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a b s t r a c t
Lagrangian particle methods based on detailed atomic and molecular models are powerful
computational tools for studying the dynamics of microscale and nanoscale systems.
However, the maximum time step is limited by the smallest oscillation period of the fastest
atomic motion, rendering long-time simulations very expensive. To resolve this bottleneck,
we propose a supervised parallel-in-time algorithm for stochastic dynamics (SPASD) to
accelerate long-time Lagrangian particle simulations. Our method is inspired by bottom-up
coarse-graining projections that yield mean-ﬁeld hydrodynamic behavior in the continuum
limit. Here as an example, we use the dissipative particle dynamics (DPD) as the Lagrangian
particle simulator that is supervised by its macroscopic counterpart, i.e., the Navier-Stokes
simulator. The low-dimensional macroscopic system (here, the Navier-Stokes solver) serves
as a predictor to supervise the high-dimensional Lagrangian simulator, in a predictorcorrector type algorithm. The results of the Lagrangian simulation then correct the meanﬁeld prediction and provide the proper microscopic details (e.g., consistent ﬂuctuations,
correlations, etc.). The unique feature that sets SPASD apart from other multiscale methods
is the use of a low-ﬁdelity macroscopic model as a predictor. The macro-model can be
approximate and even inconsistent with the microscale description, but SPASD anticipates
the deviation and corrects it internally to recover the true dynamics. We ﬁrst present
the algorithm and analyze its theoretical speedup, and subsequently we present the
accuracy and convergence of the algorithm for the time-dependent plane Poiseuille ﬂow,
demonstrating that SPASD converges exponentially fast over iterations, irrespective of
the accuracy of the predictor. Moreover, the ﬂuctuating characteristics of the stochastic
dynamics are identical to the unsupervised (serial in time) DPD simulation. We also
compare the performance of SPASD to the conventional spatial decomposition method,
which is one of the most parallel-eﬃcient methods for particle simulations. We ﬁnd that
the parallel eﬃciency of SPASD and the conventional spatial decomposition method are
similar for a small number of computing cores, but for a large number of cores the
performance of SPASD is superior. Furthermore, SPASD can be used in conjunction with
spatial decomposition for enhanced performance. Lastly, we simulate a two-dimensional
cavity ﬂow that requires more iterations to converge compared to the Poiseuille ﬂow, and
we observe that SPASD converges to the correct solution. Although a DPD solver is used
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to demonstrate the results, SPASD is a general framework and can be readily applied to
other Lagrangian approaches including molecular dynamics and Langevin dynamics.
© 2019 Elsevier Inc. All rights reserved.

1. Introduction
Inherent stochastic ﬂuctuations are important in many cellular and subcellular processes in biological systems, as well as
in physical systems (soft matter, plasma dynamics, etc.) with timescales across many orders of magnitude. For such systems,
a macroscopic deterministic description built on the continuum hypothesis is invalid [1], and therefore Lagrangian methods
based on detailed atomic and molecular models are required [2]. However, because the atomistic details are explicitly
modeled, the maximum time step is limited by the smallest oscillation period of the fastest atomic motion, which are
typically of the order of several femtoseconds [3]. Consequently, the physical time scales accessible to those simulations
are too short to address interesting long-time dynamics. This huge disparity in temporal scales, which can also happen at
larger values of the smallest timescales, has not been addressed adequately in the computational literature on multiscale
physical and biological systems. Consider, for example, the problem of thrombus formation caused by platelet margination
and adhesion to the arterial wall, where the characteristic time for platelet activation is a few microseconds. Lagrangian
platelet models can only simulate the platelet dynamics up to a few minutes [4,5], which is far below the time scale
for those in vivo processes that usually require at least several hours or even days [6,7]. With a time step of the order
of 10−6 s, a clinically meaningful result for at least one-day time integration may require about 1011 time steps with
explicit platelet models [8], which is computationally prohibitive. Another example is the simulation of protein folding
dynamics [9]. In an ab initio molecular dynamics (MD) simulation, the protein molecule and surrounding solvents are treated
as classical particles interacting through empirical energy functions. The MD trajectories provide extremely high spatial
and temporal resolutions and can identify key intermediates of the folding processes. However, its computational cost
hampers the study of large proteins due to their large number of degrees of freedom, greatly increasing the simulation
time required to observe a single folding event, which is on the order of tens of microseconds to milliseconds [10]. For
timescale on the order of milliseconds, MD simulations are challenging even for the specially designed ASICS machine the longest continuous-trajectory atomic-scale simulation is a 2.936 millisecond simulation of NTL9 at 355 K [11]. Major
conformational transitions triggered by enzymatic reactions occur on the millisecond to second time scale or longer [12].
Without algorithmic improvements, long-time integration of protein folding via ab initio MD simulations is a formidable
problem.
The complexity due to the huge number of spatio-temporal degrees of freedom needed to resolve atomic or molecular
details requires large amounts of computational resources and simulation time to capture the underlying kinetics and dynamics. A typical strategy to leverage parallel computing is dividing the spatial domain into many smaller subdomains so
that all subdomains can be processed concurrently by many computing cores. We will refer to this as “conventional spatial
decomposition” approach hereafter. Although it is relatively easy-to-implement and very effective, the strong scaling eventually plateaus as the number of unknowns per core becomes too small [13]. The lack of an eﬃcient and stable numerical
method remains a serious bottleneck for long-time simulations. Time parallel integration methods can break the bottleneck by decomposing the time domain and solving these subdomains parallel-in-time. Since the inception of time parallel
integration methods over 50 years ago [14], many have improved and proposed new parallel-in-time methods. Parareal, proposed by Lions et al. [15], is a popular parallel-in-time scheme and has demonstrated its versatility in various applications.
It follows a predictor-corrector paradigm in which the prediction is carried out with an inexpensive solver while the correction is performed with an expensive but parallelizable solver. The prediction is then corrected over iterations, resulting in a
reﬁned solution, which then acts as an initial condition in time for the next iteration. The traditional Parareal scheme has
been applied to a wide range of problems, including ﬂuid-structure interactions [16], reservoir simulation [17], approximation to Navier-Stokes equations [18], turbulent plasma ﬂow [19], and even to fractional partial differential equations [20].
While most applications employ continuum solvers, a few utilize other methods such as particle solvers [21–26]. Nevertheless, in most published works the ﬁne and coarse propagators solve the same governing equation in an umbrella model,
but with different spatial-temporal discretizations. There are a few exceptions in which the coarse propagator operates on
a simpliﬁed mathematical model [23,27–29]. However, the acceleration of Lagrangian stochastic particle solvers employing
parallel-in-time strategy has yet to be developed.
In the present work, we propose a Supervised Parallel-in-time Algorithm for Stochastic Dynamics (SPASD), which aims to
signiﬁcantly accelerate stochastic Lagrangian solvers for long-time simulations. Based on the bottom-up coarse-graining philosophy, stochastic particle models such as dissipative particle dynamics (DPD) converge to continuum macroscopic models
in the scale limit [30,31]. The macroscopic system can then serve as a predictor to supervise the high-dimensional stochastic Lagrangian simulation. Even though the governing equations of the macroscopic model, generally in the form of partial
differential equations, are different from those of the microscopic model, the macroscopic model can capture the correct
mean-ﬁeld behavior of the microscopic system in the continuum limit. In particular, an inexpensive continuum solver, also
known as the coarse propagator, solves the macroscopic model in serial, and an expensive but parallelizable solver, also
known as the ﬁne propagator, resolves the molecular details by performing stochastic microscopic simulations. In the ex-
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amples, we will show how the coarse propagator can provide a rough prediction of the mean-ﬁeld hydrodynamics that
supervises the ﬁne propagator in the time domain, as well as how the ﬁne propagator corrects the prediction iteratively. For
demonstration, we employ DPD to model the stochastic microscopic dynamics and the Navier-Stokes equations to obtain
mean-ﬁeld behavior in the continuum [30,31]. It is worth noting that SPASD is a scalable and stable parallel-in-time algorithm applicable to many popular stochastic Lagrangian solvers, e.g., MD, DPD, smoothed DPD and Langevin dynamics. Most
importantly, the strong scaling of SPASD does not plateau like conventional spatial decomposition methods, and SPASD can
be implemented in conjunction with spatial decomposition methods to achieve further speedup.
Considering SPASD as a multiscale method, one could argue that SPASD resembles methods such as multigrid, heterogeneous multiscale method, and equation-free approach. However, there are clear distinctions. Categorically, SPASD belongs
to the class of concurrent multiscale modeling, for which the macro- and micro-model are solved concurrently. Structurally,
SPASD echoes the extended multigrid methods (EMGM) [32], in which the effective problems are solved with different types
of models corresponding to different levels of physical representation. To bridge the scales, EMGM employs techniques that
are similar to SPASD - interpolation, relaxation and restriction, and relies on iterative reﬁnement for convergence. However,
in contrast with SPASD, EMGM is strictly serial in time. There have been some attempts for developing parallel-in-time
multigrid methods [33], but the extension to EMGM has yet to be properly explored to the best of our knowledge.
The heterogeneous multiscale method (HMM) views the connection between the micro- and macro-model from a different perspective. In HMM, one has to ﬁrst guess the form of the macro-model, which can be incomplete [34], e.g. missing
the true constitutive law in complex materials. The key is to extract the required information from the micro-model to solve
the incomplete macro-model. As expected, the macro-state provides the constraints for setting up the micro-state. In this
regard, the difference between HMM and SPASD is easy to spot: the macro-model is complete and serves as a predictor
in SPASD. In particular, guessing the wrong values of the macro-model parameters in SPASD is acceptable because the
ramiﬁcation is corrected by the algorithm, whereas guessing the wrong form of the macro-model is likely going to lead to
wrong results in HMM [34].
Another well-known multiscale methodology is the equation-free approach (EFA). EFA is intended to be used when a
macroscopic description is unavailable in closed form [35]. In EFA, microscopic simulations are performed only in small
spatial domains over a short time period, commonly known as patches. The evolution of the macroscopic ﬁelds is then
macroscopically interpolated across the patches. In contrast, microscopic simulations in SPASD are performed concurrently
on the entire temporal domain. Furthermore, we use a macro-model to best describe the complex microscopic dynamics
at a coarse level. Due to the reduced representation of the true dynamics, the macro-model has a closed-form, and it is
solvable with a fast solver.
In conclusion, treating the macro-model merely as a predictor is unique to SPASD. That is to say, the macro-model
can be inaccurate and inconsistent with the microscale description. Because the parallel-in-time algorithm anticipates the
deviation from the true (microscopic) dynamics, SPASD can recover the true dynamics, as demonstrated in this work.
The remainder of this paper is organized as follows. In section 2 we describe SPASD and provide an analysis of its
theoretical speedup. In Section 3 we demonstrate the implementation of SPASD for a stochastic Lagrangian simulation supervised by its mean-ﬁeld approximation. Subsequently, we present quantitative results including accuracy, convergence rate
and parallel eﬃciency for an one-dimensional time-dependent problem. Furthermore, we apply SPASD in a two-dimensional
cavity ﬂow and analyzed the results. Lastly, the paper ends with a brief summary and discussion in Section 4.
2. Algorithm
Given that SPASD is inspired by the traditional Parareal algorithm [15], we will ﬁrst brieﬂy summarize the traditional
Parareal and then introduce the proposed algorithm, SPASD. The speedup offered by SPASD is determined by the complexity of projection, mapping and ﬁltering operations as described below. In order to retain generality, we present a theoretical
speedup in which the walltimes of those operations are represented symbolically. The theoretical speedup is then compared
to the speedup of conventional spatial decomposition method in the context of distributed computing.
2.1. Traditional Parareal algorithm
For the sake of clarity, let us assume that we have reduced the original problem to the following ordinary differential
equation (ODE): du /dt = f (u ), t ∈ [0, T ﬁnal ]; see Table 1 for the notation. Let U kn be an approximation to the exact solution
u (n T ) at time n T in kth iteration, where  T denotes the length of a time subdomain. N = T ﬁnal / T is the number of
time subdomains. Let F be the expensive ﬁne propagator that accurately approximates u (t ), and G be a less accurate but
inexpensive coarse propagator. t f and t c represent the time step of the ﬁne and coarse propagators, respectively. We note
that, although t c is usually equal to the length of a time subdomain  T , it can be less than  T as demonstrated in later
sections, i.e., t c ≤  T . Summarized in Algorithm 1, the traditional Parareal algorithm [15] places few constraints on the
ﬁne and coarse propagators. Typically, the coarse propagator employs the same numerical scheme as the ﬁne solver, but with
a coarser spatio-temporal discretization. Alternatively, they can be different numerical schemes with distinct convergence
properties [28,36]. Nevertheless, both the ﬁne and coarse propagators operate on the same underlying governing equations
in most applications.
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Table 1
Notation for selected variables.

T
t c
t f
K
N

F
G
F
R
P
Tserial
SD
TSPASD
Tf
Tc
TF
TR
TP

τf
τc
τF
τR
τP

Length of a time subdomain
Time step of a coarse propagator
Time step of a ﬁne propagator
Number of iterations
Number of time subdomains
Fine propagator
Coarse propagator
Filtering operator
Mapping operator
Projection operator
Total walltime of a serial simulation using conventional SD
Total walltime of a simulation using SPASD
Walltime taken by ﬁne propagations per iteration
Walltime taken by coarse propagations per iteration
Walltime taken by ﬁltering operations per iteration
Walltime taken by mapping operations per iteration
Walltime taken by projection operations per iteration
Walltime of one ﬁne propagation
Walltime of one coarse propagation
Walltime of one ﬁltering operation
Walltime of one mapping operation
Walltime of one projection operation

Algorithm 1 Traditional Parareal algorithm.
1: Initialization:
Compute initial iteration with Coarse propagator: U 0n+1 = G (U 0n ) for all 0 ≤ n ≤ N.
2: Assume sequence {U kn } is known for some 0 ≤ n ≤ N and k ≥ 0:
Correction:
(a) Advance with Coarse propagator in serial: G (U kn ) for all 0 ≤ n ≤ N − 1.
(b) Advance with Fine propagator in parallel: F (U kn ) for all 0 ≤ n ≤ N − 1.
(c) Compute correction: δkn = F (U kn ) − G (U kn ) for all 0 ≤ n ≤ N − 1.
Prediction:
Advance with Coarse propagator in serial: G (U kn+1 ) for all 0 ≤ n ≤ N − 1.
Reﬁnement:
+1
Combine the correction and prediction terms: U kn+
= G (U kn+1 ) + F (U kn ) − G (U kn )
1
3: Repeat Step 2 to compute U kn+2 for all 1 ≤ n ≤ N until a termination-condition is satisﬁed.

Algorithm 2 SPASD.
1: Initialization:
Compute initial iteration with Coarse propagator: U 0n+1 = G (U 00 ) for all 0 ≤ n ≤ N.
2: Assume sequence {U kn } is known for some 0 ≤ n ≤ N and k ≥ 0:
Correction:
(a) Filter solution to remove noise: F {U kn }
(b) Advance with Coarse propagator in serial: G (F {U kn }) for all 0 ≤ n ≤ N − 1.
(c) Map the macroscopic state to microscopic space: R{U kn }
(d) Advance with Fine propagator in parallel: F (R{U kn }) for all 0 ≤ n ≤ N − 1.
(e) Project the microscopic state to macroscopic state: P {F (R{U kn })}
(f) Compute the correction: δkn ≡ P {F (R{U kn })} − G (F {U kn }) for all 0 ≤ n ≤ N − 1.
Prediction:
Advance with Coarse propagator in serial: G (F {U kn+1 }) for all 0 ≤ n ≤ N − 1
Reﬁnement:
Combine the correction and the prediction terms:
+1
U kn+
= G (F {U kn+1 }) + P {F (R{U kn })} − G (F {U kn }) for all 0 ≤ n ≤ N − 1.
1
3: Repeat Step 2 to compute U kn+2 for all 1 ≤ n ≤ N until a termination-condition is satisﬁed.

2.2. Supervised parallel-in-time algorithm for stochastic dynamics (SPASD)
In order to accelerate particle simulations, we use a mean-ﬁeld approximation as the macroscopic model whose underlying governing equations are different from those of the microscopic model. Summarized in Algorithm 2 and represented
graphically in Fig. 1, propagators in SPASD solve their respective sets of governing equations reﬂecting the model. As a
consequence, a solution representing the macroscopic state is different from the one representing the microscopic state. A
macroscopic solution from a coarse propagation can be mapped to a microscopic state via a mapping operation (denoted by
the mapping operator R ). Conversely, a macroscopic solution can be obtained from a microscopic state via a projection operation (denoted by the projection operator P ). The projection and mapping processes are the core challenges for virtually
all types of multiscale algorithms. There is no universal method bridging the scales, and the realization of those processes
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Fig. 1. A graphical representation of our proposed algorithm SPASD. Unlike ﬁne F and coarse G propagations in the traditional Parareal algorithm, F and
G in SPASD encompass other operations, i.e., mapping, projection, ﬁltering. The mapping and projection operators in F ≡ P {F (R{U kn })} serve to link the
two scales in the multiscale context, while the ﬁltering operator in G ≡ G (F {U kn }) is designed to suppress the stochastic noise in the model. In Iteration 1,
U 11 , U 12 and U 13 are computed from their respective Fkn and Gkn . Because the initial state is ﬁxed, F00 and F10 are identical. Consequentially, U 11 is equivalent

to U 21 in Iteration 2.

should be problem-dependent. During our numerical experiments, we tested some commonly implemented methods in
multiscale such as weighted kernel sampling, linearly interpolation, and nearest neighbor interpolation. For our purpose, we
found that the choice of method does not impact the reﬁned results, which is partially due to the fact that the information
lost in those processes can be regained by the ﬁne propagator.
Noise ﬁltering, denoted by operator F , is crucial to the success of SPASD because in stochastic simulations the noise
would accumulate with time if left unattended. The accumulation of noise will cause the reﬁned solution to diverge from
the true solution, as demonstrated in Section 3.1.1.
As with all iterative schemes, the reﬁnement process stops when a termination-condition is satisﬁed. Because the magnitude of the stochastic noise varies from application to application, the idea of a universal condition is imprudent. We thus
propose a practical condition that can be tuned based on the application:





G (F {U kn+1 }) − G (F {U kn })
l1


≡ C TC < C Tolerance ,


n
G (F {U k+1 })
l1

(1)
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Fig. 2. (a) A schematic representation of the temporal decomposition in SPASD. The entire time domain is divided into N subdomains, each of which is
represented by a segment. As described in Algorithm 2, the ﬁrst iteration is the initialization stage, which involves only the coarse propagation. (b) Each
ﬁne propagator performs computation on each subdomain, and only one coarse propagator is used for the entire time domain. Let τ c and τ f denote the
walltime taken by each coarse and ﬁne propagation, respectively. For the sequential coarse propagation, the total walltime spent on one iteration is N · τ c .
Since the ﬁne propagators can be executed concurrently, the walltime taken by ﬁne propagation is simply τ f for one iteration. In summary, the total
walltime spent on each iteration is thus N · τ c + τ f and K · ( N · τ c + τ f ) for K iterations.

where C Tolerance is a user-deﬁned tolerance, which should be determined by considering the magnitude of the intrinsic
stochastic noise in the system.
2.3. Theoretical speedup
The total walltime can be expressed as TSPASD = K · (Tf + Tc + TF + TR + TP ), where K is the number of
convergence. The walltimes taken by the coarse and ﬁne propagators per iteration are denoted by Tc and T f ,
The rest of the terms TF , TR and TP denote walltime spent on noise-ﬁltering, up-scaling and down-scaling,
In accordance with the notation in Fig. 2, let N be the number of concurrent ﬁne propagations. Tc and Tf can
expressed as

iterations to
respectively.
respectively.
therefore be

Tc = N · τ c ;
f

(2)

f

T =τ ,

(3)

where τ f is the walltime taken by the ﬁne solver for one time-subdomain, and τ c is the walltime taken by the coarse
solver for the same time-subdomain. TF , TR and TP can also be expressed similarly as TF = N · τ F , TR = N · τ R and
TP = N · τ P respectively, where τ is the walltime taken by each corresponding operation. The total walltime can thus be
written as

TSPASD = K ·





τ f + N · (τ c + τ F + τ R + τ P ) .

(4)

In contrast, the same simulation with only the ﬁne solver running in serial would take Tserial = N · τ f . When conventional
domain decomposition is applied using the same number of cores, the walltime is reduced to

Tserial
=β ·N ·τ f,
SD

(5)

where N −1 ≤ β ≤ 1. For methods that scale perfectly linearly, β is equal to N −1 . In the case that additional resources do not
result in speedup, β is equal to 1. Comparing the walltime of SPASD in Eq. (4) with conventional domain decomposition in
Eq. (5), SPASD offers better speedup when

K·





τ f + N · (τ c + τ F + τ R + τ P )

β>

N · τf

.

τ f >> τ c , and both τ f and τ c are much larger than τ F , τ R and τ P . Therefore, Eq. (6) can be reduced to
1
τc 
βK
+ f .

(6)

Typically,

N

τ

(7)

We note that in order to select the number of time subdomains, we must carefully consider the physics of the underlying
stochastic dynamics. In particular, each particle model is associated with a set of dynamical properties, which describe the
way collective behavior leads to macroscopic observables. For hydrodynamics, this is given by the characteristic time for
momentum decorrelation, which can be quantiﬁed by the temporal correlation function of momentum, deﬁned as C (t ) =
p(t + τ )p(τ ), where p(t ) = mass · v(t ) represents the instantaneous momentum. The computed C (t ) of simple isothermal
DPD ﬂuid is shown in Fig. 3, normalized by the value of C (0). The decay of C (t ) signiﬁes momentum decorrelation over time,
and correspondingly we should use a suitable  T in our Parareal algorithm so that momentum is suﬃciently decorrelated.
From our benchmark tests, C (t ) = 10−4 provides a suﬃcient decorrelation of momentum and leads to accurate results.
Therefore, in the present work, we use  T = 10, where the value of C (t ) is approximately 10−4 according to Fig. 3.
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Fig. 3. Normalized temporal correlation function of momentum, C (t ) = p(t )p(0), computed from a simple DPD ﬂuid is plotted against time. The decay of
C (t ) signiﬁes momentum decorrelation over time for simple isothermal DPD ﬂuid. From our benchmark tests, C (t ) = 10−4 provides a suﬃcient decorrelation
of momentum and leads to accurate results. Therefore, in the present work, we use  T = 10, where the value of C (t ) is approximately 10−4 .

2.4. Methods

SPASD offers great versatility and robustness in terms of propagator choices. As a framework targeting particle methods,
SPASD does not limit the type of particle solvers; that is to say, any particle solver can be accelerated with SPASD.
For demonstration, we model mesoscale hydrodynamics with DPD, a stochastic Lagrangian method. DPD can be derived
rigorously from coarse-graining of atomistic dynamics [37,38] and can recover macroscopic hydrodynamics in the continuum
limit [39]. For a simple DPD ﬂuid, a suitable low-dimensional model would be the continuum representation of ﬂuid, namely
the Navier-Stokes equations. Since there is no constraint on the discretization of the continuum equations, for simplicity, we
chose the ﬁnite difference (FD) scheme as the coarse propagator.
The concurrent coupling of two independent solvers requires robust on-the-ﬂy data transfer. For the examples shown
here, we used a light weight library called Multiscale Universal Interface [40], or MUI for short, to bridge the solvers.
2.4.1. Dissipative particle dynamics
In the DPD framework, each particle is represented explicitly by its position and velocity. The time evolution of DPD
particles is governed by Newton’s equation of motion [41]:

dri
dr
dvi
dt

= vi,
= Fi =

(8)


(FiCj + FiDj + FiRj ),

(9)

i= j

where t, ri , vi and Fi denote time, position, velocity, and force, respectively. The force imposed on particle i is the sum of
conservative force FiCj , dissipative force FiDj , and corresponding random force FiRj from particle j within a radial cutoff rc of i.
Those pairwise forces are expressed as [42]:

FiCj = αi j
FiDj
FiRj

ωC (ri j ) ei j ,

(10)

= −γi j ω D (ri j ) (ei j · vi j ) ei j ,
−1/2

= σi j ω R (ri j ) ξi j t f

ei j ,

(11)
(12)

where ei j = ri j /r i j is the unit vector between particles i and j, and vi j is the velocity difference. t f is the time step
of the ﬁne propagator, and ξ is a symmetric Gaussian random variable with zero mean and unit variance [42]. The model
parameters αi j , γi j and σi j adjust the conservative, dissipative, and random forces, respectively. The corresponding weighting
function ωC (r i j ), ω D (r i j ) and ω R (r i j ) regulate the interaction between pairs of particles. The balance between dissipation
and thermal ﬂuctuation is maintained by constraints from the ﬂuctuation-dissipation theorem [43]:

σi2j = 2γi j k B T ,

ω D (ri j ) = ω2R (ri j ),

(13)

where k B T is the Boltzmann energy unit. A common choice for the weight function is ωC (r ) = 1 − r /rc and ω D (r ) = ω2R (r ) =
(1 − r /rc )2 for r ≤ rc and zero for r > rc , which is used for the simulations shown in this paper. For simplicity, k B T and the
mass of a particle are taken as the energy unit and mass unit, and their values are set to one.
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2.4.2. Model coupling
By applying a Mori-Zwanzig projection operator technique to a DPD system, Español [30] and Marsh et al. [44] formally
derived the hydrodynamic equations of a simple DPD ﬂuid using the Green-Kubo formulas, recovering the continuity and
Navier-Stokes equations. For more details on the mathematical derivations leading to macroscopic hydrodynamic equation
from DPD dynamics, we refer the interested readers to a paper by Español [30] and a book by Zwanzig [31]. Therefore, the
continuity and Navier-Stokes equations can be considered as a mean-ﬁeld representation of the DPD system, and consequently provide macroscopic solution as a rough prediction of the hydrodynamics that can be used to supervise the DPD
simulations in the time domain.
For coupling the grid-based Navier-Stokes solver with the Lagrangian DPD solver, we found MUI easy to implement in
the sense that codes do not need to be refactored before application. Adding only a few lines of code to existing solvers is
suﬃcient to adhere to MUI’s push-fetch workﬂow - data pushed by one solver is then fetched by the other. In the context of
particle solvers, the relevant data are particle positions and the associated quantities. For continuum solvers, the quantities
of interest are associated with nodes of the discretization grid. In a data-transfer, the sender pushes the data into a MUI
Interface Layer (IF), which then assists the receiver to fetch and decode these data based on the topological conﬁguration.
Because topological conﬁguration in the receiver usually do not exactly overlap with these of the particle solver, a sampler
such as Gaussian kernel or nearest neighbor might be used to calculate an appropriate nodal value in the receiver. As for the
linking conﬁguration, each of the ﬁne propagators is attached to one IF, and all of those IFs link to the coarse propagator.
3. Numerical results
In our proposed framework, the macroscopic model is a mean-ﬁeld approximation to our microscopic model. As a consequence, the physical parameters in the macroscopic model cannot be calculated or deduced precisely from the microscopic
model. However, the macroscopic model in SPASD only requires rough estimations of these physical parameters, effects
of which can be iteratively “corrected” by the correction term in Algorithm 2. In the example problems below, we also
demonstrate empirically that a more accurate parameter estimation in the macroscopic model leads to faster convergence.
In addition, we will analyze the accuracy and convergence of SPASD on the example problems.
3.1. One-dimensional time-dependent ﬂow
As a demonstration, we applied SPASD to the one-dimensional time-dependent plane Poiseuille ﬂow with DPD and FD as
ﬁne and coarse propagators, respectively. Simulating Poiseuille ﬂow is a well-accepted benchmark test for many Lagrangian
methods including DPD because the macroscopic parameter viscosity can be computed empirically from simulations [45].
We refer to the computed viscosity as the true viscosity νtrue , which is incorporated in the true solution that is used in
error analysis.
Macroscopically, the pressure-driven Poiseuille ﬂow can be described by the incompressible Navier-Stokes equations:

Du
Dt

= ν∇2u + F ,

(14)

where ν is the viscosity, F denotes a body-force driven by a constant pressure gradient, and u denotes the velocity ﬁeld.
The exact time-dependent solution to the Navier-Stokes equation is known analytically [46]:

u (x, t ) =

F d2 
8ν

1−

 2x 2 
d

−

∞
 (2n + 1)π x 
 (2n + 1)2 π 2 ν t 

4(−1)n F d2
·
cos
exp
·
−
.
d
νπ 3 (2n + 1)3
d2

(15)

n =0

The true solution u (νtrue ) can thus be readily calculated according to Eq. (15). For this problem, we use a periodic box with
the size of 30 × 20 × 10 in DPD units containing 24, 000 particles. The DPD parameters α and γ are set to 18.75 and 4.5,
respectively. All particles are subject to a body-force F = 0.1 and a radial cutoff rc = 1.58. Given these parameters, the true
viscosity for this system is approximately 0.841 computed via DPD simulations.
As explained in Section 2.3, the momentum is suﬃciently decorrelated beyond 10 time units according to the temporal
correlation function C (t ). The communication interval between the propagators  T , also known as the time step of the
coarse propagator, is thus set to be 10. With the time step t f = 0.01, the ﬁne propagators march forward for 1000 time
steps during the same period. Because the Poiseuille ﬂow is one-dimensional, we use a simple linear interpolation as the
projection operation. To ﬁnd the velocity proﬁle, the simulation domain is divided into slabs of uniform width that are also
the size of spatial discretization in the coarse propagator. We then average particle velocities in each slab. The result is a
one-dimensional velocity proﬁle that describes the macroscopic state. On the other hand, the macroscopic state is mapped to
the particle system with a nearest-neighbor sampler - a particle takes on the velocity of the nearest grid node. The coarse
propagation and the ﬁltering of stochastic noise generated by the ﬁne propagator are carried out simultaneously in this
example. The viscosity of ﬂuid can naturally create a low-pass ﬁltering effect [47] that damps high-frequency ﬂuctuations
as the coarse solver advances. To take advantage of the ﬁltering effect, one time subdomain  T = 10 is covered by 100
sequential coarse steps with an effective time step t c = 0.1.
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Fig. 4. The impact of ﬁltering is apparent when the simulations (a) without and (b) with partial ﬁltering are compared. In the partial-ﬁltering case where
the length of a time subdomain is 10 units, the coarse propagator with an effective time step of 1 unit ﬁlters the solution 10 consecutive times. The noise
is much more prominent when the length of a time subdomain is reduced to 1 unit while the effective time step is unchanged. In that case, ﬁltering is
not performed. (c) Moreover, quantiﬁed as normalized l2 error, the noise increases monotonically with time within an iteration. (d) Across iterations, it also
builds up and eventually overtakes the solution. (For interpretation of the colors in the ﬁgure(s), the reader is referred to the web version of this article.)

3.1.1. Impact of ﬁltering
As an iterative scheme, the convergence of SPASD greatly relies on the notion that, for a propagation, the stochastic
noise in the model should not cause the solution to deviate far from the ensemble solution. To ensure convergence, a
ﬁltering operation must be incorporated in the algorithm. If the ﬁltering operation is not enforced, the noise can grow in
the temporal space within an iteration and will propagate across iterations. Unchecked noise growth can eventually drive
the propagated solution away from the true solution. To demonstrate the impact of ﬁltering, we compared results of the
Poiseuille ﬂow simulations without and with partial ﬁltering. For ﬂuids, the macroscopic model has a ﬁltering mechanism
build-in: the viscosity of ﬂuid is a natural low-pass ﬁlter that damps high-frequency ﬂuctuations. To take advantage of the
ﬁltering effect, a time subdomain  T is divided into smaller (effective) time steps t c which the coarse solver uses.
To demonstrate the impact of ﬁltering, we run a simple example without and with partial-ﬁltering. The same effective
time step, subsequently the same Courant-Friedrichs-Lewy condition, are used in both simulations to isolate the effect of
ﬁltering. For a time subdomains of 10 time units, the coarse propagator with an effective time step of 1 unit ﬁlters the
solution 10 consecutive times. This approach offers better noise reduction than the case with a subdomain size of 1 unit
and an effective time step of 1 unit, which offers no ﬁltering. The impact of ﬁltering is apparent in this comparison: the
solution in the no-ﬁltering case in Fig. 4(a) is substantially nosier than the one in the partial-ﬁltering case in Fig. 4(b). To
quantify the deviation from the reference solution, we compute the normalized l2 error, expressed as

l2



 ref

u − u sim 
  l2 ,
≡
 ref 
u 
l2

(16)
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Fig. 5. Results of plane Poiseuille ﬂow simulation with SPASD. (a) Evolution of steady-state velocity proﬁle over iterations. The parameter viscosity in
the low-dimensional model is 10× the true value. In that case, the velocity proﬁle obtained with SPASD is reﬁned and converges to the true solution
iteratively. (b) Transient velocity proﬁles obtained with SPASD. On Iteration 20, the proﬁles obtained with SPASD are compared with the true velocity
proﬁles. This demonstrates that SPASD is able to obtain correct transient solutions as well as the steady state solution.

Fig. 6. Analyzing the results of plane Poiseuille ﬂow simulation with SPASD. (a) Normalized l2 error between simulation and true solution, denoted as l2 .
Because of intrinsic noise from the microscopic model, we accept solutions within 1% difference. (b) Normalized l2 error histogram. The error histogram
eventually recovers Gaussian distribution for all times, indicating convergence.



2

1/2
 ref

 ref

,
u − u sim  =
u i − u sim
i  · x
l2

(17)

i

where x denotes the size of spatial discretization, and i is the nodal index. As shown in Fig. 4(c), the normalized l2 error
l2 for the no-ﬁltering case is monotonically increasing with time, which signiﬁes the growth of noise in time within an
iteration. The noise also propagates across iterations shown in Fig. 4(d). For the partial-ﬁltering case, the noise accumulates
at a much slower rate than the no-ﬁltering case.
3.1.2. Accuracy
To demonstrate the ﬂexibility and robustness of SPASD, we purposely estimated the viscosity in the macroscopic model
to be 10× the true viscosity. In other words, the estimated mean-ﬁeld solution u (νest ) = u (νtrue )/10. To verify the accuracy
of SPASD, we compare the true velocity proﬁles with the ensemble average obtained with multiple SPASD runs. Because
the microscopic model is stochastic in nature, it is desirable to obtain an ensemble averaged solution that is less distorted by
stochastic noise. In our experiment, the simulated velocity proﬁle is ensemble-averaged from ﬁfty independent simulations.
The resulting transient velocity proﬁles, as well as the evolution of velocity proﬁle at steady state, match those of the true
velocity proﬁles visually as shown in Fig. 5. To quantify the accuracy of SPASD, we computed the normalized l2 error l2
between the reference and simulated solutions. For the one-dimensional Poiseuille plane-ﬂow, the reference solution is the
true solution u (νtrue ) calculated according to Eq. (15) because the analytical form is known. We found that l2 decreases over
iterations as shown in Fig. 6(a). Given that the noise cannot be eliminated by averaging ﬁfty solutions, we accept solutions
within 1% error as a threshold denoted as Threshold . In this particular example, l2 falls to Threshold in 20 iterations. At
the threshold, the error has a Gaussian distribution as shown in Fig. 6(b), which matches the noise distribution from the
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Fig. 7. (a) l2 error. l2 at T ﬁnal is plotted against iterations. In addition to 10×, two experiments were performed with estimated viscosities that are 2× and
1× true viscosity. The nearly linear plot on a semi-log scale indicates exponential convergence. Moreover, when true viscosity is used, it takes one iteration
to reach the error threshold. (b) Termination condition. The termination criterion C TC from Eq. (1) is plotted. Solid navy lines correspond to iterations before
the error threshold, and dotted yellow lines after the error threshold.

microscopic model [42]. The recovery of the distribution signiﬁes that the SPASD preserved stochastic ﬂuctuations of the
microscopic model.
3.2. Convergence
Inspecting l2 at T ﬁnal = 320 for all iterations in Fig. 7(a), SPASD achieves exponential convergence. We repeat the
experiment with a more accurate macroscopic viscosity at 2× true viscosity and obtain exponential convergence as well,
but only 5 iterations are needed to reach the same threshold. More importantly, l2 reaches a minimum level regardless of
the estimated viscosity. The minimum error is determined by many factors; in addition to the error intrinsic to Parareal,
operations in SPASD such as ﬁltering and projection introduce systematic errors that are diﬃcult to separately quantify.
Lastly, we calculate C TC from Eq. (1) and plot it in Fig. 7(b). Because of the stochastic noise, C TC varies between runs.
We plot the mean and 95% conﬁdence interval for C TC generated from ﬁfty independent runs. When the parameter estimation is more accurate as in the case of 2x true viscosity, C TC ﬂuctuates mildly as indicated by the range of the conﬁdence
interval and drops sharply to a level that satisﬁes the termination condition. However, when estimation is rough, the conﬁdence interval is relatively wide without a clear boundary separating iterations above and below Threshold . The resulting
consequence is discussed in Section 4.
3.3. Eﬃciency
For particle simulations, spatial domain decomposition is the most utilized acceleration method because the subdomains
can be easily assigned to different processors. To compare the performance of SPASD with conventional spatial decomposition (CSD), we apply them separately to the planer Poiseuille ﬂow problem and then calculate the parallel eﬃciency.
The same simulation parameters described in Section 3.1 are used in this benchmark test. To avoid implementing no-slip
boundaries, we simulated a reverse Poiseuille ﬂow [45,48], in which two planar ﬂows are stacked to create periodic boundaries in all directions. At the same time, the z-direction is shrunk by one half to preserve the total number of particles. For
a general comparison, we simulate a single iteration, and each core was responsible for 10 time units. When the number of
available cores is doubled, the ﬁnal time T ﬁnal is also doubled.
This particular benchmark was run on nodes with AMD Opteron 6274 CPUs. For this example, the performances of
CSD and SPASD are similar when fewer cores are available as shown in Fig. 8(a). As the core-count and T ﬁnal increase,
their performances start to diverge at approximately 128 cores. From there, the walltime of CSD grows at a much faster
exponential rate than that of SPASD. Two factors contribute to this: First, the size of a spatial subdomain in CSD is limited
by the average particle distance. Second, the time spent on communication between nodes grows at a rate that nulliﬁes the
beneﬁts of additional cores. SPASD, however, does not suffer from the same issues. Communication between nodes is only
invoked at the end of temporal subdomain, and the duration of temporal subdomain can be adjusted at will. This makes
SPASD a more scalable algorithm suitable for long-time simulations. For comparison, we used the speed of a single-core
simulation, roughly 39 seconds per time unit, as a basis and computed the speedup of each method. The eﬃciencies were
then calculated as the speedups per core. As expected, SPASD offers better parallel eﬃciency in the cases of large core
counts, as shown in Fig. 8(b).
The walltime taken by the coarse propagator and associated operations τ c + τ F + τ R + τ P , as well as the walltime
taken by the ﬁne propagator τ f , can be readily calculated with a simple linear ﬁt to Eq. (4). For this benchmark case,
the walltime of the simulation using SPASD is described by TSPASD = 197.8 + 0.08783N where N = T ﬁnal /10. Plugging
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Fig. 8. Comparison between SPASD and conventional spatial decomposition (CSD). (a) Walltimes of simulation with CSD and simulation with SPASD. The
performances of CSD and SPASD are similar when fewer cores are available. As the core-count and T ﬁnal simultaneously increase, the performance of
SPASD starts to dominate. The walltime of CSD grows exponentially at a much faster rate than SPASD. (b) Using the walltime of a single-core simulation
at different T ﬁnal as a basis, the speedup of CSD and SPASD can be computed. The eﬃciencies were then calculated as the speedup per core. The higher
parallel eﬃciency at high core-counts indicates that SPASD is a more scalable algorithm for long-time simulations. In reference to Eq. (6), we also compared
f
f
c
F
β = Tserial
+ τ R + τ P )]/( N · τ f ). Starting from 128 cores and up, β begins to ﬂatten out while βc continues to drop.
SD /(τ N ) and βc = [τ + N · (τ + τ
The trend echoes with the eﬃciency plot and reaﬃrms that SPASD starts to dominate as few as 128 cores for this example.

in the numerical value for τ f , the walltime of simulation using CSD is reduced to Tserial
= 197.8β N. The scaling factor
SD
β depends on many factors including the number of parallel cores, distribution topology, and parallel-method eﬃciency.
When few cores are available, β is approximately equal to N −1 as shown in Fig. 8(b), and CSD provides better eﬃciency
and performance. As the number of cores increases, β decreases proportionally until around 128 cores at which SPASD and
CSD have similar parallel eﬃciencies. At this core-count, β was calculated to be 0.0083, which agrees with our prediction
βc ≡ K ( N −1 + τc /τ f ) = 0.0084 given by Eq. (7). From this core-count forward, the ﬂattening of the β curve signiﬁes the
drop of CSD eﬃciency.
3.4. Two-dimensional time-dependent ﬂow
To further demonstrate the applicability of SPASD, we simulated a two-dimensional cavity ﬂow. Simulating transient
cavity ﬂow is much more complicated than the Poiseuille ﬂow because the convective acceleration and the corner singularity
induced by the cavity make it numerically challenging. However, the singularities, including corner singularity [49], crack
propagation [50], and moving contact line singularity [51], in partial differential equation (PDE) models (in the limit of
x → 0) represent rich underlying multiscale physics, and can be captured by particle solvers, e.g., DPD or MD.
In this case, we again use DPD to simulate the lid-driven cavity ﬂow, which is supervised in the temporal domain
by the incompressible Navier-Stokes equations. These equations are solved with ﬁnite difference on a staggered grid: the
pressure is stored at the center of the grid cells, and the velocities are stored at the faces of the grid cells. The second
order spatial derivative is approximated with a centered difference scheme. This setup allows pressure and velocity to be
solved concurrently in a two-step process. The ﬁrst step is to compute an intermediate velocity by solving the momentum
equation, omitting the effect of pressure. The intermediate velocity is then used to compute new pressure by solving a
pressure Poisson equation. The second step is to solve for the new velocity also using the intermediate velocity and pressure.
For temporal discretization, we use explicit time stepping.
A ﬂuid region with a dimension of 30 × 30 × 40 DPD units is surrounded by a solid wall consisted of ﬁxed particles. At
a particle density of 8, we set the DPD parameter α = 9.375 and γ = 13.5 to counter the effect of compressibility due to
the fast moving wall at a velocity of 1.833. This set of parameters results in a reference Reynolds number Reref = 200. To
create the no-slip cavity lid and wall, we used an effective dissipative coeﬃcient for liquid–solid interactions [52]. For the
cavity ﬂow, we used the same projection method as in the Poiseuille ﬂow example, with the consideration that the velocity
proﬁle consists of two components. As a result, both x and y components are recorded for each grid node. Because the grid
in the coarse propagator spans in two dimensions, the mapping procedure for this example is slightly modiﬁed from that
of plane-ﬂow. The velocity of a particle is the linear interpolation of two nearest grid values. We used the same ﬁltering
techniques as in the prior examples.
Because an analytical solution does not exist for cavity ﬂow, a reference solution is constructed by averaging the velocity
ﬁelds from ﬁfty independent serial DPD simulations. For the purpose of analysis, instead of particle velocity ﬁelds we
inspect the equivalent stream function. The stream function can be easily obtained by solving the Poisson equation −∇ 2 ψ =
(∇ × u ) · ẑ. We then compute the normalized l2 error l2 between simulated and reference stream functions.
To test SPASD’s ﬂexibility, we falsely assume that the ﬂuid is much less viscous in the macroscopic model with a
Reynolds number Reest = 600 which is 3× the reference Reynolds number Reref . It is important to note that the falsely
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Fig. 9. Stream function of the two-dimensional cavity ﬂow with SPASD. The dashed and solid contour lines represent the reference and simulation solutions,
respectively. In the initial iteration, the center of the vortex matches poorly with the reference solution. This is expected because the low-dimensional model
is solved with an estimated Reynolds number Reest that is 3× the reference Reynolds number Reref , and only the predictor is involved computing the ﬂow
in the initial iteration. On the third iteration, the center of the vortex converges to the reference vortex.

Fig. 10. (a) Rate of convergence of a two-dimensional cavity ﬂow with SPASD. The normalized error l2 at T ﬁnal is plotted for two different estimated
Reynolds number. (b) The corresponding termination condition C TC is calculated according to Eq. (1). Solid navy lines represent the iterations before the
error threshold, and dotted yellow lines after the error threshold.

assumed viscosity would lead to an incorrect vortex location and, consequently, vastly different velocity ﬁeld. As a result,
the vortex from our SPASD simulation does not align with the reference vortex in early iterations shown in Fig. 9. The
mis-alignment is then iteratively corrected. We again calculate l2 at T ﬁnal and plot it against iterations in Fig. 10(a). The
rate of convergence is no longer exponential as it was for the Poiseuille plane-ﬂow. This is due to the notion that in
two-dimensional space the l2 error might not decay in a shortest path. For this particular case, it took 5 iterations to reach
the threshold error Threshold = 1% as shown in Fig. 10(a). We also repeated the experiment with an estimated Reynolds
number Reest that is equal to the reference Reref . As expected, it required fewer iterations to converge. The termination
criterion was also computed and plotted in Fig. 10(b). It exhibits the same shortcoming as in the Poiseuille ﬂow - no clear
separation between iterations above and below Threshold . Further discussion on this issue is presented in Section 4.
4. Summary & discussion
We have developed a supervised parallel-in-time algorithm for stochastic dynamics (SPASD). As an extension to the
Parareal algorithm, SPASD uses heterogeneous solvers, e.g., a Navier-Stokes solver as a predictor and the DPD method as
a corrector, to accelerate stochastic particle simulations by decomposing the temporal domain. The predictor, also known
as the coarse propagator, solves the macroscopic model, which is generally in the form of partial differential equations, in
serial. Because the microscopic model converges to continuum macroscopic models in the scale limit, the time evolution
of the macroscopic system then serves as an initial condition for all time subdomains. The corrector, also known as the
ﬁne propagator, recovers the micro-dynamics with expensive stochastic simulations in parallel. While here we demonstrated
SPASD for hydrodynamics, the same framework can be applied to other problems, where long-time integration is hampered
by the small characteristic time scale of the micro-dynamics.
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To summarize, we ﬁrst presented the SPASD algorithm and analyzed its theoretical speedup. We then discussed the
importance of ﬁltering and demonstrated its effect with an example problem. The accuracy and convergence of SPASD was
subsequently tested. We showed that the transient and ﬁnal solutions match the analytical/reference solutions even when
our estimations to the system’s mean-ﬁeld behavior is far from the true behavior. More importantly, the SPASD algorithm
is able to preserve the stochastic ﬂuctuations of the microscopic model. Lastly, we demonstrated that SPASD provides better
parallel eﬃciency and thus better scalability than the conventional domain decomposition method for long-time simulations.
There are three comments and suggestions we would like to make regarding SPASD. First, although the solution converges regardless the value of estimated viscosity, an overly rough estimation requires a large number of iterations. As for
the Poiseuille ﬂow example, a rough estimate at 10× true viscosity requires 20 iterations, whereas only 5 iterations are
needed for a better estimate at 2× the true viscosity. In light of this correlation, we strongly encourage using an informed
estimate of the macroscopic parameters in order to maximize the eﬃciency. Second, if the data from one microscopic state
is insuﬃcient to determine a mean-ﬁeld quantity, the projection operation can be performed with data from multiple states
with temporal-proximity. With the additional data, the mean-ﬁeld quantity can be determined with higher precision. Lastly,
we would like to discuss the issue of the termination condition. Given that SPASD is a general parallel-in-time algorithm,
the termination condition presented in Section 2.2 should be application-dependent. The stochastic noise is embedded in
the reﬁned solution. C Tolerance thus should be adjusted according to the magnitude of the noise. In the examples, we chose
the normalized l2 error as the quantity of interest C TC . The termination criterion is satisﬁed when C TC falls below a threshold (see Eq. (1)). For the Poiseuille ﬂow, we computed C TC for all iterations as shown in Fig. 6(b). When the parameter
estimation is accurate as in the case of 2× reference viscosity, C TC ﬂuctuates mildly as indicated by the range of conﬁdence
interval and drops sharply to a level that satisﬁes the termination condition. However, when estimation is rough, the conﬁdence interval is relatively large, which might cause the simulation to stop prematurely. In this case, we recommend using
noise-ﬁltered solution in the error calculation. Another option is to deﬁne a different quantity of interest as the termination
criterion with a redeﬁned termination condition. Finally, it is important to mention that the use of ﬁltering helps to damp
the high-frequency noises in the mean-ﬁeld quantities, which only acts as a rough predictor for the ﬁne stochastic solver.
Regardless of the choice of ﬁltering algorithms, the ﬁnal solution obtained with SPASD contains all the statistics of the
stochastic ﬂuctuations and their correlations, consistent with unsupervised (serial in time) stochastic dynamics.
In future work, we would like to expand the applications of SPASD in two directions. First, we plan to simulate multiphysics dynamics along with hydrodynamics. For example, we can investigate stochastic non-isothermal systems at the
microscale by incorporating the temperature equation in the macro-model. The temperature equation and the Navier-Stokes
can be solved independently. For the micro-model, we can employ the energy dissipative particle dynamics, a ﬂavor of DPD
that tracks the energy of the system explicitly [48]. Second, we will consider complex ﬂuids that exhibit non-Newtonian
behavior while employing a simple ﬂuid model in the macro-scale. For example, we can model blood ﬂow in the microscale, in which the non-Newtonian behavior can be captured with explicit representations of red blood cells and white
blood cells [53]. These are currently very expensive simulations and the aim is to test whether SPASD can speed up such
simulations by orders of magnitude while maintaining the ﬁdelity of microscale simulations.
Acknowledgements
This work was supported by the DOE PhILMs project (No. DE-SC0019453) and the U.S. Army Research Laboratory under Cooperative Agreement No. W911NF-12-2-0023. An award of computer time was provided by the ASCR Leadership
Computing Challenge (ALCC) program. This research used resources of the Argonne Leadership Computing Facility, which
is a DOE Oﬃce of Science User Facility supported under Contract DE-AC02-06CH11357. This research also used resources
of the Oak Ridge Leadership Computing Facility, which is a DOE Oﬃce of Science User Facility supported under Contract
DE-AC05-00OR22725. The authors would like to thank Dr. Fangying Song for providing technical support on data analysis
and Prof. Yvon Maday for insightful discussions.
References
[1] R. Erban, S.J. Chapman, Reactive boundary conditions for stochastic simulations of reaction–diffusion processes, Phys. Biol. 4 (1) (2007) 16–28.
[2] A. Pérez, F.J. Luque, M. Orozco, Frontiers in molecular dynamics simulations of DNA, Acc. Chem. Res. 45 (2) (2012) 196–205.
[3] K.A. Feenstra, B. Hess, H.J. Berendsen, Improving eﬃciency of large time-scale molecular dynamics simulations of hydrogen-rich systems, J. Comput.
Chem. 20 (1999) 786–798.
[4] I. Pivkin, P. Richardson, G.E. Karniadakis, Effect of red blood cells on platelet aggregation, IEEE Eng. Med. Biol. Mag. 28 (2) (2009) 32–37.
[5] A. Yazdani, H. Li, J.D. Humphrey, G.E. Karniadakis, A general shear-dependent model for thrombus formation, PLoS Comput. Biol. 13 (1) (2017)
e1005291.
[6] M. Killer, A.S. Arthur, J.D. Barr, B. Richling, G.M. Cruise, Histomorphology of thrombus organization, neointima formation, and foreign body response in
retrieved human aneurysms treated with hydrocoil devices, J. Biomed. Mater. Res. B 94B (2) (2010) 486–492.
[7] A.J. Schrieﬂ, M.J. Collins, D.M. Pierce, G.A. Holzapfel, L.E. Niklason, J.D. Humphrey, Remodeling of intramural thrombus and collagen in an Ang-II infusion
ApoE-/- model of dissecting aortic aneurysms, Thromb. Res. 130 (3) (2012) e139–e146.
[8] N. Filipovic, M. Kojic, A. Tsuda, Modelling thrombosis using dissipative particle dynamics method, Philos. Trans. R. Soc. A 366 (1879) (2008) 3265–3279.
[9] P.L. Freddolino, C.B. Harrison, Y. Liu, K. Schulten, Challenges in protein-folding simulations, Nat. Phys. 6 (10) (2010) 751.
[10] M. Prigozhin, M. Gruebele, Microsecond folding experiments and simulations: a match is made, Phys. Chem. Chem. Phys. 15 (10) (2013) 3372–3388.
[11] K. Lindorff-Larsen, S. Piana, R.O. Dror, D.E. Shaw, How fast-folding proteins fold, Science 334 (6055) (2011) 517–520.
[12] R. Elber, Perspective: computer simulations of long time dynamics, J. Chem. Phys. 144 (6) (2016) 060901.

228

A.L. Blumers et al. / Journal of Computational Physics 393 (2019) 214–228

[13] A.L. Blumers, Y.-H. Tang, Z. Li, X. Li, G.E. Karniadakis, GPU-accelerated red blood cells simulations with transport dissipative particle dynamics, Comput.
Phys. Commun. 217 (2017) 171–179.
[14] J. Nievergelt, Parallel methods for integrating ordinary differential equations, Commun. ACM 7 (12) (1964) 731–733.
[15] J.-L. Lions, Y. Maday, G. Turinici, Résolution d’edp par un schéma en temps «pararéel», C. R. Acad. Sci., Ser. I Math. 332 (7) (2001) 661–668.
[16] C. Farhat, M. Chandesris, Time-decomposed parallel time-integrators: theory and feasibility studies for ﬂuid, structure, and ﬂuid-structure applications,
Int. J. Numer. Methods Eng. 58 (9) (2003) 1397–1434.
[17] I. Garrido, M.S. Espedal, G.E. Fladmark, A convergent algorithm for time parallelization applied to reservoir simulation, in: Domain Decomposition
Methods in Science and Engineering, Springer, 2005, pp. 469–476.
[18] P.F. Fischer, F. Hecht, Y. Maday, A parareal in time semi-implicit approximation of the Navier-Stokes equations, in: Domain Decomposition Methods in
Science and Engineering, Springer, 2005, pp. 433–440.
[19] D. Samaddar, D.E. Newman, R. Sánchez, Parallelization in time of numerical simulations of fully-developed plasma turbulence using the parareal
algorithm, J. Comput. Phys. 229 (18) (2010) 6558–6573.
[20] Q. Xu, J.S. Hesthaven, F. Chen, A parareal method for time-fractional differential equations, J. Comput. Phys. 293 (2015) 173–183.
[21] L. Baﬃco, S. Bernard, Y. Maday, G. Turinici, G. Zérah, Parallel-in-time molecular-dynamics simulations, Phys. Rev. E 66 (5) (2002) 057701.
[22] E.J. Bylaska, J.Q. Weare, J.H. Weare, Extending molecular simulation time scales: parallel in time integrations for high-level quantum chemistry and
complex force representations, J. Chem. Phys. 139 (7) (2013) 074114.
[23] M. Astorino, F. Chouly, A. Quarteroni, Multiscale coupling of ﬁnite element and lattice Boltzmann methods for time dependent problems, Politecnico
di Milano.
[24] R. Speck, D. Ruprecht, R. Krause, M. Emmett, M. Minion, M. Winkel, P. Gibbon, A massively space-time parallel N-body solver, in: Proceedings of the
International Conference on High Performance Computing, Networking, Storage and Analysis, IEEE Computer Society Press, 2012, p. 92.
[25] G. Frantziskonis, K. Muralidharan, P. Deymier, S. Simunovic, P. Nukala, S. Pannala, Time-parallel multiscale/multiphysics framework, J. Comput. Phys.
228 (21) (2009) 8085–8092.
[26] F. Legoll, T. Lelievre, G. Samaey, A micro-macro parareal algorithm: application to singularly perturbed ordinary differential equations, SIAM J. Sci.
Comput. 35 (4) (2013) A1951–A1986.
[27] A. Blouza, L. Boudin, S.M. Kaber, et al., Parallel in time algorithms with reduction methods for solving chemical kinetics, Commun. Appl. Math. Comput.
Sci. 5 (2) (2010) 241–263.
[28] S. Engblom, Parallel in time simulation of multiscale stochastic chemical kinetics, Multiscale Model. Simul. 8 (1) (2009) 46–68.
[29] L. He, The reduced basis technique as a coarse solver for parareal in time simulations, J. Comput. Math. (2010) 676–692.
[30] P. Español, Hydrodynamics from dissipative particle dynamics, Phys. Rev. E 52 (2) (1995) 1732–1742.
[31] R. Zwanzig, Nonequilibrium Statistical Mechanics, Oxford University Press, New York, 2001.
[32] A. Brandt, Multiscale scientiﬁc computation: review 2001, in: Multiscale and Multiresolution Methods, Springer, 2002, pp. 3–95.
[33] G. Horton, The time-parallel multigrid method, Commun. Appl. Numer. Methods 8 (9) (1992) 585–595.
[34] E. Weinan, B. Engquist, Z. Huang, Heterogeneous multiscale method: a general methodology for multiscale modeling, Phys. Rev. B 67 (9) (2003) 092101.
[35] I.G. Kevrekidis, C.W. Gear, J.M. Hyman, P.G. Kevrekidid, O. Runborg, C. Theodoropoulos, et al., Equation-free, coarse-grained multiscale computation:
enabling microscopic simulators to perform system-level analysis, Commun. Math. Sci. 1 (4) (2003) 715–762.
[36] S. Mitran, Time parallel kinetic-molecular interaction algorithm for CPU/GPU computers, Proc. Comput. Sci. 1 (1) (2010) 745–752.
[37] Z. Li, X. Bian, B. Caswell, G.E. Karniadakis, Construction of dissipative particle dynamics models for complex ﬂuids via the Mori-Zwanzig formulation,
Soft Matter 10 (43) (2014) 8659–8672.
[38] Z. Li, X. Bian, X. Li, G.E. Karniadakis, Incorporation of memory effects in coarse-grained modeling via the Mori-Zwanzig formalism, J. Chem. Phys.
143 (24) (2015) 243128.
[39] Z. Li, X. Bian, X. Li, M. Deng, Y.-H. Tang, B. Caswell, G.E. Karniadakis, Dissipative particle dynamics: foundation, evolution, implementation, and applications, in: Particles in Flows, Springer, 2017, pp. 255–326.
[40] Y.-H. Tang, S. Kudo, X. Bian, Z. Li, G.E. Karniadakis, Multiscale universal interface: a concurrent framework for coupling heterogeneous solvers, J. Comput.
Phys. 297 (2015) 13–31.
[41] P. Hoogerbrugge, J. Koelman, Simulating microscopic hydrodynamic phenomena with dissipative particle dynamics, Europhys. Lett. 19 (3) (1992) 155.
[42] R.D. Groot, P.B. Warren, Dissipative particle dynamics: bridging the gap between atomistic and mesoscopic simulation, J. Chem. Phys. 107 (11) (1997)
4423–4435.
[43] P. Español, P. Warren, Statistical mechanics of dissipative particle dynamics, Europhys. Lett. 30 (4) (1995) 191–196.
[44] C.A. Marsh, G. Backx, M.H. Ernst, Static and dynamic properties of dissipative particle dynamics, Phys. Rev. E 56 (2) (1997) 1676–1691.
[45] J. Backer, C. Lowe, H. Hoefsloot, P. Iedema, Poiseuille ﬂow to measure the viscosity of particle model ﬂuids, J. Chem. Phys. 122 (15) (2005) 154503.
[46] L.D.G. Sigalotti, J. Klapp, E. Sira, Y. Meleán, A. Hasmy, SPH simulations of time-dependent Poiseuille ﬂow at low Reynolds numbers, J. Comput. Phys.
191 (2) (2003) 622–638.
[47] Y. Hasegawa, N. Kasagi, Low-pass ﬁltering effects of viscous sublayer on high Schmidt number mass transfer close to a solid wall, Int. J. Heat Fluid
Flow 30 (3) (2009) 525–533.
[48] Z. Li, Y.-H. Tang, H. Lei, B. Caswell, G.E. Karniadakis, Energy-conserving dissipative particle dynamics with temperature-dependent properties, J. Comput.
Phys. 265 (2014) 113–127.
[49] X. Nie, M.O. Robbins, S. Chen, Resolving singular forces in cavity ﬂow: multiscale modeling from atomic to millimeter scales, Phys. Rev. Lett. 96 (2006)
134501.
[50] E. Bouchbinder, T. Goldman, J. Fineberg, The dynamics of rapid fracture: instabilities, nonlinearities and length scales, Rep. Prog. Phys. 77 (4) (2014) 30.
[51] D.N. Sibley, A. Nold, N. Savva, S. Kalliadasis, On the moving contact line singularity: asymptotics of a diffuse-interface model, Eur. Phys. J. E 36 (3)
(2013) 26.
[52] Z. Li, X. Bian, Y.-H. Tang, G.E. Karniadakis, A dissipative particle dynamics method for arbitrarily complex geometries, J. Comput. Phys. 355 (2018)
534–547.
[53] D.A. Fedosov, B. Caswell, G.E. Karniadakis, A multiscale red blood cell model with accurate mechanics, rheology, and dynamics, Biophys. J. 98 (10)
(2010) 2215–2225.

