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We consider the viscous Burgers equation with a fractional nonlinear term as a model 
involving non-local nonlinearities in conservation laws, which, surprisingly, has an analy-
tical solution obtained by a fractional extension of the Hopf–Cole transformation. We use 
this model and its inviscid limit to develop stable spectral and discontinuous Galerkin 
spectral element methods by employing the concept of spectral vanishing viscosity (SVV). 
For the global spectral method, SVV is very effective and the computational cost is O (N2), 
which is essentially the same as for the standard Burgers equation. We also develop a local 
discontinuous Galerkin (LDG) spectral element method to improve the accuracy around 
discontinuities, and we again stabilize the LDG method with the SVV operator. Finally, we 
solve numerically the inviscid fractional Burgers equation both with the spectral and the 
spectral element LDG methods. We study systematically the stability and convergence of 
both methods and determine the effectiveness of each method for different parameters.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

The classical integer-order Burgers equation is a fundamental partial differential equation employed for modeling inter-
esting dynamics in fluid mechanics, nonlinear acoustics, gas dynamics, and traffic flow. Recently, considerable interest in 
fractional Burgers equations has been stimulated due to their application in the areas of over-driven detonation in gas [1], 
anomalous diffusion in semiconductor growth [2], hereditary effects on nonlinear acoustic waves [3], nonlinear Markov 
processes propagation of chaos [4], etc. Some more interesting studies can be found in [5–11] and references therein.

In the majority of these studies of the viscous fractional Burgers equation there are two extensions of the classical form. 
In the first one, the standard diffusion term is replaced by the fractional derivative operator, in the form

ut + 1

2
(u2)x = εDαu, 1 < α < 2, (1.1)
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where Dα denotes the fractional derivative operator, e.g., the Riesz fractional operator [10], or the fractional non-local 
operator defined by the Fourier transform [5–8]. Another generalization is introduced by modifying the first-order time 
derivative ut with a fractional derivative, i.e., 0 Dν

t u, which gives [12]

0 Dν
t u + 1

2
(u2)x = εuxx, 0 < ν < 1. (1.2)

In both fractional Burgers equations (1.1) and (1.2), the non-local fractional operators are associated with linear terms. 
Non-local conservation laws whose non-locality associated with nonlinear term have been studied in [13] using an extension 
of the peridynamic theory of continuum mechanics. Numerical results of the nonlocal Burgers equation discussed in [13]
showed that the choice of kernel function can regularize the solution of the nonlocal inviscid Burgers equation such that a 
shock will not develop. In [13], the nonlinear non-locality is characterized by spatially integral operators that do not involve 
derivatives and the viscous Burgers equation can be viewed as a limit of the non-local Burgers equation in an appropriate 
way. Recently, by adapting the concept of fractional derivatives, Miškinis in [14], based on a fractional generalization of 
the Hopf–Cole transformation, presented another type of fractional Burgers equation (FBENN) by using Caputo fractional 
derivatives, which is nonlinear and represents an interesting non-local generalization of the Burgers equation, that is

ut + 1

2
a Dβ1

x (a Dβ2
x u)2 = εuxx, 0 ≤ β1, β2 ≤ 1, β1 + β2 = 1, (1.3)

where the fractional derivatives are left fractional derivatives in the Caputo sense. If β1 = 1, β2 = 0, then (1.3) degenerates 
to the classical Burgers equation. Miškinis studied the exact solutions, the conservation laws, associated symmetries, and 
the asymptotic form of solutions to problem (1.3). One of the most interesting theoretical results is that the exact analytic 
solution of problem (1.3), which is

u(x, t) = −2εa Dβ1
x

[
log

(
1 + 1√

4πεt

∞∫
−∞

e− |x−y|2
4εt − 1

2ε a I
β1
y u0(y)dy

)]
(1.4)

can be obtained by the fractional generalized Hopf–Cole transformation [14]

u(x, t) = −2εa Dβ1
x log(1 + w(x, t)), (1.5)

where w(x, t) is the solution of the diffusion equation wt = wxx with initial condition w(x, 0) := w0(x) = e− 1
2ε a I

β1
x u0(x) . 

The classical conservation laws describe behavior that is governed by point-values of the state, its derivatives and the flux. 
On the other hand, there exist physical theories in which values of some quantity at a point are influenced by values of 
the field in a neighborhood of that point. Such theories are generically referred to as “nonlocal” [13]. The model (1.3) also 
enjoys such kind of property of a conservation law in the sense that the fractional derivative of the solution is conserved. 
For instance, if ∀ t > 0, a D2−β1

x u(±∞, t) = a Dβ2
x u(±∞, t) = 0, define

I(β1) =
∞∫

−∞
a D1−β1

x u(x, t)dx,

then we have the following conservation law:

∂ I(β1)

∂t
= 0. (1.6)

Hence, the model of (1.3) provides an excellent testbed to develop and test new numerical methods for nonlinear con-
servation laws with a non-local nonlinear flux introduced through fractional differential operators – a topic that has not 
been addressed so far in the literature of fractional PDEs. To this end, we are interested to study how the solutions of 
fractional nonlinear conservation laws, which may develop spontaneous jump discontinuities, i.e., shock waves, vary with 
the fractional order for the viscous model but also for its inviscid fractional limit. In particular, we are interested in devel-
oping high-order spectral approximations to (1.3). Due to the presence of discontinuities, the spectral approximations may 
experience spurious Gibbs oscillations, which, in turn, may lead to loss of high accuracy and most importantly loss of sta-
bility. In numerical implementations for standard conservation laws, spectral methods are often augmented with smoothing 
procedures in order to reduce the Gibbs oscillations [15] associated with discontinuities arising at the boundaries or due to 
under-resolution. However, for nonlinear problems, convergence of spectral approximations may fail despite the additional 
smoothing of the solution.

The aim of this paper is to introduce the concept of spectral vanishing viscosity (SVV) into spectral and spectral element 
LDG approximations for problem (1.3) to obtain stable and highly accurate solutions. We design an efficient SVV approach 
with the nonlinear non-local term discretized properly using ideas from fractional calculus and Jacobi polynomials. More-
over, by rewriting equation (1.3) into a suitable system, we present a LDG approximation to (1.3). The rest of this paper is 
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organized as follows. In the next section, we present the notation and related properties of fractional calculus and Jacobi 
polynomials. Then, we discuss the SVV and LDG methods in sections 3 and 4, respectively. In section 5, we present the 
stabilization of LDG method with the SVV operator. Finally, we study the inviscid FBENN with the SVV and LDG methods in 
section 6. We provide a brief summary in the last section.

2. Preliminaries

2.1. Fractional integrals and derivatives

Let � = [a, b]; we recall below some notations and properties of the fractional derivatives.

Definition 1. Let s ∈ [n − 1, n) with n ∈ N
+ . The left-sided Riemann–Liouville fractional integral a I s

x of order s is defined as

a I s
x v(x) := 1

	(s)

x∫
a

v(τ )

(x − τ )1−s
dτ , ∀x ∈ �, (2.1)

where 	(·) is the Gamma function.

Definition 2. Let s ∈ [n − 1, n) with n ∈ N
+ . The left-sided Riemann–Liouville fractional derivative a Ds

x of order s is defined 
as

RL
a Ds

x v(x) := 1

	(n − s)

dn

dxn

x∫
a

v(τ )

(x − τ )s−n+1
dτ , ∀x ∈ �. (2.2)

For the Riemann–Liouville fractional derivative and integral, it holds

(RL
a Ds

x a I s
x f )(x) = f (x). (2.3)

In addition to the Riemann–Liouville fractional derivatives, the following Caputo fractional derivatives are also commonly 
used.

Definition 3. Let s ∈ [n − 1, n) with n ∈N
+ . The left-sided Caputo fractional derivative C

a Ds
x of order s is defined as

C
a Ds

x v(x) := 1

	(n − s)

x∫
a

v(n)(τ )

(x − τ )s−n+1
dτ , ∀x ∈ �. (2.4)

The following lemma exhibits the relationship between Riemann–Liouville fractional derivatives and Caputo fractional 
derivatives.

Lemma 1. Let s ∈ [n − 1, n) with n ∈N
+ . Then,

RL
a Ds

x f (x) = C
a Ds

x f (x) +
n−1∑
j=0

f ( j)(a)

	(1 + j − s)
(x − a) j−s. (2.5)

Obviously, if f ( j)(a) = 0, j = 0, 1, · · · , n − 1, then

RL
a Ds

x f (x) = C
a Ds

x f (x). (2.6)

If no confusion arises, we will use a Ds
x instead of C

a Ds
x for notational convenience.

2.2. Jacobi polynomials

Let us first recall the classical Jacobi polynomials. For α, β > −1, let Pα,β
n (x) be the classical Jacobi polynomials, which 

are orthogonal with respect to the weight function ωα,β(x) = (1 − x)α(1 + x)β over (−1, 1), i.e.,

1∫
Pα,β

n (x)Pα,β
m (x)ωα,β(x)dx = γ

α,β
n δmn, (2.7)
−1
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where

γ
α,β

n = ‖Pα,β
n (x)‖2

ωα,β (x) = 2α+β+1	(n + α + 1)	(n + β + 1)

(2n + α + β + 1)n!	(n + α + β + 1)
(2.8)

and δmn is the Kronecker Delta symbol. The Jacobi polynomials satisfy the three-term recurrence relation:⎧⎪⎪⎨
⎪⎪⎩

Pα,β

0 (x) = 1,

Pα,β

1 (x) = 1
2 (α + β + 2)x + 1

2 (α − β),

Pα,β

n+1(x) = (Aα,β
n x − Bα,β

n )Pα,β
n (x) − Cα,β

n Pα,β

n−1(x), n ≥ 1,

(2.9)

where

Aα,β
n = (2n + α + β + 1)(2n + α + β + 2)

2(n + 1)(n + α + β + 1)
,

Bα,β
n = (α2 − β2)(2n + α + β + 1)

2(n + 1)(n + α + β + 1)(2n + α + β)
,

Cα,β
n = (n + α)(n + β)(2n + α + β + 2)

(n + 1)(n + α + β + 1)(2n + α + β)
.

(2.10)

Specifically, we denote by Ln(x) := P 0,0
n (x) the Legendre polynomial, and consequently, we have

γk = 2

2k + 1
, k = 0,1, · · · . (2.11)

We have the following properties.

Property 1.

Pα,β
n (x) = (−1)n Pβ,α

n (−x); Pα,β
n (1) = (α + 1)n

n! , (2.12)

where the rising factorial in the Pochhammer symbol for a ∈R, j ∈N is defined by

(a)0 = 1; (a) j := a(a + 1) · · · (a + j − 1) = 	(a + j)

	(a)
, for j � 1. (2.13)

Next, we recall some useful properties of the Jacobi polynomials in relation to fractional integrals/derivatives. We start 
with

Lemma 2. [16] Let μ > 0 and ∀x ∈ [−1, 1], for α > −1, β ∈R, we have

(1 + x)β+μ Pα−μ,β+μ
n (x)

Pα−μ,β+μ
n (−1)

= 	(β + μ + 1)

	(β + 1)	(μ)Pα,β
n (−1)

x∫
−1

(1 + s)β Pα,β
n (s)

(x − s)1−μ
ds. (2.14)

For μ > 0 and n ≥ 0, by the definition of the left-sided Riemann–Liouville fractional integral (2.1) and the Jacobi Property 
(2.12), Equation (2.14) can be rewritten as:

−1 Iμx
{
(1 + x)β Pα,β

n (x)
} = 	(n + β + 1)

	(n + β + μ + 1)
(1 + x)β+μ Pα−μ,β+μ

n (x). (2.15)

Applying the left-sided Riemann–Liouville fractional derivative on both sides of the equation (2.18) and using (2.3) gives

RL−1 Dμ
x
{
(1 + x)β+μ Pα−μ,β+μ

n (x)
} = 	(n + β + μ + 1)

	(n + β + 1)
(1 + x)β Pα,β

n (x). (2.16)

Let f (t) be a smooth enough function defined on � = [a, b], by the transform t = 2
b−a (x + 1) + a, we have x ∈ [−1, 1]. Also, 

it can be verified that, for t ∈ [a, b],

a Iμt f (t) =
(

b − a
)μ

−1 Iμx f (t(x)), and RL
a Dμ

t f (t) =
(

b − a
)−μ

RL−1 Dμ
x f (t(x)). (2.17)
2 2
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Thus, by virtue of (2.15) and (2.16), we have

a Iμx
{
(x − a)β Pα,β

n,a,b(x)
} = 	(n + β + 1)

	(n + β + μ + 1)
(x − a)β+μ Pα−μ,β+μ

n,a,b (x), (2.18)

and

RL
a Dμ

x
{
(x − a)β+μ Pα−μ,β+μ

n,a,b (x)
} = 	(n + β + μ + 1)

	(n + β + 1)
(x − a)β Pα,β

n,a,b(x), (2.19)

where Pα,β

j,a,b(x), j = 0, 1, · · · are the Jacobi polynomials defined on the interval [a, b]. If no confusion arises, we will still use 

Pα,β

j (x) to stand for Pα,β

j,a,b(x).

3. Spectral vanishing viscosity (SVV) method

Tadmor [17] first developed the concept of SVV using the inviscid Burgers equation. More precisely, he introduced arti-
ficial dissipation via the SVV, which is sufficiently large to suppress oscillations, yet small enough no to affect the accuracy 
of solution. The SVV approximation guarantees an essentially non-oscillatory behavior although some small oscillations of 
bounded amplitude may be presented in the solution. Further studies on classical periodic conservation laws can be found 
in [18–21] as well as non-periodic conservation laws [22,23] and real applications [24]. Cifani and Jakobsen introduced and 
analyzed an SVV approximation of the fractional periodic conservation laws [25].

In this section, we develop an efficient SVV method to FBENN (1.3). Before discussing SVV for (1.3), first let us recall the 
SVV approximation proposed by Guo et al. [23] to the classical conservative laws.

3.1. SVV method for classical conservation laws

In [23], the SVV method is designed for solving the nonlinear conservative laws

∂t u(x, t) + ∂x f (u(x, t)) = 0, (x, t) ∈ � × [0, T ] (3.1)

subject to initial condition

u(x,0) = u0(x). (3.2)

Let PN be the space of polynomials of degree less than or equal to N . Associated with the N + 1 points of the Gauss–
Lobatto–Legendre quadrature rule, {ξ j}N

j=0, there is a unique PN -interpolant which we denote by IN :

IN(φ)(x) =
N∑

k=0

(φ, Lk)N

‖Lk‖2
N

Lk(x), IN(φ)(ξ j) = φ(ξ j), j = 0,1, · · · , N, (3.3)

where (·,·)N denotes the discrete inner product defined by

(φ,ϕ) =
N∑

j=0

φ(ξ j)ϕ(ξ j)ω j

where ω j , j = 0, 1, · · · , N are the corresponding Gauss–Lobatto–Legendre quadrature weights, ‖ ·‖N denotes the correspond-
ing discrete norm.

The SVV approach to (3.1) is that we seek an N-degree approximate solution, uN(x, t), which approximates the inter-
polant of exact entropy solution, IN u(x, t). Initially, we set uN(x, 0) = IN u0(x). To evolve in time, we introduce the following 
SVV operator, Q . Expressed in terms of the Legendre expansion v(x) = ∑∞

k=0 v̂k Lk(x), the SVV operator takes the form

Q v(x) :=
N∑

k=0

q̂k v̂k Lk(x), v(x) =
∞∑

k=0

v̂k Lk(x). (3.4)

Here q̂k are the so-called viscosity coefficients,{
q̂k = 0 for k ≤ m,

q̂k ≥ 1 − m2

k2 for m < k ≤ N.
(3.5)

Note that the SVV operator here is different from the one in [26]. Observe that, if m → ∞, then the SVV operator is 
spectrally small.
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Let uN (x, t) ∈ PN for t ≥ 0, then a discrete analogue of the weak formulation of (3.1) is that for all φ ∈ PN , t > 0, we 
have

(∂t uN + ∂xIN f (uN),φ) + εN(∂x Q uN , ∂x Q φ)N = (B(uN),φ), ∀φ ∈ PN , (3.6)

where B(·) is a penalty boundary operator,

B(uN) = (λ(t)(1 − x) + μ(t)(1 + x))∂xLN(x), (3.7)

where the free pair of “Lagrange-multipliers”, (λ, μ), are chosen to enable uN(x, t) to match the inflow boundary data 
prescribed at x = ±1 whenever ± f (uN (±1, t)) < 0.

As shown in [23], the SVV scheme (3.6) can be implemented as a collocation method. If we “test” (3.6) with φ = h j(x), 
j = 0, 1, · · · , N , where h j(x) is the standard Lagrange interpolation polynomial with respect to the Gauss–Lobatto–Legendre 
points {ξ j}N

j=0 satisfying h j(ξi) = δi j , then it turns out that is solves the following spectral collocation problem.

d

dt
uN(ξi, t) + ∂

∂x
IN f (uN)(ξi, t) = −εN ∨N (ξi, t), 1 ≤ i ≤ N − 1, (3.8)

where

∨N := LD̃LT W uN (3.9)

where L and D̃ are (N + 1) × (N + 1) matrices with elements

(L) jk = Lk(ξ j), j,k = 0,1, · · · , N, (3.10)

(D̃) jk = (D̃)kj =
{

k(k + 1)γkγ jq̂kq̂ j, m < k ≤ j ≤ N,k + j even,

0, otherwise,
(3.11)

where γk is defined in (2.11). W is a diagonal matrix with its diagonal elements the Gauss–Lobatto Legendre weights, i.e.,

W := diag(ω0, · · · ,ωN ). (3.12)

For the boundary treatment we consider, for example, the case of an outflow boundary at x = 1 and an inflow boundary 
at x = −1. In this case B(uN ) = λ(t)(1 − x)∂x LN(x). At the outflow boundary, x = 1, the boundary term B(uN ) vanishes and 
(3.6) realizes the equation the same way it was discretized at the interior points in (3.8), i.e.,

d

dt
uN(1, t) + ∂

∂x
IN f (uN)(1, t) = −εN ∨N (1, t). (3.13)

Equations (3.8) and (3.13) together with the prescribed inflow at x = −1 provide a complete equivalent statement of the 
pseudospectral (collocation) viscosity approximation (3.1).

3.2. SVV method for FBENN

In this subsection, we are going to apply the spectral vanishing viscosity method to problem (1.3).
By directly adding the SVV term to (1.3) and representing the diffusion term with a second-order differentiation matrix, 

we can get an analogue spectral vanishing viscosity scheme for (1.3) of the spectral collocation type, which reads

d

dt
uN(ξi, t) + 1

2
a Dβ1

x ÎN(a Dβ2
x uN)2(ξi, t) = εD2uN(ξi, t) − εN ∨N (ξi, t), 1 ≤ i ≤ N, (3.14)

where ÎN will be specified later, and D2 is the second-order differentiation matrix that satisfies

(D2)kj := h′′
j (ξk), j,k = 0,1, · · · , N.

For the boundary conditions, since the equation contains a diffusion term, then both boundary conditions are needed. Here 
and in sections 4 and 5, we use Dirichlet boundary conditions which are obtained by the exact solution (1.4).

Comparing (3.14) with (3.8), it is clear that there are two differences: one is that the nonlinear term ∂
∂xIN f (uN ) is 

replaced by a non-local nonlinear term 1
2 a Dβ1

x ÎN (a Dβ2
x uN )2, while the other one is the diffusion term, which is already 

approximated by the second-order differentiation matrix. The fractional derivative of a polynomial is no longer a polynomial, 
so we cannot deal with the second term in (3.14) as usual. Next we introduce an accurate and efficient method to compute 
the nonlinear non-local term.

We assume that we have obtained un(ξi), i = 0, 1, · · · , N at time tn , then we can determine the interpolation

un
N(x) = IN un(x) =

N∑
un

k Lk(x). (3.15)

k=0
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Then we can obtain

d

dx
uN(x) =

N∑
k=0

un
k L′

k(x) =
N∑

k=0

un,(1)

k Lk(x), (3.16)

where (see [27], equation (3.206))

un,(1)

k−1 = (2k − 1)
(

un
k + un,(1)

k+1

2k + 3

)
, k = N − 1, N − 2, · · · ,1,

un,(1)
N = 0, un,(1)

N−1 = (2N − 1)un
N .

By the definition of fractional derivative, we have a Dβ2
x := a I1−β2

x
d

dx . Then, using (2.18), we have

a Dβ2
x un

N(x) = a I1−β2
x

d

dx
un

N(x) = a I1−β2
x

N−1∑
k=0

un,(1)

k Lk(x)

= (x − a)1−β2

N−1∑
k=0

ũn
k Pβ2−1,1−β2

k (x),

(3.17)

where ũn
k = un,(1)

k
	(k+1)

	(k+2−β2)
. Note that 

∑N−1
k=0 ũn

k Pβ2−1,1−β2
k (x) is a polynomial, therefore, we can make an interpolation, 

which we denote by IN ,

IN

{
(x − a)

( N−1∑
k=0

ũn
k Pβ2−1,1−β2

k (x)
)2} =

N∑
k=0

ûn
k P 0,1−2β2

k (x) (3.18)

by the discrete Jacobi transform (see [27], Theorem 3.28). Thus, equations (3.17) and (3.18) can give a modified interpolation 
denoted by ÎN , that is,

ÎN

{(
a Dβ2

x un
N(x)

)2
}

= (x − a)1−2β2

N∑
k=0

ûn
k P 0,1−2β2

k (x). (3.19)

Note that the value of the above function at left boundary equals to 0, then by using (2.6) and (2.19), we obtain

a Dβ1
x ÎN(a Dβ2

x uN)2 = (x − a)1−2β2−β1

N∑
k=0

ūn
k Pβ1,1−2β2−β1

k (x), (3.20)

where ūn
k = ûn

k
	(k+2−β2)

	(k+2−β2−β1)
. Thus, the point values of the nonlinear non-local term can be obtained by the backward discrete 

Jacobi transform.
The SVV method depends on two free parameters: the vanishing amplitude of the viscosity εN and the size of the 

viscosity-free spectrum mN . In [26,23], εN , mN are chosen to satisfy

εN ∼ cN−α, mN ∼ cNβ, 0 < 4β < α ≤ 1. (3.21)

However, we do not follow such a restriction in this paper, first because we deal with fractional operators, and second 
because we employ spectral element discretization that involves relatively low spectral order N . In section 5 we will inves-
tigate numerically the sensitivity of the solution to these parameters.

Regarding time discretization, the system (3.14) is solved by a third-order Runge–Kutta scheme.

Remark 1. As we can see, the implementation of the SVV scheme is rather simple. Moreover, compared with the classical 
Burgers equation, the SVV method for FBENN only requires one additional discrete Jacobi transform at each stage of the 
Runge–Kutta scheme, hence the total cost of the SVV method for solving the FBENN model is O (N2) at each time step, 
which is essentially the same cost as the corresponding standard Burgers equations.

3.3. Numerical examples

In this section, we are going to present several numerical examples to illustrate the SVV method applied to (1.3).

Example 1. Set ε = 1/150/π , u0(x) = − sin(πx). Two different sets of parameters (β1, β2) = (0.8, 0.2), (0.6, 0.4) with N =
64, 128 are tested. Time step is �t = 10−5.
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Fig. 1. Numerical solutions of (1.3) with or without SVV method, β1 = 0.8, β2 = 0.2, T = 0.4, left: N = 64, right: N = 128.

Fig. 2. Numerical solutions of (1.3) with or without SVV method, β1 = 0.6, β2 = 0.4, T = 0.3, left: N = 64, right: N = 128.

In Figs. 1–2 we present the numerical solutions with or without the SVV operator. The other parameters for the SVV 
scheme are εN ∼ N−1, mN ∼ N1/4. We clearly see that the solutions without SVV exhibit high oscillations and are unstable. 
On the other hand, SVV has a favorable effect in that it greatly reduces the variation of the solutions, and hence solutions 
with high resolution are obtained. This feature of SVV is consistent with the results from application of SVV to the classical 
Burgers equations [23].

Moreover, we show the numerical solutions with the SVV method for (β1, β2) = (0.8, 0.2), (0.6, 0.4) at time T = 0.5, 0.7
in Figs. 3–4. We see that the solutions can approach the exact solutions with high resolution and there is no oscillation. 
However, as we can see, the accuracy of the numerical solutions is relatively low as there is a small gap between the 
numerical solution and the exact solution at the left boundary of the discontinuity and in the region around the right 
boundary. In order to obtain high accuracy locally, we will employ the LDG method in the next section.

4. Local discontinuous Galerkin method

Discontinuous Galerkin (DG) methods with spectral expansions were first formulated in the 1990s by Lomtev & Karni-
adakis [28]. These methods have complete freedom in changing the polynomial degrees in each element independent of that 
in the neighbors (p adaptivity), and extremely local data structure (elements only communicate with immediate neighbors 
regardless of the order of accuracy of the scheme). DG and LDG methods for fractional differential equations have been for-
mulated more recently for time- and space-fractional advection equations [29], fractional advection–diffusion equations [30], 
fractional conservation laws [31,10] and reference therein. In this section, we employ the LDG method to numerically solve 
(1.3).
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Fig. 3. Numerical solutions of (1.3) with SVV method, β1 = 0.8, β2 = 0.2, left: T = 0.5, right: T = 0.7.

Fig. 4. Numerical solutions of (1.3) with SVV method, β1 = 0.6, β2 = 0.4, left: T = 0.5, right: T = 0.7.

4.1. Formulation and discretization

The basic idea for constructing the LDG methods is to suitably rewrite the original system into a larger, first-order system 
and then discretize it by the DG method [32]. A key ingredient for the success of such methods is the correct design of 
interface numerical fluxes. The fluxes must be designed to guarantee stability and local solvability of all auxiliary variables.

Therefore, we first need to rewrite the equation (1.3) to a suitable system. Recall the definition of fractional calculus, 
i.e., a Dα

x := a I1−α
x

d
dx for 0 < α < 1, which means that the fractional derivative can be rewritten as a system of a fractional 

integral and a first-order integer derivative; then it can be handled by the classical DG method (see [10,33,34]). More 
precisely, the details for (1.3) are as follows. We introduce three auxiliary variables q, v and w , where

q(x, t) = √
ε∂xu(x, t), (4.1)

then we can set

v(x, t) = 1√
ε

a I1−β2
x q(x, t) = a Dβ2

x u(x, t). (4.2)

Similarly, set

w(x, t) = ∂x

(
v(x, t)2

2

)
, (4.3)

consequently, the system (1.3) can be rewritten as

∂t u(x, t) + a I1−β1
x w(x, t) = √

ε∂xq(x, t), (4.4)

with u(x, 0) = u0(x).
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Consider a partition a = x0 < x1 < · · · < xK = b, let I j = [x j, x j+1], �x = �x j = x j+1 − x j = T /K . Define a finite dimension 
piecewise polynomial space

Vh = {v : v ∈ PN(I j), x ∈ I j}.
Then the LDG approximation to (1.3) is find (uh, qh, vh, wh) ∈ V 4

h , such that(
qh, φq

)
I j

= √
ε
(
∂xuh, φq

)
I j
, (4.5)

(
vh, φv

)
I j

= 1√
ε

(
a I1−β2

x qh, φv
)

I j
, (4.6)(

wh, φw
)

I j
= (

∂x f (vh),φw
)

I j
, (4.7)(

∂t uh, φu
)

I j
+ (

a I1−β1
x wh, φu

)
I j

= √
ε
(
∂xqh, φu

)
I j
, (4.8)

for all (φu, φq, φv , φw) ∈ V 4
h , where f (v) = 1

2 v2.
To complete the LDG scheme, we introduce some notation and numerical fluxes. Define

u±(x j) = lim
x→x±

j

u(x), < u >= u+ + u−

2
, �u� = u+ − u−.

For nonlinear flux f̂ , any monotone flux can be used. For fluxes û j and q̂ j , we use

û j = u−
j , q̂ j = q+

j , 1 ≤ j ≤ K − 1, (4.9)

or the alternative choice

û j = u+
j , q̂ j = q−

j , 1 ≤ j ≤ K . (4.10)

These fluxes are called “alternating fluxes”, and they are chosen so that they guarantee the stability of the LDG scheme [32]. 
For the flux at the boundary, we use (see [35])

ûK = u(b, t), q̂K = q−
k + γ

�x
�uK �, (4.11)

for the right boundary or

û0 = u(a, t), q̂0 = q−
0 + γ

�x
�u0 �, (4.12)

for the left boundary, where γ is a positive parameter.
Using integration by parts to (4.5)–(4.8), and replacing the fluxes at the interfaces by the corresponding numerical fluxes, 

we get(
qh, φq

)
I j

= −√
ε
(
uh, ∂xφq

)
I j

+ √
εûφq|x j+1

x j
, (4.13)

(
vh, φv

)
I j

= 1√
ε

(
a I1−β2

x qh, φv
)

I j
, (4.14)

(
wh, φw

)
I j

= −(
f (vh), ∂xφw

)
I j

+ f̂ φw |x j+1
x j

, (4.15)(
∂t uh, φu

)
I j

+ (
a I1−β1

x wh, φu
)

I j
= −√

ε
((

qh, ∂xφu
)

I j
+ q̂φu|x j+1

x j

)
. (4.16)

For the time discretization, we also use the third-order Runge–Kutta method as before.

4.2. Numerical examples

We will present similar examples as in the previous section to illustrate the effectiveness of the LDG method applied to 
(1.3).

Example 2. Set ε = 1/150/π , u0(x) = − sin(πx), let us fix the number of elements K = 40 and test different degrees of 
polynomial. As in Example 1, two different sets of parameters (β1, β2) = (0.8, 0.2), (0.6, 0.4) are tested.

In Figs. 5–6 we present numerical results for different degrees of polynomial in each element. Observe that we can 
obtain high accuracy solutions, unlike the global spectral SVV method; as the degree of polynomial increases, the accuracy
is improved.
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Fig. 5. p-refinement: Numerical solutions with LDG method to (1.3), β1 = 0.8, β2 = 0.2. left: T = 0.5, right: T = 0.7.

Fig. 6. p-refinement: Numerical solutions with LDG method to (1.3), β1 = 0.6, β2 = 0.4. left: T = 0.5, right: T = 0.7.

Example 3. Set ε = 1/150/π , u0(x) = − sin(πx), now let us fix the degree of polynomial N = 2. Two different sets of 
parameters (β1, β2) = (0.8, 0.2), (0.6, 0.4) are tested with different number of elements.

The results are presented in Figs. 7–8. We can see that as we increase the number of elements, we can obtain better 
solutions.

Example 4. In this example, we show the numerical solutions with few elements and a large degree of polynomial, i.e., 
K = 4, N = 15. The other parameters are ε = 1/150/π , u0(x) = − sin(πx), (β1, β2) = (0.8, 0.2), (0.6, 0.4).

The results are presented in Fig. 9. In this case, the LDG method fails to obtain high accuracy and high resolution 
solutions if too few elements are used even if the degree of polynomial is large. This is due to the fact that the spectral 
method with high-order in each element would exhibit Gibbs oscillations when the solution is not smooth enough. In the 
next section, we will endow the LDG method with SVV to obtain high resolution solution with high accuracy in the smooth 
regions.

5. Stabilization of LDG method with SVV

We now turn our attention to the construction of the spectral element SVV method. Karamanos and Karniadakis [24]
made the first extension of the spectral vanishing viscosity concept to spectral element methods. Xu and Pasquetti [36]
formulated SVV for nodal spectral elements and demonstrated the stabilization effect within the context of cylinder flows. 
Kirby and Sherwin [37] presented a formulation of SVV filter with respect to an orthogonal expansions for the stabilization
of spectral element methods applied to the solution of the incompressible Navier–Stokes equations. In this section, the 
stabilized LDG method, i.e., LDG method with SVV operator will be studied.
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Fig. 7. h-refinement: Numerical solutions with LDG method to (1.3), β1 = 0.8, β2 = 0.2. left: T = 0.5, right: T = 0.7.

Fig. 8. h-refinement: Numerical solutions with LDG method to (1.3), β1 = 0.6, β2 = 0.4. left: T = 0.5, right: T = 0.7.

Fig. 9. Numerical solutions with LDG method to (1.3), K = 4, N = 15, T = 0.5, left: β1 = 0.8, β2 = 0.2, right: β1 = 0.6, β2 = 0.4.
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5.1. Spectral element SVV method

Unlike the SVV operator used in section 3, here we use the original SVV operator introduced in [26,24], which leads to 
the equation

∂t u(x, t) + 1

2
a Dβ1

x (a Dβ2
x u(x, t))2 = ε∂2

x u(x, t) + εN∂x(Q N∂xu(x, t)), 0 < β1, β2 < 1. (5.1)

A discrete analogue of (5.1) is

∂t uN(x, t) + 1

2
a Dβ1

x (a Dβ2
x uN(x, t))2 = ε∂2

x uN(x, t) + εN∂x(Q N∂xuN(x, t)) (5.2)

where

Q N v(x) :=
N∑

k=0

q̃k v̂k Lk(x), v(x) =
∞∑

k=0

v̂k Lk(x), (5.3)

where q̃k are the so-called viscosity coefficients, and{
q̃k = 0 for k ≤ m,

q̃k = e
− (k−N)2

(k−m)2 for m < k ≤ N.
(5.4)

5.2. LDG discretization

To illustrate the construction and numerical implementation of the LDG approximation to (5.1), we first recall that in the 
construction of the LDG method for (1.3), we have

q(x, t) = √
ε∂xu(x, t). (5.5)

Then, let us introduce a new variable

q̄(x, t) =
√

εN

ε
Q Nq(x, t). (5.6)

Therefore, the SVV term becomes

εN∂x(Q N∂xu(x, t)) = √
εN∂xq̄(x, t). (5.7)

Thus, the rewritten system with the SVV filter only requires that we add one more term in the last equation of (4.4), 
which is

∂t u(x, t) + a I1−β1
x w(x, t) = √

ε∂xq(x, t) + √
εN∂xq̄(x, t). (5.8)

The corresponding LDG method is(
∂t uh, φu

)
I j

+ (
a I1−β1

x wh, φu
)

I j
= √

ε
(
∂xqh, φu

)
I j

+ √
εN

(
∂xq̄h, φu

)
I j
. (5.9)

Defining the flux

ˆ̄q j = (q̄)+j , or ˆ̄q j = (q̄)−j , 0 ≤ j ≤ K . (5.10)

for q̄, we have(
∂t uh, φu

)
I j

+ (
a I1−β1

x wh, φu
)

I j

=−√
ε
((

qh, ∂xφu
)

I j
+ q̂φu|x j+1

x j

)
− √

εN

((
q̄h, ∂xφu

)
I j

+ ˆ̄qφu|x j+1
x j

)
.

(5.11)

The corresponding ordinary system with respect to time is solved by a third-order Runge–Kutta method.

Remark 2. We point out that the implementation is easy as long as we have available the LDG approximation discussed in 
section 4. That is, if qh is obtained, then q̄h can be obtained directly by (5.3) and (6.9). Thus, the procedure for qh can be 
similarly applied for q̄h .
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Fig. 10. Numerical solutions of (1.3) by LDG method with or without SVV operator and exact solution, K = 20, N = 4, β1 = 0.8, β2 = 0.2. left: T = 0.5, 
right: T = 0.7.

Fig. 11. Numerical solutions of (1.3) by LDG method with or without SVV operator and exact solution, K = 20, N = 4, β1 = 0.6, β2 = 0.4. left: T = 0.5, right: 
T = 0.7.

5.3. Numerical examples

5.3.1. Numerical tests for spectral element SVV method
Example 5. Set ε = 1/150/π , u0(x) = − sin(πx). We first perform tests with K = 20, N = 4. The parameters for SVV are 
εN ∼

1
4N3 , mN ∼ N0.5

∼ 2. For time discretization, the third-order explicit Runge–Kutta method is applied with time step 
�t = 10−5.

The numerical solutions of DG with or without SVV and exact solutions at time T = 0.5, 0.7 are shown in Figs. 10–11.

Example 6. Set ε = 1/150/π , u0(x) = − sin(πx). Now let us use less elements and higher degree of polynomial, set K = 4, 
N = 15. The parameters for SVV are εN ∼ N−2, mN ∼ N0.5

∼ 3.

The numerical solutions with DG with or without SVV operator and exact solutions at time T = 0.5, 0.7 are shown in 
Figs. 12–13.

From Examples 5–6, we can see that if the number of elements is large and the degree of polynomial is small, then 
the SVV operator does not seem to help to improve the resolution of the LDG method. On the other hand, if we use few 
element and high degree of polynomial in each element, the SVV operator can significant improve the resolution of the LDG 
method. Moreover, high accuracy can be obtained in the smooth regions.

5.3.2. Numerical tests for the sensitivity of parameters εN and mN

Next, we investigate numerically the sensitivity of the solution to parameters εN and mN .
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Fig. 12. Numerical solutions of (1.3) by LDG method with or without SVV operator and exact solution, K = 4, N = 15, β1 = 0.8, β2 = 0.2. left: T = 0.5, 
right: T = 0.7.

Fig. 13. Numerical solutions of (1.3) by LDG method with or without SVV operator and exact solution, K = 4, N = 15, β1 = 0.6, β2 = 0.4. left: T = 0.5, 
right: T = 0.7.

Example 7. Set ε = 1/150/π , u0(x) = − sin(πx). Set K = 4, N = 15. We test different εN and mN . The absolute values of the 
difference between the exact solutions and numerical solutions are presented in Figs. 14–15.

In Figs. 14–15 we can see that the solution is not sensitive to the parameter mN ; on the other hand, larger values of εN

would give better results, however, larger values of εN would require much smaller CFL condition.

5.3.3. Numerical study of the effect of non-local nonlinearity
Now let us numerically study the effect of non-local nonlinearity with different values of parameters β1 and compare 

with results from the classical Burgers equation. In order to obtain a highly accurate solution, we apply the stabilized LDG 
method to solve the FBENN.

Example 8. Set ε = 1/150/π , u0(x) = − sin(πx), and K = 60, N = 4, mN = 2, εN = 1/256.

The numerical results for T = 0.35 and T = 0.7 are shown in Fig. 16. We see that as the value of β1 goes to 1, the 
solution of FBENN tends to the solution of the standard Burgers equation. With a fractional index β1 , the discontinuity 
would occur at the left side of the domain and it would move to left; moreover, for a smaller value of β1, the “shock” 
would occur earlier and the solution would diffuse much faster.

5.3.4. Performance of the SVV, LDG and stabilized LDG methods before “shock”
As a last example in this section, we study the performance of the SVV, LDG and stabilized LDG methods just before the 

“shock” development.
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Fig. 14. Absolute values of the difference between the exact solutions and numerical solutions by stabilized LDG method with different εN at time T = 0.5, 
K = 4, N = 15, left: β1 = 0.8, β2 = 0.2, right: β1 = 0.6, β2 = 0.4.

Fig. 15. Absolute values of the difference between the exact solutions and numerical solutions by stabilized LDG method with different mN at time T = 0.5, 
K = 4, N = 15, left: β1 = 0.8, β2 = 0.2, right: β1 = 0.6, β2 = 0.4.

Fig. 16. Comparison of the solutions of Burgers equation with non-local nonlinearity and standard Burgers equation, left: T = 0.35, right: T = 0.7.
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Fig. 17. Numerical solutions of (1.3) for β1 = 0.8, β2 = 0.2 with different methods just before “shock” (T = 0.32).

Example 9. Set ε = 0.001, u0(x) = − sin(πx), β1 = 0.8, β2 = 0.2.

The numerical results at time T = 0.32 with SVV, LDG and stabilized LDG methods and the exact solution are shown in 
Fig. 17. Observe that the SVV approximation gives high resolution solution but with low accuracy. The LDG method with 
more elements and low degree of polynomials (K = 60, N = 2) is not very accurate; if less elements and high degree of 
polynomials (K = 20, N = 6) is used, the solution of the LDG method gives high accuracy in smooth region but generates 
“wiggles” at the location where discontinuity will be developed. Then using the stabilized LDG approximation with the 
same number of elements and degree of polynomials, i.e., K = 20, N = 6, we can eliminate the “wiggles” (here mN = 2, 
εN = 1/216).

6. Inviscid fractional Burgers equations with nonlinear non-locality

Finally, we will apply the SVV and LDG methods to the inviscid fractional Burgers equation with nonlinear non-locality, 
i.e., equation (1.3) with ε = 0, which is

ut + 1

2
a Dβ1

x (a Dβ2
x u)2 = 0, 0 < β1, β2 < 1. (6.1)

subject to initial condition (3.2).

6.1. LDG and SVV approximation

Let us first establish the LDG approximation to (6.1). In discretizing the classical conservation laws, the auxiliary variable 
q(x, t) is not needed, however, for the fractional problem (6.1), in order to make use of the idea discussed in section 4, i.e., 
the fractional derivative is rewritten as a combination of fractional integral and integer derivative, the auxiliary q(x, t) is 
required, that is,

q(x, t) = ∂xu(x, t), (6.2)

and consequently, we let

v(x, t) = a I1−β2
x q(x, t) = a Dβ2

x u(x, t). (6.3)

Then, the corresponding LDG scheme for (6.1) is: find (uh, qh, vh, wh) ∈ V 4
h , such that,(

qh, φq
)

I j
= −(

uh, ∂xφq
)

I j
+ ûφq|x j+1

x j
, (6.4)(

vh, φv
)

I j
= (

a I1−β2
x qh, φv

)
I j
, (6.5)(

wh, φw
)

I j
= −(

f (vh), ∂xφw
)

I j
+ f̂ φw |x j+1

x j
, (6.6)(

∂t uh, φu
)

I j
+ (

a I1−β1
x wh, φu

)
I j

= 0, (6.7)
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Fig. 18. Numerical solutions of (6.1) by LDG method with or without SVV, K = 40, N = 4. left: β1 = 0.8, β2 = 0.2, T = 0.27, right: β1 = 0.6, β2 = 0.4, 
T = 0.14.

Fig. 19. Numerical solutions of (6.1) by LDG method with or without SVV at T = 0.5, K = 40, N = 4. left: β1 = 0.8, β2 = 0.2, right: β1 = 0.6, β2 = 0.4.

for all (φu, φq, φv , φw) ∈ V 4
h . For the numerical flux, any monotone flux can be used for the nonlinear flux f̂ as we did in 

section 4. The flux for uh is

û j = u−
j , or û j = u+

j , 1 ≤ j ≤ K − 1, (6.8)

and ûK = u(b, t) for the right boundary or û0 = u(a, t) for the left boundary. Hence, we have completed the LDG scheme 
for inviscid FBENN problem (6.1).

Note that, from (6.8), we know that there are two options for the flux of u. As we will see, the LDG scheme with flux 
û = u+ is not stable; on the other hand, the LDG scheme with flux û = u− can generate stable solution, however, oscillations 
will be observed when a discontinuity occurs. We present a numerical test for (β1, β2) = (0.8, 0.2), (0.6, 0.4) with K = 40, 
N = 4. As we can see in Fig. 18, the numerical solutions of the LDG method with û = u+ (double-dash line with symbol ‘∗’) 
are unstable, the stable solutions (dash line with symbol ‘+’) are obtained with û = u− . One explanation for this is that 
here we use the left-sided fractional derivatives, then the information from left is needed, i.e., the solutions with û = u− are 
better. However, the solutions with û = u− oscillate when a discontinuity appears (see the double-dash line with symbol ‘∗’ 
in Fig. 19).

There may be many ways to overcome these issues, however, in this work we are going to use the stabilization with SVV 
operator, which we have presented in section 5. Let

q̄(x, t) = √
εN Q Nq(x, t), (6.9)

where Q N is defined in (5.3) and q(x, t) is given in (6.2). Then replacing (6.7) by(
∂t uh, φu

)
I j

+ (
a I1−β1

x wh, φu
)

I j
= √

εN
(
∂xq̄h, φu

)
I j
, (6.10)

and defining the fluxes
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Fig. 20. Numerical solutions of (6.1) with spectral SVV and stabilized LDG method, β1 = 0.8, β2 = 0.2. left: T = 0.5, right: T = 0.7.

Fig. 21. Numerical solutions of (6.1) with spectral SVV and stabilized LDG method, β1 = 0.6, β2 = 0.4. left: T = 0.5, right: T = 0.7.

ˆ̄q j =
{

q̄+
j , if û j = u−

j ,

q̄−
j , if û j = u+

j ,
(6.11)

for 1 ≤ j ≤ K − 1, ˆ̄q0 = q̄+
0 , ˆ̄qK = q̄−

K , then (6.4)–(6.6), (6.10) together with numerical fluxes (6.11) form a complete LDG 
approach with SVV stabilization to (6.1).

The LDG approximation solutions with SVV (solid line with symbol ‘.’) compared with that without SVV are shown in 
both Figs. 18 and 19. The parameters for SVV are εN = 1

2N3 , mN = 2. As we can see, they are stable and no oscillations are 
observed.

We next briefly introduce the SVV method to problem (6.1). For the SVV approximation, the only thing we need to do is 
to eliminate the standard diffusion term in the scheme (3.14), namely,

d

dt
uN(ξi, t) + 1

2
a Dβ1

x ÎN(a Dβ2
x uN)2(ξi, t) = −εN ∨N (ξi, t), 1 ≤ i ≤ N. (6.12)

where ÎN is given in (3.19) and ∨N is given in (3.9).

6.2. Numerical examples

Finally, let us present a numerical experiment for problem (6.1) with the global spectral SVV method (6.12) and the 
stabilized LDG method (6.4)–(6.6), (6.10). In all these numerical experiments, we use the left boundary condition, i.e., 
u(−1, t) = 0.

Example 10. Set initial condition u0(x) = − sin(πx). The numerical results with SVV and stabilized LDG method are shown 
in Fig. 20–21 for (β1, β2) = (0.8, 0.2), (0.6, 0.4). The parameters of the LDG method are N = 4, mN = 2, εN = 1

2N3 for K = 40

or εN = 1
3 for K = 100. The parameters of SVV method are mN ∼ N1/4, εN ∼ 1 for N = 64 or 128.
10N N
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Fig. 22. Numerical solutions of (1.3) by LDG method with or without limiter at time T = 0.5, K = 20, N = 4.

Since we do no know the exact solution of (6.1), we take the numerical solution by stabilized LDG method with K = 100, 
N = 4 as the reference solution. Observe that we can obtain high resolution solutions with both SVV and the stabilized LDG 
method.

7. Summary

We considered a new fractional viscous Burgers equation with nonlinear fractional terms (FBENN), which reduces to the 
standard Burgers equation for a suitable choice of the fractional orders. What makes this equation a particularly good model 
for developing numerical methods for nonlinear fractional conservation laws is the fact that an extension of the Hopf–Cole 
transformation can be applied to it to obtain exact solutions, which can serve to precisely quantify the numerical errors. 
To the best of our knowledge, the work presented here is the first attempt to develop numerical methods for this model 
problem. In addition to the viscous form, we also considered the inviscid limit for which, however, we do not have an exact 
solution.

We developed a global spectral method and a discontinuous Galerkin spectral element method for this new equation. 
In particular, in order to deal with the loss of monotonicity due to the formation of very steep internal solution structure, 
we employed the spectral vanishing viscosity (SVV) operator on the right-hand-side of the conservation law. By virtue of 
the relation of fractional calculus and Jacobi polynomials, we were able to evaluate accurately and compactly the nonlinear 
non-local term, hence obtaining a simple and efficient SVV method that can generate high resolution numerical solutions 
to FBENN with total cost O (N2), i.e., similar to a standard integer-order Burgers equation. In order to improve the accuracy 
using dual h–p type refinement, we also developed a spectral element LDG method. In general, the LDG method can yield 
high-accuracy, however, it is unstable when a few elements with high polynomial order are used, hence we stabilized 
the spectral element LDG method with the SVV operator. This is the method that we recommend in practice given the 
limited number of tests we performed some of which are presented in this paper. We have also tried to apply the TVD 
limiter developed by Cockburn and Shu [38] to LDG method to gain high resolution solutions. Unfortunately, we did not 
obtain good results with TVD limiter. As an example, we plot the solutions with or without the TVD limiter in Fig. 22 for 
(β1, β2) = (0.8, 0.2) and K = 20, N = 4. Observe that the limiter can eliminate the oscillations, but at the expense of the 
accuracy.

In order to further test the effectiveness of the new methods, we also applied them to the inviscid FBENN model. The 
standard LDG method fails in this case, but upon stabilization with the SVV operator we obtained good results. Finally, a 
word about the technical implementation of the SVV concept. While the same SVV idea is applied throughout the paper, the 
particular implementations vary in the three formulations presented in sections 3, 5 and 6, for the global spectral method, 
the spectral element LDG method, and the inviscid FBENN model, respectively.
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[4] T. Funaki, W. Woyczyński, Interacting particle approximation for fractal Burgers equation, in: Stochastic Processes and Related Topics, Springer, 1998, 

pp. 141–166.
[5] P. Biler, T. Funaki, W.A. Woyczynski, Fractal Burgers equations, J. Differ. Equ. 148 (1) (1998) 9–46.
[6] N. Alibaud, J. Droniou, J. Vovelle, Occurrence and non-appearance of shocks in fractal Burgers equations, J. Hyperbolic Differ. Equ. 4 (03) (2007) 

479–499.
[7] N. Alibaud, B. Andreianov, Non-uniqueness of weak solutions for the fractal Burgers equation, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 27 (2010) 

997–1016.
[8] N. Alibaud, C. Imbert, G. Karch, Asymptotic properties of entropy solutions to fractal Burgers equation, SIAM J. Math. Anal. 42 (1) (2010) 354–376.
[9] G. Karch, C. Miao, X. Xu, On convergence of solutions of fractal Burgers equation toward rarefaction waves, SIAM J. Math. Anal. 39 (5) (2008) 1536–1549.

[10] Q. Xu, J.S. Hesthaven, Discontinuous Galerkin method for fractional convection–diffusion equations, SIAM J. Numer. Anal. 52 (1) (2014) 405–423.
[11] X. Zhao, Z.-Z. Sun, G.E. Karniadakis, Second-order approximations for variable order fractional derivatives: algorithms and applications, J. Comput. Phys. 

293 (2015) 184–200.
[12] Q. Wang, Numerical solutions for fractional KdV–Burgers equation by Adomian decomposition method, Appl. Math. Comput. 182 (2) (2006) 1048–1055.
[13] Q. Du, J.R. Kamm, R.B. Lehoucq, M.L. Parks, A new approach for a nonlocal, nonlinear conservation law, SIAM J. Appl. Math. 72 (1) (2012) 464–487.
[14] P. Miškinis, A generalization of the Hopf–Cole transformation, SIGMA 9 (2013) 016.
[15] W.S. Don, Numerical study of pseudospectral methods in shock wave applications, J. Comput. Phys. 110 (1) (1994) 103–111.
[16] R. Askey, J. Fitch, Integral representations for Jacobi polynomials and some applications, J. Math. Anal. Appl. 26 (2) (1969) 411–437.
[17] E. Tadmor, Convergence of spectral methods for nonlinear conservation laws, SIAM J. Numer. Anal. 26 (1) (1989) 30–44.
[18] Y. Maday, E. Tadmor, Analysis of the spectral vanishing viscosity method for periodic conservation laws, SIAM J. Numer. Anal. 26 (4) (1989) 854–870.
[19] G.Q. Chen, Q. Du, E. Tadmor, Spectral viscosity approximations to multidimensional scalar conservation laws, Math. Comput. 61 (204) (1993) 629–643.
[20] H. Ma, Chebyshev–Legendre spectral viscosity method for nonlinear conservation laws, SIAM J. Numer. Anal. 35 (3) (1998) 869–892.
[21] H. Ma, Chebyshev–Legendre super spectral viscosity method for nonlinear conservation laws, SIAM J. Numer. Anal. 35 (3) (1998) 893–908.
[22] Y. Maday, S.M.O. Kaber, E. Tadmor, Legendre pseudospectral viscosity method for nonlinear conservation laws, SIAM J. Numer. Anal. 30 (2) (1993) 

321–342.
[23] B.-Y. Guo, H.-P. Ma, E. Tadmor, Spectral vanishing viscosity method for nonlinear conservation laws, SIAM J. Numer. Anal. 39 (4) (2001) 1254–1268.
[24] G. Karamanos, G.E. Karniadakis, A spectral vanishing viscosity method for large-eddy simulations, J. Comput. Phys. 163 (1) (2000) 22–50.
[25] S. Cifani, E. Jakobsen, On the spectral vanishing viscosity method for periodic fractional conservation laws, Math. Comput. 82 (283) (2013) 1489–1514.
[26] Y. Maday, E. Tadmor, Analysis of the spectral vanishing viscosity method for periodic conservation laws, SIAM J. Numer. Anal. 26 (4) (1989) 854–870.
[27] J. Shen, T. Tang, L. Wang, Spectral Methods: Algorithms, Analysis and Applications, Springer, 2011.
[28] I. Lomtev, G.E. Karniadakis, A discontinuous Galerkin method for the Navier–Stokes equations, Int. J. Numer. Methods Fluids 29 (5) (1999) 587–603.
[29] M. Zayernouri, G.E. Karniadakis, Discontinuous spectral element methods for time- and space-fractional advection equations, SIAM J. Sci. Comput. 

36 (4) (2014) B684–B707.
[30] S. Cifani, E.R. Jakobsen, K.H. Karlsen, The discontinuous Galerkin method for fractional degenerate convection–diffusion equations, BIT Numer. Math. 

51 (4) (2011) 809–844.
[31] S. Cifani, E.R. Jakobsen, K.H. Karlsen, The discontinuous Galerkin method for fractal conservation laws, IMA J. Numer. Anal. 31 (3) (2011) 1090–1122.
[32] B. Cockburn, C.-W. Shu, The local discontinuous Galerkin method for time-dependent convection–diffusion systems, SIAM J. Numer. Anal. 35 (6) (1998) 

2440–2463.
[33] W. Deng, J.S. Hesthaven, Local discontinuous Galerkin methods for fractional diffusion equations, Modél. Math. Anal. Numér. 47 (06) (2013) 1845–1864.
[34] W. Deng, J.S. Hesthaven, Local discontinuous Galerkin methods for fractional ordinary differential equations, BIT Numer. Math. (2014) 1–19.
[35] P. Castillo, B. Cockburn, D. Schötzau, C. Schwab, Optimal a priori error estimates for the hp-version of the local discontinuous Galerkin method for 

convection–diffusion problems, Math. Comput. 71 (238) (2002) 455–478.
[36] C. Xu, R. Pasquetti, Stabilized spectral element computations of high Reynolds number incompressible flows, J. Comput. Phys. 196 (2) (2004) 680–704.
[37] R.M. Kirby, S.J. Sherwin, Stabilisation of spectral/hp element methods through spectral vanishing viscosity: application to fluid mechanics modelling, 

Comput. Methods Appl. Mech. Eng. 195 (23) (2006) 3128–3144.
[38] B. Cockburn, C.-W. Shu, TVB Runge–Kutta local projection discontinuous Galerkin finite element method for conservation laws. II. General framework, 

Math. Comput. 52 (186) (1989) 411–435.

http://refhub.elsevier.com/S0021-9991(17)30064-5/bib737567696D6F746F3139393162757267657273s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib66756E616B6931393938696E746572616374696E67s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib66756E616B6931393938696E746572616374696E67s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib62696C6572313939386672616374616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib616C6962617564323030376F6363757272656E6365s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib616C6962617564323030376F6363757272656E6365s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib616C6962617564323031306E6F6Es1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib616C6962617564323031306E6F6Es1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib616C6962617564323031306173796D70746F746963s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib6B6172636832303038636F6E76657267656E6365s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib787532303134646973636F6E74696E756F7573s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib7A68616F323031357365636F6E64s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib7A68616F323031357365636F6E64s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib77616E67323030366E756D65726963616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib6475323031326E6577s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib6D6976736B696E69733230313367656E6572616C697A6174696F6Es1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib646F6E313939346E756D65726963616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib61736B657931393639696E74656772616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib7461646D6F7231393839636F6E76657267656E6365s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib6D6164617931393839616E616C79736973s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib6368656E31393933737065637472616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib6D613139393863686562797368657631s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib6D613139393863686562797368657632s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib4D4B54313939335349414D4E554Ds1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib4D4B54313939335349414D4E554Ds1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib474D54323030315349414D4E554Ds1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib4B4B323030304A4350s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib636966616E6932303133737065637472616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib4D54313938395349414Ds1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib7368656E32303131737065637472616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib6C6F6D74657631393939646973636F6E74696E756F7573s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib7A617965726E6F75726932303134646973636F6E74696E756F7573s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib7A617965726E6F75726932303134646973636F6E74696E756F7573s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib636966616E6932303131646973636F6E74696E756F7573s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib636966616E6932303131646973636F6E74696E756F7573s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib636966616E6932303130646973636F6E74696E756F7573s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib636F636B6275726E313939386C6F63616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib636F636B6275726E313939386C6F63616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib64656E67323031336C6F63616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib64656E67323031346C6F63616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib63617374696C6C6F323030326F7074696D616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib63617374696C6C6F323030326F7074696D616Cs1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib78753230303473746162696C697A6564s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib6B697262793230303673746162696C69736174696F6Es1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib6B697262793230303673746162696C69736174696F6Es1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib636F636B6275726E31393839747662s1
http://refhub.elsevier.com/S0021-9991(17)30064-5/bib636F636B6275726E31393839747662s1

	Fractional Burgers equation with nonlinear non-locality: Spectral vanishing viscosity and local discontinuous Galerkin methods
	1 Introduction
	2 Preliminaries
	2.1 Fractional integrals and derivatives
	2.2 Jacobi polynomials

	3 Spectral vanishing viscosity (SVV) method
	3.1 SVV method for classical conservation laws
	3.2 SVV method for FBENN
	3.3 Numerical examples

	4 Local discontinuous Galerkin method
	4.1 Formulation and discretization
	4.2 Numerical examples

	5 Stabilization of LDG method with SVV
	5.1 Spectral element SVV method
	5.2 LDG discretization
	5.3 Numerical examples
	5.3.1 Numerical tests for spectral element SVV method
	5.3.2 Numerical tests for the sensitivity of parameters εN and mN
	5.3.3 Numerical study of the effect of non-local nonlinearity
	5.3.4 Performance of the SVV, LDG and stabilized LDG methods before "shock"


	6 Inviscid fractional Burgers equations with nonlinear non-locality
	6.1 LDG and SVV approximation
	6.2 Numerical examples

	7 Summary
	Acknowledgements
	References


