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Abstract—As CMOS technology continues the path of minia-
turization, noise-induced fluctuations raise heightened reliability
concerns. In previous work, an analytical framework based on
Markov queueing theory and Poisson shot noise was presented
to model the probabilistic behavior of a CMOS flip-flop operated
in the subthreshold regime. In this paper, this model is extended
to also account for the above-threshold shot noise, where the
noise distribution is no longer Poissonian. The formulas for the
time-dependent charging and discharging of node capacitors of a
four-transistor flip-flop are derived for different regimes of oper-
ation characterized by distinct Fano factors. The statistics of
electron arrival and departure at node capacitors is incorporated
in an algebraic representation based on Markov queueing theory
to map the effects of charge fluctuations on the logic stability
of a flip-flop. This framework is used in Part II of this work to
investigate failure in time for end-of-roadmap CMOS at the 10-nm
gate-length scale.

Index Terms—CMOS devices, Fano factor, Markov processes,
nonequilibrium Green’s function (NEGF), numerical analysis, re-
liability, shot noise, soft errors, SRAMs.

I. INTRODUCTION

IN LIGHT OF advances in silicon technology over the past
decades that have resulted both in continuous downscaling

of CMOS transistors and a proliferation of different geometries
and operating parameters for such transistors, there is a strong
motivation for the development of reliability analysis that can
account for the specificity of a given technology. As a direct
result of the miniaturization process, present-day electronic
circuits consist of billions of logic devices, increasing the com-
plexity of estimating noise-induced errors. While the failure
rates for a given logic device might be very small, the aggregate
error rate for the overall electronic circuit can lead to reliability
concerns.

The vast gap in scale between the individual logic device
and the very large integrated systems of such devices rules out
the use of Monte Carlo techniques to estimate the mean time
to failure. While perfectly suited to parameterize a single logic
unit with high error rates, Monte Carlo approaches become
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computationally prohibitive when the error rates per device are
low [1].

In earlier papers, an analytical approach based on Markov
queueing theory for predicting fault rates due to noise in low-
power devices [2], [3] operated in the subthreshold regime is
described [4]–[6], where the noise in transistors is expressed
in terms of Poissonian sources representing the forward and
reverse components of the current [7]. However, the vast ma-
jority of logic circuits are operated above threshold, where the
noise in transistors can no longer be described using Poissonian
statistics. To address this critical aspect, in this paper, the
probabilistic framework for the analysis of variations in the
logic stability of memory circuits due to shot noise and thermal
noise is extended to a regime of operation characterized by
driving voltages higher than the threshold voltage VT .

Conceptually, the proposed framework consists of two parts:
an analysis of shot noise in nanoscale MOSFETs using a
nonequilibrium Green’s function (NEGF) formalism to calcu-
late the statistics of electron arrival and departure at the node
capacitors in a flip-flop and a probabilistic formulation based
on queue theory and Markov chains that associates the noise-
induced charge fluctuations with discrete transitions between
corresponding states in a 2-D queue. Once reduced to this
algebraic abstraction, a noise-induced error, a bit flip from
logic “0” to “1” or vice versa, corresponds to a spontaneous
transition between the two most stable states in the rectangular
queue. This framework is exploited in Part II of this work
[8] to examine error rates in ultimate-CMOS flip-flops at the
LG = 10 nm gate-length scale.

This paper is organized as follows. Section II presents the
NEGF formalism for the analysis of shot noise under different
regimes of transistor operation characterized by distinct Fano
factors, defined as the ratio of noise variance to average current,
F ≡ S/2e〈I〉. In Section III, the charge fluctuation statistics
are mapped via Markov chains to a 2-D queue, describing
all possible states of a flip-flop in terms of the number of
elementary charges on its node capacitors. Finally, Section IV
presents the conclusions.

II. SHOT NOISE IN NANOSCALE MOSFETS

The Landauer formula for the average current and its analog
for the low-frequency spectral density of noise in a ballistic
two-terminal device is expressed as [9], [10]

〈I〉 =
2e

h

∫
dE {(fS(E) − fD(E)) Tr [T(E)]} (1)
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S =
4e2

h

∫
dE {[fS(1 − fS) + fD(1 − fD)] Tr[T]

+ (fS − fD)2Tr [T(I − T)]
}

(2)

where Tr[T(E)] is the trace of the transmission function that is
equal to the sum of all eigenchannel transmission values at en-
ergy E, and fS and fD are the Fermi–Dirac functions at source
and drain terminals. The first two terms in (2) represent the
thermal noise at the two semi-infinite contacts in equilibrium,
and the third term represents the so-called partition noise, which
arises due to the probabilistic nature of the injected carrier
passing through the channel or not. The transmission function
T(E) can be expressed based on the retarded and advanced
Green’s functions, i.e.,

T(E) = ΓSGrΓDGa. (3)

Upon inclusion of noncoherent scattering effects, (1) is gener-
alized to [11]

〈I〉 =
2e

h

∫
dETr

[
Σ<

S G> − Σ>
S G<

]
(4)

and (2) is generalized to [12], [13]

S =
4e2

h

∫
dETr

{
iΓS

[
fSG> − (1 − fS)G<

]

× [I − iΓS(Gr − Ga)]

+ ΓSG>ΓSG< − fS(1 − fS)

× (ΓSGrΓSGr + ΓSGaΓSGa)} (5)

where Σ<
S and Σ>

S are the self energies for the contact S, and
G< and G> have their usual definitions, i.e.,

G<(>) = GrΣ<(>)Ga. (6)

These results are valid for frequencies low enough so that transit
time and scattering relaxation times can be ignored.

Even today’s small LG devices are believed to be operating in
the partially ballistic regime [14]–[18], and the predicted end-
of-roadmap LG = 10 nm MOSFETs are expected to approach
more closely ballistic behavior. Still, in order to examine the
effects of scattering, we have chosen longitudinal acoustic (LA)
phonon scattering as a representative scattering mechanism in
the modeled devices. Although possible within the NEGF for-
malism, no attempt has been made to include a more complete
set of scattering mechanisms to achieve more accurate results.
Within the self-consistent Born approximation the self energies
for the phonon scattering obey

Σ<(>)
scat. = γDiag

[
G<(>)

]
(7)

where γ is the interaction coupling factor [19]. Using (7) and
the method described in [20] and assuming γ is small, (4) and
(5) simplify to (see the Appendix for a proof)

〈I〉 =
2e

h

∫
dE {(fS(E) − fD(E)) Tr [T (E)]} (8)

Fig. 1. Schematic of an ITRS-predicted LSTP DG-MOSFET with an effective
gate length of LG = 10 nm, Si channel thickness of TSi = 5 nm, and equiva-
lent oxide thickness of Tox = 1 nm.

S =
4e2

h

∫
dE

{
[fS(1 − fS) + fD(1 − fD)] Tr[T 2]

+ [fS(1 − fD) + fD(1 − fS)]

×Tr [T (I − T )]} (9)

where

T (E) =ΓSGr(ΓD + KD)Ga (10)

and

KD(E) = γDiag [Gr(ΓD + KD)Ga] (11)

are the analogs of T(E) and ΓD(E) for the noncoherent case.
When scattering effects are off, γ = 0 and (8)–(10) reduce to
(1)–(3). The reason S and D do not appear in a symmetric
form in (10) is that this equation has been derived from (4),
which describes 〈I〉 as the current entering the channel through
contact S [20]. It should be noted that (2) could be rewritten in
a form similar to that of (9) by expanding the quadratic term
(fS − fD)2.

Fig. 1 illustrates the schematic of an international technol-
ogy roadmap for semiconductors (ITRS)-predicted [21] low
standby power (LSTP) DG-MOSFET with an effective gate
length of LG = 10 nm, Si channel thickness of TSi = 5 nm,
and equivalent oxide thickness of Tox = 1 nm. Fig. 2(a) and
(b) shows, in linear and logarithmic scales, the IDS–VDS/VGS

characteristic of such a device, calculated using our 2-D
Schrödinger–Poisson solver with LA scattering effects turned
on and plotted over the VGS–VDS plane. Fig. 2(c) illustrates
the Fano factor F ≡ S/2e〈I〉 over the VGS–VDS plane for the
same device, with scattering effects turned on and off. Evident
from the figure is that, at low gate voltages, where the transistor
is in the subthreshold regime, F = 1, indicating Poissonian
noise. As VGS increases, however, the noise becomes sub-
Poissonian in both ballistic (shown in black) and scattering-
dominated (shown in gray) cases with a Fano factor of F < 1.
However, since we have chosen a relatively low VDD, the Fano
factor does not fall too far below unity (F ∼ 0.7 for VGS =
VDD = 0.5 V) as in diffusive ballistic conductors [22], [23].

At low drain voltages VDS , the current vanishes along with
the shot noise. However, since the thermal noise is still present,
the overall noise is nonzero, causing the Fano factor to diverge.

As mentioned before, only LA scattering was included in the
simulations. Had optical phonon scattering been also included,
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Fig. 2. I–V and noise characteristics for a DG-MOSFET with LG = 10 nm
and Si channel thickness of 5 nm, calculated using a 2-D Schrödinger–Poisson
solver. The x and y axes represent the VGS and VDS , and the z-axis represents
(a) the current in linear scale, (b) the current in logarithmic scale, and (c) the
Fano factor in a fully ballistic case (shown in gray) and with LA scattering
effects turned on (shown in solid black).

it would not have changed the near-unity value of the Fano
factor below the threshold voltage. Instead, it would broaden
the energy distribution of electrons in the drain, thereby sup-
pressing shot noise in a wider gate-voltage range, i.e., it would
suppress shot noise more in weak inversion and less in strong
inversion compared with the ballistic transistor [24], [25].

It is well known that when the Fano factor F = 1, the
probability distribution function (PDF) for the number of elec-

trons passing through the device during a time interval T is a
Poissonian with a mean value of μ = 〈I〉T/e [26]. This makes
it possible to probabilistically model the noise-related behavior
of CMOS devices operating in the subthreshold regime [5],
[6]. However, for above-threshold operation, the PDF for noise
becomes non-Poissonian, and different distribution functions
based on the value of the Fano factor are needed, as discussed
below.

A. Noise Distribution for F > 1 at Low VDS Bias

As mentioned before, this situation only happens for low
VDS voltages when the mean current 〈I〉 approaches zero.
Inspired by [7], this effect could be thought of as the two
constituent Poisson sources representing the forward and the
reverse currents in a MOSFET becoming close in value, re-
sulting in the overall current vanishing. Assuming Pf (xf ) and
Pr(xr) represent the aforementioned Poisson sources, where
xf and xr represent the forward- and reverse-going number of
electrons, respectively, the PDF for the net current would be the
convolution of the two. Thus

Pnet(x) =
∑

x=xf−xr

Pf (xf )Pr(xr) = Pf (x) ∗ Pr(−x). (12)

The characteristic function corresponding to Pnet(x) is ex-
pressed as

φP (ω) = E[eiωx] =
x=+∞∑
x=−∞

∑
x=n−m

eiωxPf (n)Pr(m)

= exp [(μf + μr) (cos(ω) − 1) + i(μf − μr) sin(ω)] .

(13)

Using the relation E[xk] = (∂k/∂(iω)k)φP (ω)|ω=0, the mean
and the variance of Pnet(x) turn out to be

〈I〉/e =μf − μr (14)

S/2e2 =μf + μr. (15)

Inverting (14) and (15), the forward and reverse means μf and
μr for the two constituent Poissonians can be written based on
the average and variance of the total current. Thus

μf =
(
S/2e2 + 〈I〉/e

)
/2 (16)

μr =
(
S/2e2 − 〈I〉/e

)
/2. (17)

In the case of small VDS and large VGS , the noise PDF might
slightly deviate from (12). However, this deviation has virtually
no impact on failure rate calculation, since, as shown in Fig. 3
of Part II and also discussed in [5], the transitions between the
two logic states of a flip-flop, which are represented by the
two opposite corners on the 2-D queue, predominantly occur
through a diagonal ribbon between the two corners (approxi-
mately marked by VGS + VDS = VDD) where VDS and VGS

adopt mid-range values, hence VDS ∼ 0 does not occur.
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Fig. 3. Modeled flip-flop circuit. Capacitors C1 and C2 represent the node
capacitance values associated with each inverter. For each transistor, the average
currents 〈I〉 and noise values S determine the electron populations on the node
capacitors. The current 〈I〉 can be decomposed into two Poisson sources of
opposite directions with means μf and μr for low VDD when the Fano factor
F > 1. When F < 1, the statistics for the number of electron arrivals is given
by (25), where q = 1/F .

B. Noise Distribution for F < 1 at High VGS Bias

The interarrival-time distribution associated to a full shot
noise (F = 1) with an average count of μ in unit time is
expressed as

G(μ; t) = μe−μt (18)

which has a mean interarrival time of τ = 1/μ and a variance of
σ2

τ = 1/μ2. Equation (18) is the unique solution of a maximum-
entropy distribution problem with a fixed mean and describes
the most disordered single-source shot noise. A generalization
of (18), describing a more ordered arrival of particles, is based
on a family of gamma distributions with a shape parameter q
[27], [28]. Thus

G(1)(q, μ; t) =
qqμqtq−1

Γ(q)
e−qμt. (19)

The characteristic function corresponding to (19) can be ex-
pressed as

φG(ω) = E[eiωt] =
(

1 − iω

qμ

)−q

(20)

from which the mean and the variance for interarrival times can
be found to be

τq = 1/μ (21)

σ2
τq

= 1/qμ2 (22)

where the mean is equal to that of the Poissonian in (18),
whereas the variance is lowered by a factor of 1/q. For q =
1, (19) simplifies to (18), describing independent processes.
However, for q > 1, G(1)(q, μ; t) approaches zero when t → 0,
suggesting that the process is somewhat biased toward not
letting two consecutive electrons arrive too close to each other,
thus making the arrivals more ordered.

This ordered arrival of electrons is observed, for example,
when Coulombic correlations in the transistor channel are taken

into account, where Monte Carlo simulations show that long-
range Coulomb interactions cause a motional squeezing among
electrons, which regularizes their arrival at the drain [29], [30].
However, as will be discussed later in this paper, the results of
our computation are not particularly sensitive to the form of the
interarrival-time distribution used, and (19) could be replaced
by other distributions such as the Weibull distribution [27], as
long as they exhibit the same characteristics up to the second
moment and continuously reduce to (18) when F → 1.

To calculate P (q, μ, T ;n), the discrete probability distrib-
ution for the number of events n in a time interval [0, T ]
associated with (19), we first formulate the probability for the
sum of two consecutive interarrival times t = t1 + t2 as

G(2)(q, μ; t) =

t∫
0

dzG(1)(q, μ; z)G(1)(q, μ; t − z) (23)

which, using induction, could be easily generalized to that of
the sum of n consecutive interarrival times. Thus

G(n)(q, μ; t) =

t∫
0

dzG(1)(q, μ; z)G(n−1)(q, μ; t − z). (24)

Now using (24), P (q, μ, T ;n) can be rewritten as

P (q, μ, T ;n) =

T∫
0

dt
(
G(n)(q, μ; t) − G(n+1)(q, μ; t)

)
(25)

where the difference between probability of at least n events
and that of at least n + 1 events occurring determines the
probability of exactly n events happening during time T .

Unlike full shot noise, where the Fano factor is independent
of time T , in the case of a sub-Poisson process characterized
by (25), the Fano factor depends on T , ranging from F → 1 for
very small T to F → 1/q for large values of T . For frequencies
low enough so that transit and scattering relaxation times can
be ignored [26], the current noise shape parameter q can be set
to its long-time value

q = 1/F. (26)

It should be noted that the case of a full Poisson noise with
F = 1 can be identically described as either a limiting case of
F > 1, where μf = 〈I〉/e and μr = 0 in (16) and (17) or as a
limiting case of F < 1 with q = 1.

C. Use of Different Interarrival-Time Distributions

As mentioned earlier, the use of a gamma distribution for
electron interarrival times is not unique, and as long as the
conditions described in Section II-B are met (i.e., having pre-
defined means and variances and continuously reducing to the
Poisson distribution as the Fano factor approaches unity), the
queue is not sensitive to the exact choice of an interarrival-time
distribution. This has been verified in Part II [8] by testing the
queue using different types of distributions as a replacement
for (19) and obtaining the same results. Further investigation
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Fig. 4. Two-dimensional Markov chain for a flip-flop. Each axis labels
different states corresponding to different voltages on capacitors C1 and C2.

showed that the independence of the final results from the exact
shape of the interarrival-time distributions stems from the large
number of states in the queue, rendering the relevance of higher
moments minimal, as soon as the number of such states exceeds
∼10. This situation is very similar in practice to conditions of
the central limit theorem [31].

III. MARKOV CHAIN FOR ABOVE-THRESHOLD DEVICES

In this section, an outline of the probabilistic formulation
using Markov chains is presented. The approach presented here
extends the one in [5] and [6] to model above-threshold de-
vices by incorporating new statistics introduced in the previous
section. The inputs for this method are the number and values
of node capacitance, which determine the dimensionality of
the problem, and full IDS−VDS/VGS curves as well as the
noise values or the corresponding Fano factor at every bias
point.

Assume the states are laid out as in Fig. 4, where the horizon-
tal axis represents the voltage [or charge through Q = Q(V )]
on capacitor 1 of the flip-flop, and the vertical axis represents
the voltage on capacitor 2 of the same device. Depending on
the relevant Fano factors of the pMOS and nMOS transistors
of an inverter in Fig. 3, the time-dependent event generators
corresponding to charging and discharging of capacitor Ci (i =
1, 2) can take on different forms.

• F > 1 for both pMOSi and nMOSi, in which case, based
on (16), (17), and the directional currents defined in Fig. 3,
the charging and discharging event generators for capaci-
tor Ci take on the forms

P
(i)
charge(t) =

(
μpMOSi

f + μnMOSi
r

)
e−(μpMOSi

f
+μnMOSi

r )t (27)

P
(i)
disch.(t) =

(
μpMOSi

r + μnMOSi
f

)
e−(μpMOSi

r +μnMOSi
f )t. (28)

• F < 1 for both pMOSi and nMOSi, in which case the
transistor with a positive mean current going out of Ci is
responsible for discharging it (normally the nMOS), and
the transistor with a positive mean current going into Ci

(normally the pMOS) is responsible for charging Ci where
the event generator is given by (19).

• F < 1 for one of the MOSFETs (say pMOSi) and F >
1 for the other MOSFET (nMOSi). In this case, the only
discharging random source is a Poissonian with a mean of
μnMOSi

f . However, there are two charging random sources
of different types: a Poissonian with a mean of μnMOSi

r

and a gamma random source due to the pMOS. Whichever
of these sources triggers first will cause an event yielding

P
(i)
charge(t) = G(1)

(
q, 〈I〉pMOSi; t

) ∞∫
t

dzG
(
μnMOSi

r ; z
)

+ G
(
μnMOSi

r ; t
) ∞∫

t

dzG(1)
(
q, 〈I〉pMOSi; z

)
(29)

where G(μnMOSi
r ; z) and G(1)(q, 〈I〉pMOSi; t) are given

by (18) and (19), respectively.

It should be noted that the four event generators corre-
sponding to charging and discharging capacitors C1 and C2

are state-dependent and responsible for transitions between the
states on the queue. For example, for the transition (m,n) →
(m + 1, n) to happen at time t, capacitor C1 should be charged
by a single electron while other transitions (to the other three
neighbor states) are being blocked until time t by formulating
the conditional probability for a direct transition as

Pdirect(m,n;m + 1, n; t)

= P
(1)
charge(m,n; t)

∞∫
t

dzP
(1)
disch.(m,n; z)

×
∞∫

t

dzP
(2)
charge(m,n; z)

∞∫
t

dzP
(2)
disch.(m,n; z) (30)

where the state dependence of the event generators are explic-
itly shown for clarity. Similar relations hold for transitions to
the other neighbor states.

The mean time for an indirect transition from any state
(m,n) to an arbitrary state (u, v) on the queue using multiple
single-step transitions could be split into a single-step transition
from (m,n) to its immediate neighbor (r, s) and an indirect
transition from (r, s) to (u, v) summed over all neighbor states
(r, s). Thus

T (m,n;u, v) =
∑
(r,s)

∞∫
0

∞∫
0

dt1dt2(t1 + t2)

×Pdirect(m,n; r, s; t1)Pindirect(r, s;u, v; t2). (31)

Plugging (30) into (31), carrying out the integrals and
noting that

∫ ∞
0 t2Pindirect(r, s;u, v; t2)dt2 = T (r, s;u, v) and
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∫ ∞
0 Pindirect(r, s;u, v; t2)dt2 = 1, one eliminates the direct

knowledge of Pindirect(r, s;u, v; t2) and comes to the equation
represented below, which is analogous to the one in [5] for
subthreshold-operated devices. Thus

T (m,n;u, v) = A(m,n) +
∑
(r,s)

R(m,n; r, s)T (r, s;u, v)

(32)

where

R(m,n; r, s) =

∞∫
0

dt1Pdirect(m,n; r, s; t1) (33)

A(m,n) =
∑
(r,s)

∞∫
0

dt1t1Pdirect(m,n; r, s; t1). (34)

The integrals in (33) and (34) are not elementary and should
be carried out numerically; we used the adaptive four-point
Simpson integration for our calculations.

To gain some insight into (32), it should be noted that
A(m,n) represents the average residency time, i.e., the average
time the system resides in state (m,n) upon arrival, the inverse
of which represents the escape rate, and R(m,n; r, s) denotes
the probability of moving to the neighboring state (r, s) as a
next step such that

∑
(r,s) R(m,n; r, s) = 1.

Equation (32) repeated for every state (m,n) on the queue
yields a system of equations for mean transit times to the state
(u, v) from anywhere on the queue, which could be solved
using sparse matrix techniques combined with multiple preci-
sion arithmetic to take care of any ill-conditioning issues [5].

If (m,n) represents the logic “0” of the flip-flop with C1

fully charged and C2 empty of charge and (u, v) represents
the logic “1” of the flip-flop with the roles of C1 and C2

interchanged, then T (m,n;u, v), given by (32), will represent
the mean time to spontaneous failure for the device due to shot
noise, taking into account the exact IDS−VDS/VGS as well as
SDS−VDS/VGS and other technology-dependent characteris-
tics of the CMOS device.

The steady-state occupation probability for every state
Ps.s.(m,n) can be calculated using the fact that under steady-
state conditions, the incoming probability flux is equal to the
outgoing flux. Thus

A−1(m,n)Ps.s.(m,n) =
∑
(r,s)

R(r, s;m,n)
A(r, s)

Ps.s.(r, s). (35)

IV. CONCLUSIONS AND FUTURE WORK

This paper presents a probabilistic framework for the inves-
tigation of the effect of noise on the logic stability of memory
devices operated above the threshold voltage VT . By using a
Schrödinger–Poisson solver that includes only LA phonon scat-
tering as a model scattering mechanism via the NEGF method
(without any effort to reflect all scattering mechanisms relevant
to the 10-nm-gate-length CMOS technology), the shot-noise-
driven statistics of the charge fluctuations is decomposed into

departure and arrival rates for the carriers at the node capacitors.
Embedding the transient charge configuration of the flip-flop
into a 2-D queue allows for a Markov-chain-based derivation
of the error rates through an algebraic solution yielding the
transit times between the two most stable logic-level states in
the queue.

The proposed analytical formalism for the shot-noise effects
has been applied to investigate different regimes of operations
characterized by distinct Fano factors and benchmark values for
the gate and drain voltages. Using sparse matrix algorithms and
multiple precision arithmetic (MPA) to solve for the system
of equations for the mean transit times allows for a detailed
analysis of noise-induced errors in the ITRS-predicted 10-nm-
gate-length technology, as carried out in Part II of this work.

While the main focus of this work was failure rates due to
shot noise, the same Markov formalism will be applied in the
future to other relevant noise sources such as low-frequency-
dominant 1/f noise and RTS noise.

APPENDIX

DERIVATION OF (9)

The low frequency noise spectral density is given by (5),
which is repeated here

S =
4e2

h

∫
dETr

{
iΓS

[
fSG> − (1 − fS)G<

]

× [I − iΓS(Gr − Ga)]

+ ΓSG>ΓSG< − fS(1 − fS)

× (ΓSGrΓSGr + ΓSGaΓSGa)} . (A.1)

The following relations are assumed:

G< = ifSGr(ΓS + KS)Ga + ifDGr(ΓD + KD)Ga

(A.2)

G> = − i(1 − fS)Gr(ΓS + KS)Ga

− i(1 − fD)Gr(ΓD + KD)Ga (A.3)

Gr − Ga =G> − G<

= − iGr(ΓS + KS)Ga − iGr(ΓD + KD)Ga.

(A.4)

Substituting (A.2)–(A.4) into (A.1), making use of (10) and
a simplifying definition A ≡ ΓSGr(ΓS + KS)Ga, one can
simplify the terms in (A.1) as follows:

iΓS

[
fSG> − (1 − fS)G<

]
= 2fS(1 − fS)ΓSGr(ΓS + KS)Ga

+ [fS(1 − fD) + fD(1 − fS)]ΓSGr(ΓD + KD)Ga

= 2fS(1 − fS)A + [fS(1 − fD) + fD(1 − fS)] T (A.5)

I − iΓS(Gr − Ga)

= I − ΓSGr(ΓS + KS)Ga − ΓSGr(ΓD + KD)Ga

= I − A − T (A.6)
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ΓSG>ΓSG<

= ΓS [−i(1 − fS)Gr(ΓS + KS)Ga

−i(1 − fD)Gr(ΓD + KD)Ga]ΓS

× [ifSGr(ΓS + KS)Ga + ifDGr(ΓD + KD)Ga]

= fS(1 − fS)A2 + fD(1 − fD)T 2

+ [fS(1 − fD) + fD(1 − fS)]AT (A.7)

ΓSGrΓSGr + ΓSGaΓSGa

= (ΓSGr)2 + (ΓSGa)2

= [ΓS(Gr − Ga)]2 + 2ΓSGrΓSGa

= [−iΓSGr(ΓS + KS)Ga − iΓSGr(ΓD + KD)Ga]2

+ 2ΓSGrΓSGa = −(A + T )2 + 2ΓSGrΓSGa (A.8)

where we used the cyclic property of the trace operator as
needed. Putting (A.5)–(A.8) back into (A.1) yields

S =
4e2

h

∫
dE

{
fS(1 − fS)Tr

[
T 2 + O(γ)

]
+ fD(1 − fD)

× Tr[T 2] + [fS(1 − fD) + fD(1 − fS)]
×Tr [T (I − T )]} (A.9)

where O(γ) = 2ΓSGrKSGa, which is proportional to the
coupling constant γ through KS , is very small in the case of
a weak electron-phonon interaction. Moreover, assuming an
applied bias of μS − μD 	 kT , the term containing fS(1 −
fD) becomes dominant, and the effect of O(γ) becomes
negligible.
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