orientation of magnetic spins influencing

each other via the exchange interaction. However in this

paper, we present the MRF computational paradigm in

CMOS Si technology. By choosing the CMOS route, we

can use proven device and circuit simulation techniques to

more easily examine the higher-level architectural impli-

cations of probabilistic computing, including the power

consumption, speed and fault tolerance of our circuits.

In the preceding section we discussed clique energy

minimization to obtain correct circuit operation. This

energy minimization can be achieved by a device or device

configuration that produces a bistable energy function. A

binary flip-flop circuit possesses this desired energy

Fig. 2. A logic circuit and its dependence graph for a simple Markov

random field.

Table 1. The logic compatibility function for an inverter with all pos-

sible states.

s4 s5 f

0 0 0

0 1 1

1 0 1

1 1 0
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behavior where the required asymmetry of state energy is

created by the summing mechanism just described. As

such, the mapping of MRF model into CMOS circuitry

requires the following two essential ingredients [13]:

& Each logic state, si, should be represented as a bistable

storage element, taking on logical values of B0^ an B1^
with equal probability. The probability for any other

signal value should be low.

& The constraints of each logic graph clique should be

enforced by feedback to the appropriate storage elements,

implementing the logic compatibility functions to maxi-

mize the joint probability of the correct logical values.

The first requirement ensures that the MRF logic states

are maintained so that the conditional probabilities among

the neighboring elements can propagate. The feedback

paths, required by the second design principle, are based

on conditional probabilities and ensure that the correct

logic states are the most probable states. Each logic state,

valid or invalid, has a probability distribution associated

with it. In the absence of feedback the probability

distribution of the circuit would be uniformly distributed

between all states. Whereas the bistable element allows

us to maintain a particular logic state at a given node, the

feedback mechanism allows us to model the belief

propagation and the dependence of a node on the state

of its neighborhood, as described in Section 2.

3.1. MRF Inverter

For combinational circuits, this notion of feedback can be

enforced by realizing the relationship between inputs and

outputs of each gate or function. For example, consider

the inverter of Fig. 2 with input variable s4 and output

variable s5 and logic compatibility function or clique

energy described by Eq. 5. Following the recipe for

mapping MRF networks into CMOS structures, we can

create a bistable structure with feedback reinforcement

that represents the clique energy function of the inverter

relation using CMOS logic gates. The MRF implementa-

tion of the inverter is shown in Fig. 3.

The circuit consists of two Bstorage nodes,^ one for s4 and

one for s5. The stable states of the nodes correspond to the

maximum probability configurations of the variables. For

example, suppose that s4 = 0 and s5 = 1. Then the top

NAND-inverter gate is active and feeds the logic state B1^
back to the inputs, thereby reinforcing the expected output

value. The other NAND-inverter gate feeds back the logic

B0^ state. These feedback values are consistent with the input

values fs4; s5g and the overall circuit latches into this state.

The other configuration, s4 = 1 and s5 = 0, corresponding to

the other valid inverter logic state, is also stable.

The MRF inverter and all of the more complex MRF

gates and circuits described later in this paper were

simulated in SPICE using the 70 nm Berkeley predictive

technology model (Available at http://www-device.eecs.-

berkeley.edu/~ptm/) at T ¼ 100�C. In order to simulate

the aggressively scaled VDD of future circuits, as well as

noisy environment that will plague the end-of-the-road-

map CMOS, we operated our MRF gates at a supply

voltage of 0.15 V—a voltage level below the threshold

voltages of our transistor models, which are VTH=0.2 and

j0.22 V for NMOS and PMOS, respectively.

We ran two sets of simulations. First, we simulated the

output of the circuit for a noisy input signal in

comparison with the standard CMOS gates. Second, we

simulated the effect of VTH variation on the MRF

element. We emphasize that the sources of signal noise

in ultimate transistors are a subject of current research.

Some noise sources, e.g., hot-electron effects, cannot be

treated analytically even for standard supply voltages but

rather require Monte Carlo techniques. On the basis of

such simulations, some authors have argued that current

noise models will underestimate noise levels in nano-

devices [15]. Since we propose to run our circuits at very

low VDD, both thermal noise and hot-electron effects, as

well as power supply and electromagnetic coupling noise

will significantly degrade the logic voltages, while

substantial and unavoidable VTH variation [12] between

transistors will reduce the noise margins.

An estimate of the noise on a typical signal arising from

thermal noise aggravated by threshold variation can be

obtained in SPICE by transient simulation of a chain of

standard CMOS inverters. A sample of bandwidth-limited

random noise of magnitude and spectrum determined from

the steady-state noise of the Berkeley transistor model was

added to the output of each of ten inverter stages in tandem,

with thresholds VTH of individual transistors allowed a

random variation of � 10%. The resulting noise was

roughly Gaussian with 30 mV RMS standard deviation.

However, the Berkeley model deals with 70 nm planar

bulk devices, whereas the future Si technology relies on

fully depleted SOI with substantially lower node capaci-

Fig. 3. A circuit for encoding the clique function of two

logic variables defining an inverter.
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tances. Since noise is inversely proportional to the square

root of the node capacitance [16], it is expected to be

higher. In addition, our thermal model leaves out crosstalk

noise, which will also have a significant effect. While

research is underway in trying to accurately model the

noise sources in nanoscale CMOS designs [8], we have

added Gaussian noise of 0 mean and 60 mV RMS standard

deviation to our 0.15 V and 0 voltage levels—a value we

believe to be a reasonable estimate for the true signal noise

seen by ultimate transistors operated at low VDD.

With this choice of noisy input signals, we have

compared the noise immunity for the MRF and CMOS

inverters, initially assuming no VTH variation. The

inverters are compared in Fig. 4, where it is evident that

the noisy input causes the standard CMOS inverter to

switch between correct and incorrect output values, due

to the small noise margin at low VDD compared to the

input noise amplitude. The MRF inverter, on the other

hand, provides excellent noise immunity.

We emphasize that simulation illustrated in Fig. 4

assumed noisy input signals, without any VTH variation

from transistor to transistor (expected to reduce the noise

margins in any large-scale circuit). The expected threshold

voltage variation in ultimate CMOS transistors will

depend on how the threshold is controlled. Current

expectation is that they will have fully depleted undoped

Fin-FET channels [10, 18] and VTH will be controlled by

the appropriate mid-gap gate material. In order to maintain

effective gate control over the potential along the channel,

the channel thickness W will need to be smaller than the

gate length LG, so W < 10 nm for ultimate CMOS

devices. At the same time, W cannot be made too small

because size quantization in the channel renders VTH very

sensitive to any variation in W [4, 17]. A monolayer

fluctuation in W would lead to several millivolts variation

in VTH. As a result, in the following simulations we chose

a worst-case �10% (that is, �20 mV) variation in VTH.

Given the larger transistor counts, the immunity of the

MRF inverter in Fig. 3 to VTH variation is not self-

evident, but our preliminary simulations, shown in Fig. 5

are reassuring. Fig. 5 compares MRF inverter operation

for VTH=0.2 and j0.22 V model values with the worst-

case situation of DVTH=20 mV in all transistors but with

N and P devices changing in opposite senses. In all cases,

the MRF inverter operates correctly.

The MRF implementations analogous to Fig. 3 provide

correct probabilistic operation at low VDD in the presence

of noise that would ordinarily defeat standard CMOS.

Nevertheless, it is instructive to compare this implemen-

tation with other implementations that also have noise-

immunity characteristics. For example, consider a gate

based on differential cascode voltage switch (DCVS)

logic. By virtue of its differential operation and positive

feedback, DCVS has some built-in noise immunity. Fig. 6

compares the DCVS inverter (see inset for layout) to our

MRF inverter of Fig. 3, in the presence of the same noisy

input signals as in Fig. 4 (i.e., Gaussian voltage noise). We

find that the DCVS inverter has much better noise immunity

than a standard CMOS inverter, but is still not as stable as

our MRF inverter. At the same time, a DCVS inverter

requires twice the transistor count of standard CMOS, while

our MRF inverter is an order of magnitude higher.

3.2. MRF NAND Element

The layout of Fig. 3 suggests a programmable logic array

style encoding where different functions can be achieved by

varying feedback paths. Logic functions with more variables

are implemented by feedback paths involving NAND/NOR

gates with larger fan-in, and complex feedback elements.

Here we use a 2-input NAND gate to illustrate the design of

an MRF element with a three-node clique function.

Consider the truth table of a two-input NAND gate

shown in Table 2. Again all valid states in the table are

labeled with f =1. The clique energy function of this

three-node gate can be obtained as:

Ucðx0; x1; x2Þ ¼ x00x01x2 þ x00x1x2 þ x0x01x2 þ x0x1x02 ð6Þ

The clique energy function shows that there are a total of

four minterms for the NAND2 element. Each minterm is a

valid input–output pair whose probability must be maxi-
Fig. 4. Simulation of standard CMOS inverter and MRF inverter oper-

ation at subthreshold supply voltage.

Fig. 5. MRF inverter with variable transistor VTH . Comparison of VTH

values=0.2 and j0.22 V (standard) with worst-case � 20 mV variation

(10% of VTH) for all transistors.
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mized using a bistable storage element. The feedback

circuitry becomes slightly more complicated compared to

the previous example. The feedback to x02 comes from the

first three minterms containing x2, while the feedback to x2

comes only from the final minterm containing x02. Since

more than one minterm can determine the state of a logic

variable, a more complex feedback network consisting of

NOR logic gates are needed as shown in Fig. 7. The circuit

suggests that a bistable element is required for each

minterm. If explicit enumeration of all valid input–output

pairs were necessary, creating a MRF element with a larger

fan-in would cause an explosion in the transistor count,

severely limiting the applicability of this approach. Fortu-

nately, an alternate mapping of the MRF elements

described below provides better efficiency in terms of area

and power and allows for creation of larger fan-in elements.

The clique energy function of Eq. 6 for the NAND gate

can be re-expressed as:

Ucðx0; x1; x2Þ ¼ ðx00 þ x01Þx2 þ x0x1x02 ð7Þ

Using this factored form of Eq. 6, a more efficient mapping

of the NAND gate can be created as shown in Fig. 8.

The new mapping consists of an OAI (OR–AND–INV)

gate implementing the first term ðx00 þ x01Þx2 and a 3-input

static CMOS NAND gate implementing the second term

x0x1x02. The number of bistable elements required de-

creased from four (for the four minterms) to just two. This

decrease also reduced the complexity of the feedback path.

In our earlier approach, the feedback to x02 came from the

output of a NOR gate whose inputs were three elements

representing the minterms containing the term x2 (see

Fig. 6. Comparison of DCVS (top, with inset showing the DCVS transistor layout) and MRF inverters operated at VDD=0.15 V, given noisy voltage

inputs (Gaussian noise with 0 mean and 60 mV RMS amplitude). Note that DCVS provides some noise immunity over standard CMOS, but not as much

as MRF.

Table 2. The logic compatibility table for a two-input NAND gate as a

function of all possible input–output pairs.

x0 x1 x2 f

0 0 0 0

0 0 1 1

0 1 0 0

0 1 1 1

1 0 0 0

1 0 1 1

1 1 0 1

1 1 1 0

The inputs are x0 and x1, the output is x2.
Fig. 7. Implementation of the MRF NAND2 element. The inputs are x0

and x1, the output is x2.
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Eq. 6). This feedback complexity reduced from a three-

input NOR (or its DeMorgan_s equivalent) to a simple

inverter that takes the output of the topmost complex gate

and feeds back to x02. Similarly, the feedback to other

nodes are also reduced. Mapping the simplified equation

now produces a circuit that uses only 28 transistors,

compared to the 60 transistors shown in Fig. 7.

The simulation of the optimized MRF NAND element of

Fig. 8 and its comparison to standard CMOS when

subjected to uncorrelated noisy inputs is shown in Fig. 9.

As can be seen from the figure, the output of a regular static

CMOS NAND gate is very noisy, rendering the gate

unusable. However, the MRF NAND gate provides stable

and correct voltage operation and excellent noise immunity.

It should be noted that, for all MRF elements, the

presence of a feedback loop in the circuit can result in the

circuit oscillating between valid states. This oscillation

behavior (although not desirable in an electrical circuit) is

consistent with the theory of belief propagation in a loop,

where the loop is not guaranteed to settle in a particular

state but can oscillate between valid states [11]. The

feedback components must be sized properly to ensure

that no oscillation or metastable states are possible at the

supply voltage being used. In our circuits, all feedback to

the circuit output are sized slightly larger to eliminate the

possibility of any metastable states that might arise due to

contention between the input and feedback.

Using this factorization technique, higher fan-in cir-

cuits can be created without exponentially increasing the

circuit area and complexity. Table 3 shows the transistor

counts for different gates (given as a function of its

inputs) mapped into MRF elements.

The fan-in of the MRF elements is limited only by the

maximum number of transistors connected in series in

their transistor-level implementations. For instance, in the

2-input MRF NAND element shown in Fig. 8, a 3-high

stack is required to implement the OAI gate within the

element. In general, an N-input MRF element would

require at most ðN þ 1Þ transistors in series in the

transistor-level implementation. While larger logic func-

tions could be realized using higher transistor stacks, for

practical purposes this is generally not preferred. When all

the devices in the stack are turned on and conducting, the

threshold voltage of each device effectively increases due

to the stack effect and causes the drive current to decrease.

This, coupled with the fact that all our circuits are operating

at a subthreshold voltage regime prompted us to limit the

maximum stack size of all our circuits to four transistors.

3.3. Circuits with Multiple Outputs

So far we have looked at simple logical elements. Often in

real designs we encounter circuits that have multiple

outputs. Usually these multiple outputs are all a function

of the same primary inputs of the circuit. Consider a

circuit with inputs p; q and outputs x and y. The output x is

defined by the logical AND of the two inputs, i.e., x ¼ p:q

Fig. 8. Area efficient MRF NAND gate implementation (total transis-

tor count is 28 compared to 60 of the mapping shown in Fig. 7). The

inputs are x0 and x1, the output is x2.

Fig. 9. Simulation of regular static CMOS NAND and optimized MRF

NAND gate in presence of noise.

Table 3. Comparison of transistor counts for multiple-input standard

MRF elements.

Std. gates MRF mapping

1-input 20

2-input 28

3-input 36

4-input 44

5-input 48

Designing Nanoscale Logic Circuits Based on Markov Random Fields 261



and y is defined as y ¼ pþ q0. The clique energy function

for these two relations can be written as:

Ucðp; q; xÞ ¼ pqxþ x0ðq0 þ p0Þ ð8Þ

Ucðp; q; yÞ ¼ p0qy0 þ yðpþ q0Þ ð9Þ

The dependence graph in Fig. 10 shows the relationship

between the inputs and the respective outputs. The solid

lines in the graph show a dependence of the two separate

outputs x, and y on the inputs. There is also a dashed line

between outputs x and y. The dashed line between the two

outputs represents an implied dependence between the

two outputs. For example, the logical state of output x is

directly dependent on inputs p and q. But the state of

inputs p and q is also directly dependent on y. That means

if output y was set to a 0 then inputs p and q would have

to be logic 0 and 1, respectively. These two inputs being

in those states means that x has to be at logic 0. This

implied dependence between all the nodes of the

dependence graph adds some degree of complexity but

it also has an advantage. The main advantage here is that

instead of treating these two outputs as two separate

entities with two different clique functions, we can treat

the entire system as one large entity governed by a fourth-

order clique function consisting of nodes p; q; x and y.

Ucðp; q; x; yÞ ¼ pqxyþ p0qx0y0 þ q0x0y ð10Þ

Using this combined clique energy function, we can now

create an MRF mapping for the circuit the same way as

we did for the MRF inverter and NAND2 elements. The

circuit encoding is shown in Fig. 11. The total number of

transistor required to implement this combined clique

energy function is 50 compared to 84 if the individual

clique energies were separately mapped.

3.4. Building Larger Circuits

The MRF approach can be generalized to larger combi-

nations of logic gates. Consider the circuit shown in Fig.

12 which implements the function x6 ¼ x2ðx0 þ x01Þ.
Larger multilevel circuits such as the one shown here

can always be built by cascading MRF elements like the

MRF inverter and the MRF NAND gate introduced

earlier. The noise tolerance of the individual MRF

element cascaded to form such multi-level elements will

result in a reliable signal at the output x6. However, the

total cost of this reliability in terms of transistor count is

104, which is a large area penalty to pay for what is a 14

transistor circuit in regular static CMOS.

Instead of cascading individual MRF elements naively,

one can take advantage of the fact that not all internal

nodes are important. If the circuit designer were interest-

ed only in the primary inputs and primary outputs of the

circuit and did not care about the internal nodes, one

could do away with cascading MRF gates. In the circuit

shown in Fig. 12, the important nodes are just the inputs

x0; x1; x2 and the output x6. As such, one can write the

clique energy function directly for the circuit, ignoring all

internal nodes, as: Uc ¼ x6x2ðx0 þ x01Þ þ x06ðx00x1 þ x02Þ.
Implementing this clique energy function directly

requires a total of only 36 transistors compared to 104.

p x

yq

Fig. 10. A graph representing a circuit with multiple outputs. p, q are

the inputs and x, y are the outputs.

Fig. 11. MRF encoding of clique energy function shown in Eq. 10 p, q
are the inputs and x, y are the outputs.

Fig. 12. A multi-level circuit.

Fig. 13. An inverter cascade.
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While this decrease in transistor count is impressive, one

cannot always ignore the internal nodes of a circuit.

Consider a cascade of two inverters as shown in Fig. 13

for an application where the output of the first inverter as

well as the second inverter is equally important. In such a

case, one cannot ignore the middle node y. One possible

solution is again to take just two MRF inverter elements

and cascade them together. The total cost of this imple-

mentation would be 40 transistors. However, instead of

cascading the two MRF inverter elements, we can again

look at this circuit in terms of implied dependence. Signals

x and y have an explicit dependence while y and z also have

an explicit dependence. In such a case, the dependence of x
and z is implicitly defined. Hence, an MRF encoding can be

built by sharing the common label y as shown in Fig. 14.

Here the total cost in terms of area is just 28 transistors.

4. Power, Area and Delay Analysis

In this section, we compare the power dissipation and

area overhead in terms of transistor counts of MCNC_91

combinational benchmark circuits mapped onto our

optimized MRF elements operating at 150 mV and

regular static CMOS gates running at 1 V (the expected

VDD for 70 nm technology) [18].

Table 4 shows the comparison between the standard

CMOS and MRF implementations in terms of the number

of transistors and power consumption under noisy con-

ditions. Also shown in the table are the number of first-
stage transistors (i.e., the number of transistors gated by

primary inputs) and the maximum number of gates along

any path from primary input to output (i.e., the depth of

the circuit). For all our circuit simulations, because of the

subthreshold operation of our circuits, we limit the

maximum stack size to four transistors. Hence, the MRF

approach used two and three input MRF elements when

mapping the benchmark circuits to gates.

The table shows that the average increase in area for

the MRF implementation is about 4.7 times the static

CMOS implementation. At the same time, other redun-

dancy approaches like Triple Modular Redundancy

(TMR) are not that far lower (3� overhead for a fine-

grained implementation). Regardless of whether a fine-

grained or coarse-grained approach is used, the TMR

method needs a reliable and a noise-free final majority

gate. The MRF elements, however, have no such require-

ments. The effectiveness of the MRF approach compared

to the TMR and the cascaded TMR approach was shown

in [14]. In the presence of extreme noise and single-bit

errors, the MRF approach produced correct output and

showed superior immunity to noise compared to TMR.

The results in Table 4 also show that the MRF mapping

provides a power advantage compared to static CMOS

gates, particularly for circuits with larger depth and many

transistors in the first stage. Specifically, the MRF imple-

mentation dissipates on average 33% less power than the

standard CMOS implementation for these larger circuits

(e.g., alu4, cordic, ex5, and table5). This is significant,

since this implies that our MRF elements may be used

more effectively in larger circuit designs. For circuits with

Fig. 14. Clique encoding of the inverter cascade.

Table 4. Comparison of transistor counts and power for MCNC_91 benchmark circuits.

Circuit In Out

CMOS VDD=1 V MRF mapping

#tran 1st � stage depth powerðmW Þ #tran powerðmW Þ

5xp1 7 10 568 25 10 101.4 2756 151.2

alu4 14 8 6928 153 23 875.2 33416 612.1

con1 7 2 78 6 6 16.5 356 16.9

cordic 23 2 604 32 15 89.8 2612 54.7

ex5 8 63 5448 135 13 692.5 25964 506.9

misex1 8 7 356 11 7 69.6 1700 82

o64 130 1 520 65 8 24.7 2752 44.5

rd53 5 3 232 6 9 40.7 1012 46.3

squar5 5 8 346 10 8 55.6 1532 70.1

table5 17 15 10192 237 23 1522.5 47948 936.1
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shallower depth, there is not as much flexibility available

in the MRF mapping, so a power advantage may not

always exist. In these cases, as a power/reliability tradeoff,

it might be advantageous to evaluate the circuit areas most

vulnerable to defects and noise, and selectively introduce

MRF elements as needed to achieve desired reliability.

For sake of completeness, a quick glance at the

propagation delay of the MRF elements is also provided.

As the power supply is decreased into the subthreshold

operation region, the propagation delay of a circuit

increases significantly. The increase in delay for the MRF

elements shown in the previous section is even more

obvious because of the increased level of circuitry and the

existence of feedback paths. The feedback paths add

capacitance at the output node and the contention between

the input and the feedback values causes an increase in the

latency of the circuit. Table 5 shows the delay of the MRF

elements normalized to a CMOS inverter operated at the

same subthreshold voltage of 150 mV.

Depending on where and how these MRF elements are

used, some path in the circuit may be able to tolerate the

increase in delay. However, the problem will remain one

with reliability, power and delay tradeoffs.

5. Quantifying Noise Immunity

In Section 3, we showed the noise tolerance of MRF

elements compared to their CMOS counterparts. Here we

quantify the circuit_s tolerance to noise. An appropriate

measure of the discrepancy between the actual output

signal probability of a logical element or circuit Preal and

the ideal (correct) output Pideal is the Kullback–Leibler

distance (KLD) [6]. For a digital system with two levels

(B0^ and B1^), the KLD is the measure of the distance

between Preal and Pideal (where output is sampled and

noise leads to some probability of finding an incorrect

output value):

KLDðPideal;PrealÞ ¼
X

states

Pideal log2ð
Pideal

Preal
Þ ð11Þ

where the smaller the KLD, the better the noise immunity

of the circuit. By sampling the output voltage at discrete

points we can quantitatively compare the noise immunity

of our simple logic elements. For the KLD calculation the

voltage values are sampled at 0.1 ns, because this time is

much smaller compared to the switching time of our

MRF elements. A comparison of standard CMOS,

DCVS and MRF inverters and NAND gates is shown

in Table 6. Clearly, the MRF implementations have

much better noise immunity as measured by the KLD

(for perfectly correct operation, the KLD is 0; see

Eq. 11).

We have also carried out the same noise immunity

simulations for several larger benchmark circuits, each

with two different implementations; one based on our

MRF circuits and the other based on Bstandard^ CMOS

gates. The KLD values were computed by creating a

probability distribution averaged over all primary out-

puts. As can be seen in Table 7, the KLDs for the

MRF circuits are much smaller than those of the

standard CMOS circuits, indicating that the probability

distributions of the MRF gates more closely mimic the

ideal output probability distributions.

6. Conclusions and Future Work

As devices are sized down to the nanoscale and supply

voltage is scaled down below 0.5 V, circuit designs will

need to account for significant signal noise in order to

guarantee reliable computation. The MRF probabilistic

Table 5. Delay of CMOS and MRF elements normalized to the delay of

a CMOS inverter operated at VDD ¼ 0:15V.

Circuit Delay

CMOS INV 1.0

CMOS NAND2 1.6

MRF INV 7.1

MRF NAND2 8.6

Table 6. Comparison of Kullback–Leibler distance from correct (noise-

free) output of unloaded CMOS, DCVS, and MRF logic elements fed

with noisy input voltages.

INV NAND

CMOS 3.404 3.7947

DCVS 2.1832 3.6608

MRF 0.5878 0.4126

Table 7. Comparison of Kullback–Leibler distance from correct (noise-

free) output of MRF and standard CMOS benchmark circuits (run at

VDD=0.15 V, T=100 oC).

Circuit CMOS MRF

5xp1 1.23 0.23

alu4 0.76 0.39

con1 1.03 0.20

cordic 0.60 0.33

ex5 1.18 0.50

misex1 1.00 0.24

o64 0.85 0.37

rd53 0.98 0.11

squar5 1.13 0.28

table5 0.90 0.34
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model provides a framework for designing CMOS

circuits that can operate effectively under conditions of

ultra-low supply voltage and extreme noise conditions.

We have demonstrated that probabilistic computation

based on MRF principles may be implemented in CMOS

circuitry with much greater reliability in the presence of

noisy inputs, but at a cost of larger transistor counts. The

MRF circuits may be operated at much lower supply

voltage, leading to reduced power dissipation along with

improved reliability.

Our immediate goal in the future is to further reduce

the area overhead to make the MRF design methodology

more viable for large circuits. Our ultimate goal is to

develop a noise-aware logic synthesis and technology

mapping tool. Given a functional description of a circuit,

the tool will produce an error-tolerant design that balances

area, power, delay, and reliability constraints when

generating the final mapped circuit. In addition, work is

also underway in trying to accurately model the noise

sources in nanoscale CMOS designs.
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