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a b s t r a c t
This work leverages recent advances in probabilistic machine learning to discover governing
equations expressed by parametric linear operators. Such equations involve, but are
not limited to, ordinary and partial differential, integro-differential, and fractional order
operators. Here, Gaussian process priors are modiﬁed according to the particular form of
such operators and are employed to infer parameters of the linear equations from scarce
and possibly noisy observations. Such observations may come from experiments or “blackbox” computer simulations, as demonstrated in several synthetic examples and a realistic
application in functional genomics.
© 2017 Elsevier Inc. All rights reserved.

1. Introduction
A grand challenge with great opportunities facing researchers is to develop a coherent framework that enables them to
blend differential equations with the vast data sets available in many ﬁelds of science and engineering. In particular, this
article investigates governing equations of the form
u (x)

φ

Lx : φ = ?

f (x),
φ

where u (x) is the unknown solution to a differential equation deﬁned by the operator Lx , f (x) is a black-box forcing term,
and x is a vector that can include space, time, or parameter coordinates. In other words, the relationship between u (x) and
f (x) can be expressed as
φ

Lx u (x) = f (x).

(1)
φ

Throughout this work we will consider the case where Lx is a linear differential operator with a form that is known
up to a set of parameters φ that are a-priori unknown. Take, for instance, the classical problem of heat conduction in a
medium with unknown conductivity properties. The spatio-temporal distribution of temperature is governed by a linear
time-dependent parabolic partial differential equation, albeit with an unknown thermal diffusivity coeﬃcient α . We will
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revisit this problem is section 3.3 with the goal of estimating α and reconstructing the unknown temperature ﬁeld directly
from a ﬁnite set of noisy measurements.
In general, given noisy data { X u , y u }, { X f , y f } of the unknown solution u (x), and the forcing term f (x), respectively,
the aim is to learn the parameters φ and hence the governing equation which best describes the data. This setup deﬁnes
a broad class of problems that are often referred to as “inverse problems” (see [20,46]) and they permeate applications
across a wide range of scientiﬁc disciplines. To provide a uniﬁed framework for resolving such problems, this work employs and modiﬁes Gaussian processes (GPs) (see [52,30]), which is a non-parametric Bayesian machine learning technique.
Quoting Diaconis [13], “once we allow that we don’t know f (and u), but do know some things, it becomes natural to
take a Bayesian approach”. The Bayesian procedure adopted here, namely Gaussian processes, provides a ﬂexible prior distribution over functions, enjoys analytical tractability, and has a fully probabilistic workﬂow that returns robust posterior
variance estimates which quantify uncertainty in a natural way. Moreover, Gaussian processes are among a class of methods
known as kernel machines (see [51,44,49]) and have analogies with regularization approaches (see [47,48,36]). They can
also be viewed as a prior on one-layer feed-forward Bayesian neural networks with an inﬁnite number of hidden units [31].
However, they are distinguished by their probabilistic viewpoint and their powerful training procedure. Along exactly the
same lines, the methodology outlined in this work is related to and yet fundamentally differentiated from the so-called
“meshless” methods (see [17,16,33,10,11]) for differential equations. A key difference of our work in comparison with the
aforementioned approaches is that the optimal model parameters and hyper-parameters are all learned directly from the
data by maximizing the joint marginal log-likelihood of the probabilistic model instead of being guessed or tuned manually
by the user.
Furthermore, differential equations are the cornerstone of a diverse range of applied sciences and engineering ﬁelds.
However, their use within statistics and machine learning, and combination with probabilistic models is less explored.
Perhaps the most signiﬁcant related work in this direction is latent force models [3,2]. Such models generalize latent variable
models [24,25,50] using differential equations. In contrast to latent force models, the current work bypasses the need for
solving differential equations either analytically or numerically by placing the Gaussian process prior on u (x) rather than
on f (x).
2. Methodology
The proposed data-driven algorithm for learning general parametric linear equations of the form presented in Eq. (1),
employs Gaussian process priors that are tailored to the corresponding differential operators.
2.1. Prior
Speciﬁcally, the algorithm starts by making the assumption that u (x) is Gaussian process [52] with mean 0 and covariance function kuu (x, x ; θ), i.e.,

u (x) ∼ GP (0, kuu (x, x ; θ)),
where θ denotes the hyper-parameters of the kernel kuu . The choice of the kernel kuu allows us to encode any prior knowledge we may have about u (x) (e.g., periodicity, monotonicity, smoothness, etc.), and can accommodate the approximation
of arbitrarily complex functions [52]. The key observation here is that any linear transformation of a Gaussian process such
as differentiation and integration is still a Gaussian process. Consequently,

Lx u (x) = f (x) ∼ GP (0, k f f (x, x ; θ, φ)),
φ

with the following fundamental relationship between the kernels kuu and k f f ,

k f f (x, x ; θ, φ) = Lx Lx kuu (x, x ; θ).
φ

φ

(2)

Moreover, the covariance between u (x) and f (x ), and similarly the one between f (x) and u (x ), are given by
φ
φ
ku f (x, x ; θ, φ) = Lx kuu (x, x ; θ), and k f u (x, x ; θ, φ) = Lx kuu (x, x ; θ), respectively. The reasoning leading to Eq. (2) which
is at the heart of our proposed methodology, dates back to the original work of [18,43] and has been again recently revived
among others in [10,11,29,14,38].
φ
A major contribution of the current work can be best recognized by noticing how the parameters φ of the operator Lx
are turned into hyper-parameters of the kernels k f f , ku f , and k f u . This enables us to infer these parameters directly from
data by maximizing the marginal log-likelihood of the Gaussian process model. A similar approach has been adopted in [26],
and further developed in the later work of [3]. An important difference between our methodology and these approaches
stems from the placement of the GP prior. Unlike [3,2,26], here we place the GP prior on u (x) (see [18,29,14]) instead
of f (x) (see [3,2,6,26]). As will be shown later in section 3, this enables us to jointly infer u (x), f (x), and the unknown
φ
parameters φ of the linear operator Lx , bypassing the need for inverting the operator either analytically or numerically.
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2.1.1. Kernels [52]
Without loss of generality, all Gaussian process priors used in this work are assumed to have a squared exponential
covariance function, i.e.,




kuu (x, x ; θ) = σ
where


2
u exp

1



D

−

2

 2

w d (xd − xd )

,

d =1

2
variance parameter, x
u is a 
D
2
u , ( w d )d=1 . Moreover, anisotropy

σ

is a D-dimensional vector that includes spatial or temporal coordinates, and
across input dimensions is handled by Automatic Relevance Determination (ARD)
weights w d . From a theoretical point of view, each kernel gives rise to a Reproducing Kernel Hilbert Space [4,42,5] that
deﬁnes a class of functions that can be represented by this kernel. In particular, the squared exponential covariance function chosen above implies smooth approximations. More complex function classes can be accommodated by appropriately
choosing kernels. For example, non-stationary kernels employing nonlinear warpings of the input space can be constructed
to capture discontinuous response [8]. In general, the choice of kernels is crucial and in many cases still remains an art
that relies on one’s ability to encode any prior information (such as known symmetries, invariances, etc.) into the regresφ
sion scheme. In this work, this prior information is the knowledge of the parametric linear operator Lx itself. Starting, for
φ
example, from a base square exponential kernel and applying Lx as described above, one obtains a prior that is adapted to
the linear operator and inherits its underlying structure. Our empirical ﬁndings so far indicate that this procedure is quite
robust and insensitive to the choice of the base kernel, although this observation should be interpreted as a conjecture
rather as a ﬁrm result.

θ= σ

2.2. Training
φ

The hyper-parameters θ and more importantly the parameters φ of the linear operator Lx can be trained by employing
a Quasi-Newton optimizer L-BFGS [27] to minimize the negative log marginal likelihood [52]

− log p ( y |φ, θ, σn2u , σn2f ) =

where y =

K=



1
2

log | K | +

1
2

y T K −1 y +

N
2

log 2π ,

(3)

yu
, p ( y |φ, θ, σn2u , σn2f ) = N (0, K ), and K is given by
yf

kuu ( X u , X u ; θ) + σn2u I nu
k f u ( X f , X u ; θ, φ)

ku f ( X u , X f ; θ, φ)
k f f ( X f , X f ; θ, φ) + σn2f I n f

.

(4)

σn2u and σn2f are included to capture noise in the data and are also inferred from the data. The implicit underlying
assumption is that y u = u ( X u ) +  u , y f = f ( X f ) +  f with  u ∼ N (0, σn2u I nu ),  f ∼ N (0, σn2f I n f ). Moreover,  u and  f
Here,

are assumed to be independent. It is worth mentioning that the marginal likelihood does not simply favor the models that
ﬁt the training data best. In fact, it induces an automatic trade-off between data-ﬁt and model complexity. This effect is
called Occam’s razor [40] after William of Occam (1285–1349), who encouraged simplicity in explanations by the principle: “plurality should not be assumed without necessity”. Speciﬁcally, minimizing the y T K −1 y term in Eq. (3) targets
ﬁtting the training data, while the log-determinant term log | K | penalizes model complexity. This mechanism automatically
meets the Occam’s razor principle, albeit at the computational cost of obtaining the Cholesky factors of K that are used
to compute both the inverse and the determinant. This natural regularization mechanism is a key property of Gaussian
process regression and it enables inferring the unknown model parameters from very few data while effectively guarding
against overﬁtting. However, regularization still remains an important factor even in cases where data is abundant as seen in
the recently growing literature on discovering ordinary and partial differential equations from data using sparse regression
techniques [7,41].
Model training practically consists of minimizing Eq. (3) with respect to the model parameters and hyper-parameters,
namely {φ, θ, σn2u , σn2f }. This deﬁnes a non-convex optimization problem, and the common practice of employing classical
gradient descent algorithms may lead to a local minimum. Therefore, the proposed method is also susceptible to converging
to a set of hyper-parameters that corresponds to a local minimum of the negative marginal log likelihood. This behavior
is standard for many machine learning algorithms (e.g., Gaussian processes, neural networks) [52], and the eﬃcient global
optimization still remains an open problem. In practice, this issue is addressed by solving the optimization problem from
different hyper-parameter initializations, and returning the solution that yields the smallest negative marginal log likelihood. Although this still does not guarantee convergence to a global optimum, it is usually suﬃcient for obtaining a good
solution.
The most computationally intensive part of training is associated with inverting dense covariance matrices K . This scales
cubically with the number of training data in y. Although this scaling is a well-known limitation of Gaussian process
regression, it must be emphasized that it has been effectively addressed by the recent works of [45,19]. Furthermore,
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it should be emphasized that, although not pursued here, a fully Bayesian [46] and more robust estimate of the linear
operator parameters φ can be obtained by assigning priors on {θ, φ, σn2u , σn2f }. However, this would require more costly
sampling procedures such as Markov Chain Monte Carlo integration (see [52], chapter 5) to train the model.
2.3. Prediction
Having trained the model, one can predict the values u (x) and f (x) at a new test point x by writing the posterior
distributions

p (u (x)| y ) = N u (x), s2u (x) ,

(5)

f (x), s2f (x) ,

(6)

p ( f (x)| y ) = N
with

u (x) = quT K −1 y , s2u (x) = kuu (x, x) − quT K −1 qu ,
f (x) = q Tf K −1 y , s2f (x) = k f f (x, x) − q Tf K −1 q f ,
where



quT = kuu (x, X u ) ku f (x, X f ) ,



q Tf = k f u (x, X u ) k f f (x, X f ) .
Note that, for notational convenience, the dependence of kernels on hyper-parameters and other parameters is dropped. The
posterior variances s2u (x) and s2f (x) can be used as good indicators of how conﬁdent one could be about predictions made
based on the learned parameters φ . Furthermore, such built-in quantiﬁcation of uncertainty encoded in the posterior variances is a direct consequence of the Bayesian approach adopted in this work. Although not pursued here, this information is
very useful in designing a data acquisition plan, often referred to as active learning [12,23,28], that can be used to optimally
enhance our knowledge about the parametric linear equation under consideration.
3. Results
The proposed algorithm provides a general treatment of linear operators, which can be of fundamentally different nature.
For example, one can seamlessly learn parametric integro-differential, time-dependent, or even fractional equations. This
generality will be demonstrated using three benchmark problems with simulated data. Moreover, the methodology will be
applied to realistic problem in functional genomics, namely determining the structure and dynamics of genetic networks
based on real expression data [34] on early Drosophila melanogaster development.
3.1. Fractional equation
Consider the one dimensional fractional equation

Lαx u (x) = −∞ D αx u (x) − u (x) = f (x),
where α ∈ R is the fractional order of the operator that is deﬁned in the Riemann–Liouville sense [35]. Fractional operators often arise in modeling anomalous diffusion processes and other non-local interactions. Their non-local behavior poses
serious computational challenges as it involves costly convolution operations for resolving the underlying non-Markovian dynamics [35]. However, the machine leaning approach pursued in this work bypasses the need for numerical discretization,
hence, overcomes these computational bottlenecks, and can seamlessly handle all such linear cases without any modiﬁcations. The only technicality induced by fractional operators has to do with deriving the kernel k f f (x, x ; θ, α ) in Eq. (2). Here,
k f f (x, x ; θ, α ) was obtained by taking the inverse Fourier transform [35] of

[(−i w )α (−i w  )α − (−i w )α − (−i w  )α + 1]
kuu ( w , w  ; θ),
where 
kuu ( w , w  ; θ) is the Fourier transform of the kernel kuu (x, x ; θ). Similarly, one can obtain ku f (x, x ; θ, α ) and
k f u (x, x ; θ, α ).
Note that for

√

α = 2, the functions u (x) = 12 e−2iπ x

(2π +i )e 4i π√x
−1+(2i π ) 2

+

2π − i √
−1+(−2i π ) 2

and f (x) = 2π cos(2π x) − sin(2π x) sat-

isfy the fractional equation. Assume that the noise-free data {xu , y u }, {x f , y f } on u (x), f (x) are generated according to
y u = u (xu ), y f = f (x f ) with xu , x f constituting of nu = 5, n f = 4 data points chosen at random in the interval [0, 1], respectively. Given these noise-free training data, the algorithm learns the parameter α to have value 1.412104. The resulting
posterior distributions for u (x) and f (x) are depicted in Fig. 1.
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Fig. 1. Fractional equation in 1D: (A) Exact left-hand-side function u (x), training data {xu , y u }, predictive mean u (x), and two-standard-deviation band
around the mean. (B) Exact right-hand-side function f (x), training data {x f , y f }, predictive mean f (x), and two-standard-deviation band around the mean.

Fig. 2. Fractional equation in 1D: (A) Absolute error in logarithmic scale between the true fractional order α and the predicted one as a function of the
total number of training points for u (x) and f (x), denoted by nu and n f , respectively. (B) L2 error between the true and the prediction solution u (x).

In order to asses the sensitivity of the proposed algorithm on the size of the training data, we have repeated this
numerical study using different training sets. These sets are constructed by randomly sampling data for u (x) and f (x) using
a total number of training points in the range between 2 and 10. Fig. 2(A) depicts the absolute error in logarithmic scale
between the true fractional order α and the predicted one as a function of the total number of training points for u (x)
and f (x), denoted by nu and n f , respectively. We can see that the algorithm converges to the true parameter value as the
number of training points is increased. This is further conﬁrmed by Fig. 2(B), where we plot the L2 error between the
true and the prediction solution u (x). Evidently, as the number of training points is increased we obtain a more accurate
solution, and, consequently, a more accurate estimation of the unknown fractional order α .
This blending of fractional calculus and machine learning is a major contribution of this work as it leads to an important
observation that underpins the ability of the proposed framework to learn general linear differential operators from data.
For example, integer values such as α = 1 and α = 2 can model classical advection and diffusion phenomena, respectively.
However, under the fractional calculus setting, α can assume real values and thus continuously interpolate between inherently different model behaviors. Even more generally, α can be variable in space-time or even governed by an unknown
distribution [22], allowing one to model complex systems with memory and intricate transition dynamics. The proposed
framework allows α to be directly inferred from noisy data, and opens the path to a ﬂexible formalism for model discovery
and calibration.
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Fig. 3. Integro-differential equation in 1D: (A) Exact left-hand-side function u (x), “noise-free” training data {xu , y u }, predictive mean u (x), and twostandard-deviation band around the mean. (B) Exact right-hand-side function f (x), “noise-free” training data {x f , y f }, predictive mean f (x), and twostandard-deviation band around the mean. (C) Exact left-hand-side function u (x), “noisy” training data {xu , y u }, predictive mean u (x), and two-standarddeviation band around the mean. (D) Exact right-hand-side function f (x), “noisy” training data {x f , y f }, predictive mean f (x), and two-standard-deviation
band around the mean.

3.2. Integro-differential equation in 1D
Consider the following integro-differential equation,
(α ,β)

Lx

u (x) :=

d
dx

x
u (x) + α u (x) + β

u (ξ )dξ = f (x).

(7)

0

Note that for (α , β) = (2, 5), the functions u (x) = sin(2π x) and f (x) = 2π cos(2π x) + π5 sin(π x)2 + 2 sin(2π x) satisfy this
equation. In the following, the parameters (α , β) will be inferred from two types of data, namely, noise-free and noisy
observations.
Noise-free data
Assume that the noise-free data {xu , y u }, {x f , y f } on u (x), f (x) are generated according to y u = u (xu ), y f = f (x f ) with
xu , x f constituting of nu = 4, n f = 3 data points chosen at random in the interval [0, 1], respectively. Given these noise-free
training data, the algorithm learns the parameters (α , β) to have values (2.012627, 4.977879). It should be emphasized that
the algorithm is able to learn the parameters of the operator using only 7 training data. Moreover, the resulting posterior
distributions for u (x) and f (x) are depicted in Fig. 3(A, B). The posterior variances could be used an indicator of how
uncertain one should be about the estimated parameters and predictions made based on these parameters. As expected,
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the posterior variance grows in regions of the space where we don’t have data, e.g., near the domain boundaries (see
Fig. 3(B, D)).
Noisy data
Consider the case where the noisy data {xu , y u }, {x f , y f } on u (x), f (x) are generated according to y u = u (xu ) +  u ,
y f = f (x f ) +  f with xu , x f constituting of nu = 14, n f = 10 data points chosen at random in the interval [0, 1], respectively. Here, the noise  u and  f are randomly generated according to the normal distributions N (0, 0.12 I nu ) and
N (0, 0.52 I n f ), respectively. Given these noisy training data, the algorithm learns the parameters (α , β) to have values
(2.073054, 5.627249). It should be emphasized that for this example the data is deliberately chosen to have a sizable
noise. This highlights the ability of the method to handle highly noisy observations without any modiﬁcations. The resulting
posterior distributions for u (x) and f (x) are depicted in Fig. 3(C, D). By construction, the posterior variances are able to
quantify scarcity in observations but also account for noise in the training data.
3.3. Heat equation
This example is chosen to highlight the capability of the proposed framework to handle time-dependent problems using
only scattered space-time observations. To this end, consider the heat equation

∂
∂2
u (t , x) − α 2 u (t , x) = f (t , x).
∂t
∂x
Note that for α = 1, the functions f (t , x) = e −t (4π 2 − 1) sin(2π x) and u (t , x) = e −t sin(2π x) satisfy this equation. AsLα(t ,x) u (t , x) :=

sume that the noise-free data {(t u , xu ), y u }, {(t f , x f ), y f } on u (t , x), f (t , x) are generated according to y u = u (t u , xu ),

y f = f (t f , x f ) with (t u , xu ), (t f , x f ) constituting of nu = n f = 20 data points chosen at random in the domain [0, 1]2 , respectively. Given these training data, the algorithm learns the parameter α to have value 0.999943. The resulting posterior
distributions for u (t , x) and f (t , x) are depicted in Fig. 4. A visual inspection of this ﬁgure illustrates how closely uncertainty in predictions measured by posterior variances (see Fig. 4(E, F)) correlate with prediction errors (see Fig. 4(C, D)).
Remarkably, the proposed methodology circumvents the need for temporal discretization, and is essentially immune to
any restrictions arising due to time-stepping, e.g., the fundamental consistency and stability issues in classical numerical
analysis.
3.4. Drosophila melanogaster gap gene dynamics [34,3]
The gap gene dynamics of protein a ∈ { Hb, K r , Gt , K ni } (see Fig. 5) can be modeled using a reaction-diffusion partial
differential equation
(λa , D a ) a

L(t ,x)

u (t , x) =

∂ a
∂2
u (t , x) + λa ua (t , x) − D a 2 ua (t , x) = f a (t , x),
∂t
∂x

where ua (t , x) denotes the relative concentration of gap protein a (unitless, ranging from 0 to 255) at space point x (from
35% to 92% of embryo length) and time t (0 min to 68 min after the start of cleavage cycle 13). Here, λa and D a are decay
and diffusion rates of protein a, respectively. Moreover, the right-hand-side is given by

f a (t , x) := ζ (t ) P a (t , x),
where the term

⎧
⎨ 0.5 0 min ≤ t < 16 min
ζ (t ) = 0.0 16 min ≤ t < 21 min
⎩
1.0 21 min ≤ t

models the doubling of nuclei and shutdown of transcription during mitosis and



a

a

P (t , x) = R g





T

ab b

u (t , x) + h

a

b

speciﬁes the production rate of protein a. The model combines the processes of transcription and translation into a single
production process P a (t , x). Here, R a is the maximum production rate,

g (u ) =

1
2



√

u
u2 + 1


+1 ,

and b ∈ { Bcd, Cad, Hb, K r , Gt , K ni , T ll} ranges over the seven genes (see Fig. 5). The regulatory weights T ab , encode the
effect protein b has on the production rate of protein a. If T ab > 0 (or T ab < 0), then gene b is interpreted as being an
activator (or a repressor) of gene a.
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Fig. 4. Heat equation: (A) Exact left-hand-side function u (t , x) and training data {(t u , xu ), y u }. (B) Exact right-hand-side function f (t , x) and training data
{(t f , x f ), y f }. (C) Absolute point-wise error between the predictive mean u(t , x) and the exact function u (t , x). The relative L 2 error for the left-hand-side
function is 1.250278e−03. (D) Absolute point-wise error between the predictive mean f (t , x) and the exact function f (t , x). The relative L 2 error for the
right-hand-side function is 4.167404e−03. (E), (F) Standard deviations su (t , x) and s f (t , x) for u and f , respectively.

In the current work, we assume the maximum production rate R a , the regulatory weights T ab and the bias or offset ha to
be speciﬁed as in Table 1, and we seek to learn the decay λa and diffusion D a rates of protein a. In fact, Table 2 summarizes
the values learned by the algorithm for these parameters and Fig. 6 depicts the corresponding posterior distributions for
ua (t , x) and f a (t , x). Indeed, Fig. 6 gives a good indication of how certain one could be about the estimated parameters and
the predictions made based on them.
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Fig. 5. Maternal and Gap Gene Expression (see [34]): (A–C) Drosophila embryos at early blastoderm stage (cleavage cycle 13) ﬂuorescently stained for
Bcd (A), Cad (B), and Hb (C) protein. (D–H) Drosophila embryos at late blastoderm stage (late cleavage cycle 14A) ﬂuorescently stained for Tll (D), Hb (E),
Kr (F), Kni (G), and Gt (H) protein. Anterior is to the left, dorsal is up. Black bars indicate the modeled A–P extent. (I–L) Mean relative gap protein
concentration as a function of A–P position (measured in percent embryo length) for Hb (I), Kr (J), Kni (K), and Gt (L). Expression levels are from images
and are unitless, ranging from 0 to 255. Images and expression proﬁles are from the FlyEx database [37]. Embryo IDs: bd3 (A,B), hz30 (C), tb6 (D), kf9 (E),
kd17 (F), fq1 (G), nk5 (H). Abbreviations: A–P, anterior–posterior; Bcd, Bicoid; Cad, Caudal; Gt, Giant; Hb, hunchback; Kni, Knirps; Kr, Krüppel; Tll, tailless.

Table 1
Parameters R a , T ab , and ha are assumed to be exogenously given and their values are taken from [34].
Gene

Hb
Kr
Gt
Kni

Max prod.
rate (R a )

Regulatory weights (T ab )
Bcd

Cad

Hb

Kr

Gt

Kni

Tll

Bias
(ha )

32.03
16.70
25.15
16.12

0.1114
0.1173
0.0738
0.2146

−0.0054

0.0293
−0.0498
−0.0008
−0.1891

−0.0124
0.0755
−0.0758
−0.0458

0.0553
−0.0141
0.0157
−0.1458

−0.3903
−0.0666

0.0144
−1.2036
−0.0031
−0.3028

−3.5
−3.5
−3.5
−3.5

0.0215
0.0180
0.0210

0.0056
0.0887

Table 2
Inferred parameter values for the decay λa
and diffusion D a rates of protein a.
Gene

Decay
(λa )

Diff.
(D a )

Hb
Kr
Gt
Kni

0.1606
0.0797
0.1084
0.0807

0.3669
0.4490
0.4543
0.2683

4. Discussion
In summary, this work introduced a computational framework for learning general parametric linear equations from
noisy data. This generality was demonstrated using various benchmark problems with different attributes along with an
example application in functional genomics. The methodology can be straightforwardly generalized to address data with
multiple levels of ﬁdelity by modeling the joint distribution of all observed data and modeling their cross-correlation using
the auto-regressive structure ﬁrst put forth by [21]. This is a simple extension of the recent work by Raissi et al. [38] on
inferring solutions of linear differential equations from noisy multi-ﬁdelity data. The proposed methodology can also be
extended to equations with variable coeﬃcients, in which case, similarly to this work, the variability in the coeﬃcients
will be absorbed in the kernels. Non-Gaussian and input-dependent noise models (e.g., student-t, heteroscedastic, etc.) [52]
can also be accommodated. Moreover, systems of linear integro-differential equations can be addressed using multi-output
Gaussian process regression [6,1,32]. Although in this study the model form was assumed to be known, another potential
extension could pursue learning the model form itself using ideas from compositional kernel search [15]. All these scenarios
are feasible because they do not affect the key observation that any linear transformation of a Gaussian process is still
a Gaussian process. In its current form, despite its generality regarding linear equations, the proposed framework cannot
deal with non-linear equations. However, some speciﬁc non-linear operators can be addressed with extensions of the current framework by transforming such equations into systems of linear equations [53,9] – albeit in high dimensions. In the
end, the proposed methodology in this work, being essentially a regression technology, is suitable for resolving such highdimensional problems. Lastly, for general non-linear equations we can employ a sequential inference approach following the
ideas recently put forth in [39].
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Fig. 6. Predictive expression at seven points in time: (A) Predictive mean expression along with the two-standard-deviations band around the mean for Hb,
Kr, Gt, and Kni. The vertical axis represents relative protein concentration corresponding to ﬂuorescence intensity from quantitative gene expression data
[34,37]. (B) Predictive mean along with the two-standard-deviations band around the mean for the right-hand-side function corresponding to Hb, Kr, Gt,
and Kni. The horizontal axis in each plot is A–P position, ranging from 35% to 92% of embryo length. No data points are available at time t = 33 min.
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