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a b s t r a c t

The modified Szabo wave equation is one of the various models that have been devel-
oped to model the power law frequency-dependent attenuation phenomena in lossy me-
dia. The purpose of this study is to develop two different efficient numerical methods for
the two-dimensional Szabo equation and to compare the relative merits of each method.
In both methods we employ the ADI scheme to split directions, however, we use different
time discretization. Specifically, in the first ADI method (ADI-I) we include a third-order
correction term to achieve second-order convergence for smooth solutions, hence ex-
tending the work of Sun and Wu (2006). In the second ADI method (ADI-II), we employ
the scheme in Zeng et al. (submitted for publication) to two dimensional fractional wave
equation using multiple correction terms to enhance accuracy for non-smooth solutions.
Our simulation results show that both methods are computationally efficient for the frac-
tionalwave equation but have different advantages in terms of accuracy. Specifically, ADI-II
seems to producemore accurate results than ADI-I for non-smooth solutions. However, for
smooth solutions and fractional order close to two, ADI-I seems to outperform ADI-II.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The attenuation of wave energy in lossymedia γ (·) exhibits a frequency dependency characterized by a power law [1–4]

γ (ω) = γ0|ω|
α, (1)

inwhich γ0 andα are empirical parameters obtained by fittingmeasured data. It has been found thatwhen the sound travels
in lossy media, such as biological tissues and sediment, the exponent α falls between (0, 2), as shown in Fig. 1 (i.e., α is the
slope). The classical damped wave equation corresponds to α = 0, which shows frequency independence. However, in real
applications there is a frequency-squared dependent attenuation, which means α = 2 [2,3].
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Fig. 1. Power law frequency-dependent wave attenuation of biological tissues.
Source: Adopted from Ref. [5].

Szabo [2,3] proposed the following equation written in the time-domain for both longitudinal and shear waves with an
attenuation term of the form,

1
c20
∂2t u +

2α0

c0
Lt,α(u) = 1u, (2)

where the operator Lt,α(·) is defined as follows:

Lt,α(u) =


∂tu, α = 0,

−
2Γ (α + 2) cos[(α + 1)π/2]

π

 t

0

u(τ )
(t − τ)α+2

dτ , 0 < α < 2,

∂3t u, α = 2,

(3)

and c0 is the sound speed. However, this model contains a convolutional operator which brings in a hypersingularity. Thus,
Chen and Holm [4] modified the model by incorporating a positive fractional derivative, which is formulated as

1
c20
∂2t u +

2α0

c0
Qt,α(u) = 1u, (4)

where the fractional operator Qt,α(·) instead of Lt,α(·) is defined as follows:

Qt,α(u) =


∂tu, α = 0,

∂α+1
t u, 0 < α < 2,

∂3t u, α = 2.
(5)

The positive fractional derivative is defined by

∂α+1
t u(t) =


1

(α + 1)αq(α + 1)

 t

0

u′′(τ )

(t − τ)α
dτ , 0 < α ≤ 1,

−1
(α − 1)q(α + 1)

 t

0

u′′′(τ )

(t − τ)α−1
dτ , 1 < α < 2,

(6)

where q(α) can be written as

q(α) =
π

2Γ (α + 1) cos[(α + 1)π/2]
. (7)

Thus, the modified Szabo wave equation can also be written as

1
c20
∂2t u +

2α0

c0 cos(απ/2)
∂α+1
t u = 1u. (8)

Subsequently, Chen and Holm extended their own work by including the fractional Laplacian operator in space [6]. Kelly
et al. [7] also modified the aforementioned wave equation by adding a second time-fractional term to arrive at the
power law wave equation. Recently, starting from the characteristic impedance and propagation coefficient, Chen et al. [8]
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proposed another time-fractional wave equation for porous media, which, also obeys power law frequency-dependence
and guarantees causality. Meerschaert et al. [9] gave the analytical expression for the attenuated wave in anisotropic media.
In addition to the above phenomenological models, Holm et al. [10,11] also derived the fractional wave equation from
viscoelastic constitutive equations. For the sake of clarity in demonstrating the proposed solvers, hereafter, the formulation
of the modified Szabo wave equation is formally simplified and written as

∂2t u(x, y, t)+ ν∂α+1
t u(x, y, t) = µ1u(x, y, t)+ f (x, y, t). (9)

There are many works about the analytic solution of the fractional diffusion-wave equations. Mainardi [12,13] used
the Laplace transform method to obtain the fundamental solution of the fractional diffusion-wave equation. Schneider
and Wess [14] derived the corresponding Green’s function for the fractional diffusion-wave equation in terms of Fox’s
H-functions. Agrawal [15] presented a general solution to fractional diffusion-wave equation containing fourth-order spatial
derivative defined in bounded domains. To deal with absorbing and reflecting boundary problems, Metzler and Klafter [16]
used Fourier–Laplace transform and separation of variables to solve the fractional diffusion equation. Meerschaert et al. [17]
also developed stochastic solutions for fractionalwave equations. Jiang et al. [18,19] discussed the analytical solutions for the
multi-term time-fractional diffusion-wave/diffusion equations and time-space Caputo–Riesz fractional advection–diffusion
equations in a finite domain.

To numerically study the fractional wave equation, Sun andWu [20] presented a fully discrete difference scheme, which
is unconditionally stable and convergent in the L∞ norm. Bhrawy et al. [21] proposed a spectral tau algorithm based on
the Jacobi operational matrix to solve the diffusion-wave equation. Liu et al. [22,23] numerically studied the multi-term
time-fractional wave-diffusion equation. Ding and Li [24] derived two numerical algorithms to compute the fractional
diffusion-wave equation with a reaction term. Li et al. presented the high-order algorithms for fractional derivatives in
[25,26]. Zeng [27] proposed a stable second-order finite difference scheme for fractional diffusion-wave equation. Car-
cione [28,29] simulated the wave propagating in dissipative media described by distributed-order fractional time deriva-
tives, based on the Fourier pseudo-spectral method. Ren et al. [30] also discussed the fourth-order compact algorithm for
the fractional wave-diffusion equation with Neumann boundary conditions. Finally, Du et al. [31] introduced a compact
difference scheme for the fractional diffusion-wave equation.

In this paper, wemainly focus on the case for which the fractional order falls between (1,2), as it has been proved that the
third-order time derivativemay lead to an ill-posed problem [32].We develop two different time discretization schemes for
solving such type of equation. The first method is based on the L2 method introduced in [20]. We added a correction term
to enforce that the scheme has second-order convergence. Then we employ the Newmark scheme [33] for the standard
time derivative. The second method applies the second-order time discretization developed in [5]. We introduced some
correction terms on the right-hand side of the scheme. The correction terms play an important role in the improvement
of accuracy, and second-order accuracy can be obtained even if the exact solution is non-smooth. The Legendre spectral
method is used for the spatial discretization.

The rest of the paper is organized as follows. In Section 2, the two numerical schemes for solving time-fractional wave
equation are introduced. Comparisons of numerical simulations for 2D problems with different boundary conditions are
presented in Section 3. The conclusions are summarized in Section 4.

2. Numerical schemes

In this section, we consider numerical discretization of the following time-fractional wave equation
∂2t U + ν∂α+1

t U = µ1U + f (x, y, t), (x, y, t) ∈ (0, T ] ×Ω,

U(x, y, 0) = ψ(x, y), (x, y) ∈ Ω̄,

∂tU(x, y, 0) = φ(x, y), (x, y) ∈ Ω̄,

U(x, y, t) = 0, (x, y, t) ∈ (0, T ] × ∂Ω,

(10)

whereΩ = I1 ⊗ I2, I1 = (−1, 1), I2 = (−1, 1),∆ = ∂2x + ∂2y , and 0 < α < 1. Here ∂γt (n− 1 < γ < n, n ∈ N) is the Caputo
fractional derivative defined as

∂
γ
t U(x, y, t) =

1
Γ (n − γ )

 t

0
(t − s)n−γ−1∂ns U(x, y, s) ds. (11)

Next, we propose two ADI Galerkin spectral methods [34–36] to solve (10), in which two kinds of time discretization
approaches are applied.

2.1. ADI spectral method I (ADI-I)

Wepropose the first ADImethod in this subsection. Let τ be the time step size and nT be a positive integer with τ = T/nT
and tn = nτ (n = 1, . . . , nT ). For simplicity, we also denote U(t) = U(·, t), Un

= U(tn) = U(·, tn) and assume
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U−1
= U0

− τφ(·). Then the Caputo derivative operator with fractional order α + 1 (0 < α < 1) can be discretized
by 

∂1+αt U(t)

t=tn

=
1

Γ (1 − α)

 tn

0
∂2s U(s)(tn − s)−α ds

=
1

Γ (1 − α)

n
k=1

 tk

tk−1
(tn − s)−α∂2s U(s) ds

=
1

Γ (1 − α)

n
k=1

 tk

tk−1
(tn − s)−α


Uk+1

− 2Uk
+ Uk−1

τ 2

−
Uk+1

− 3Uk
+ 3Uk−1

− Uk−2

τ 2

tk+1 + tk + tk−1 − 3s
3


ds + Rn

=
1

Γ (3 − α)τ α+1

n−1
k=0


akUn−k+1

+ bkUn−k
+ ckUn−k−1

+ dkUn−k−2


+ Rn, (12)

where Rn
= O(τ 2)when U(t) is sufficiently smooth in time and

ak = −(2 − α)k1−α − k2−α + (k + 1)2−α,

bk = 2(2 − α)k1−α + (2 − α)(k + 1)1−α + 3k2−α − 3(k + 1)2−α,

ck = −(2 − α)k1−α − 2(2 − α)(k + 1)1−α − 3k2−α + 3(k + 1)2−α,

dk = (2 − α)(k + 1)1−α + k2−α − (k + 1)2−α.

Remark 2.1. Here, U(s) is interpolated with the following function, ∀s ∈ [tk−1, tk], k = 1, . . . , nT

Uk
3(s) = Uk

−
Uk

− Uk−1

τ
(tk − s)+

Uk+1
− 2Uk

+ Uk−1

τ 2

(tk − s)(tk−1 − s)
2

−
Uk+1

− 3Uk
+ 3Uk−1

− Uk−2

τ 3

(tk − s)(tk−1 − s)(tk+1 − s)
6

. (13)

Taking the second-order derivative of the function Uk
3(s), ∀s ∈ [tk−1, tk], we obtain

∂2s U(s) = ∂2s U
k
3(s)+

∂4U(ξk)
4!∂ξ 4


6s2 − 6τ(2k − 1)s + τ 2(6k2 − 6k − 1)


, tk−1 < ξk < tk. (14)

Then we obtain the scheme (12). In Ref. [37], the authors propose the cubic interpolation polynomial in the Hermite form
for k = 1 (i.e. t = t1)

U1
3 (s) = U0

+ φ(s − t0)+

1
τ
(U1

− U0)− φ

τ
(s − t0)2

+
1
2τ

 1
τ
(U1

− U0)− φ

τ
−

1
τ
(U2

− U1)−
1
τ
(U1

− U0)

2τ


(s − t0)2(s − t1), (15)

and prove that such a scheme has second-order convergence.

Letting t = tn in (10), we obtain

∂2t U(tn)+ ν

∂α+1
t U(t)


t=tn

= µ1U(tn)+ f (tn). (16)

Applying the central difference method and (12) to the second-order time derivative and the time-fractional derivative
in the above equation, respectively, and using U(tn) =

1
4 (U(tn+1)+ 2U(tn)+ U(tn−1))+ O(τ 2), we obtain

δ2t U
n
+

ν

Γ (3 − α)τ α+1

n−1
k=0


akUn−k+1

+ bkUn−k
+ ckUn−k−1

+ dkUn−k−2


=
µ

4


1Un+1

+ 21Un
+1Un−1

+ f n + O(τ 2) (17)

where δ2t U
n

=
Un+1

−2Un
+Un−1

τ2
.
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In order to obtain the ADI scheme, we let δtUn+ 1
2 =

Un+1
−Un

τ
and add a perturbation term

µ2τ 3

16

1 +

ντ1−α

Γ (3−α)

∂2x ∂2y δtUn+ 1
2 = O(τ 3)

to both sides of (17) that leads to

δ2t U
n
+

ν

Γ (3 − α)τ α+1

n−1
k=0


akUn−k+1

+ bkUn−k
+ ckUn−k−1

+ dkUn−k−2


+
µ2τ 3

16

1 +

ντ1−α

Γ (3−α)

∂2x ∂2y δtUn+ 1
2 =

µ

4


1Un+1

+ 21Un
+1Un−1

+ f n + O(τ 2). (18)

From (18), we present the following fully discrete ADI-I spectral method for (10) as: Find un
N ∈ PN(Ω) ∩ H1

0 (Ω) (n =

2, . . . , nT ) such that

(δ2t u
n
N , v)+

ν

Γ (3 − α)τ α+1

n−1
k=0


ak(un−k+1

N , v)+ bk(un−k
N , v)+ ck(un−k−1

N , v)

+ dk(un−k−2
N , v)


+

µ2τ 3

16

1 +

ντ1−α

Γ (3−α)

 (∂x∂yδtun+ 1
2

N , ∂x∂yv)

= −
µ

4


∇un+1

N + 2∇un
N + ∇un−1

N ,∇v

+ (IN f n, v), ∀v ∈ PN(Ω) ∩ H1

0 (Ω), (19)

where u0
N = INψ, u−1

N = u0
N − τ INφ, u1

N = u0
N + τ INφ, PN(Ω) = PN1(I1) ⊗ PN2(I2), N = (N1,N2), and PK (I) denotes the

polynomial space definedon the interval Iwithdegree no greater thanK , and IN is the Legendre–Gauss–Lobatto interpolation
operator defined by

(INu)(xk, yl) = u(xk, yl), k = 0, 1, . . . ,N1, l = 0, 1, . . . ,N2, u ∈ C(Ω̄)

in which {xk} and {yl} are the Legendre–Gauss–Lobatto points on Ī1 and Ī2, respectively.
Next, we present the matrix form of the ADI-I method. Let ϕ1

k (x) = Lk(x) − Lk+2(x), where Lk(x) is the Legendre
polynomial. Then {ϕ1

k (x), k = 0, 1, . . . ,N1 − 2} are the basis of PN1(I1) ⊗ H1
0 (I1). We can similarly define the basis of

PN2(I2)⊗ H1
0 (I2) as {ϕ2

l (y), l = 0, 1, . . . ,N2 − 2}. Hence, the basis of PN(Ω) ∩ H1
0 (Ω) can be expressed as

ϕk,l(x, y) = ϕ1
k (x)ϕ

2
l (y), k = 0, 1, . . . ,N1 − 2, l = 0, 1, . . . ,N2 − 2.

Let un
N =

N1−2
k=0

N2−2
l=0 cnk,lϕk,l. Inserting un

N into (19) and letting v = ϕk,l for k = 0, 1, . . . ,N1 − 2, l = 0, 1, . . . ,N2 − 2,
we obtain

q0Mx +
µτ 2

q0
Sx


Cn+1


q0My +

µτ 2

q0
Sy

T

= RHSn, (20)

where q0 =


1 +

ντ1−α

Γ (3−α) , (C
n) = cnk,l, and RHSn is given by

RHSn = Mx(2Cn
− Cn−1)MT

y −
ντ 1−α

Γ (3 − α)

 n
k=2

akMxCn−k+2MT
y

+

n
k=1

Mx(bkCn−k+1
+ ckCn−k

+ dkCn−k−1)MT
y


+
µτ 2

4


2(SxCnMT

y + MxCnSTy )+ (SxCn−1MT
y + MxCn−1STy )


+

1
16q20

SxCnSTy + F n,

in which (F n) = (IN f n, ϕk,l), and the mass matricesMx,My and stiff matrices Sx, Sy are given by

(Mx) = (ϕ1
k , ϕ

1
l ), (My) = (ϕ2

k , ϕ
2
l ),

(Sx) = (∂xϕ
1
k , ∂xϕ

1
l ), (Sy) = (∂yϕ

2
k , ∂yϕ

2
l ).

(21)
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The matrix equation (20) can be solved efficiently with the following two steps:

(i) SolveM1C∗
= RHSn to get C∗, where M1 = q0Mx +

µτ2

q0
Sx;

(ii) SolveM2(Cn+1)T = (C∗)T to get Cn+1, where M2 = q0My +
µτ2

q0
Sy.

2.2. ADI spectral method II (ADI-II)

In this subsection, we apply the second-order time discretization developed in [5] to the time discretization of (10) to
derive the desired ADI algorithm. The second-order difference method in [5] for the Caputo derivative operator of order
α (0 < α < 1) reads


∂αt U(t)


t=tn

≈ Aα,m0,−1U
n

=
1
τ α

n
k=0

g(α)n−kU
k
+

1
τ α

m
r=1

w(α)n,r U
r , (22)

where the coefficients {g(α)k } are given by

g(α)0 =
2 + α

2
w
(α)
0 , g(α)k =

2 + α

2
w
(α)
k −

α

2
w
(α)
k−1

in which w(α)k = (−1)k

α

k


. The starting weights {w

(α)
n,r } are chosen such that (22) is exact for some U(t) = tσr (r =

1, 2, . . . ,m), which can be obtained by solving the following linear system

w
(α)
n,1 + 2σrw(α)n,2 + · · · + mσrw(α)n,m =

Γ (σr + 1)
Γ (σr + 1 − α)

nσr−α −

n
k=0

g(α)k (n − k)σr . (23)

The correction terms 1
τα

m
r=1w

(α)
n,r U r on the right-hand side of (22) play an important role in the improvement of

accuracy, and second-order accuracy can be obtained even if U(t) is non-smooth, see e.g. [5].
Let V = ∂tU . Then Eq. (10) can be written as

∂tV + ν∂αt (V (t)− V (0)) = µ1U + f (x, y, t). (24)

As in [5], the time direction of (24) together with V = ∂tU can be discretized as follows

δtV n+ 1
2 +

1
τ

m2
r=1

vn,rV r
+
ν

2
(Aα,m3

0,−1
V n+1

+ Aα,m3
0,−1

V n) = µ1Un+ 1
2 + f n+

1
2 + Rn

1,

δtUn+ 1
2 +

1
τ

m1
r=1

un,r(U r
− U0

− trV 0) = V n+ 1
2 + Rn

2,

(25)

where δtUn+ 1
2 = (Un+1

− Un)/τ , V n+ 1
2 =

1
2 (V

n+1
+ V n),V n

= V n
− V 0, and Rn

i (i = 1, 2) are truncation errors from the
time discretization, satisfying

Rn
1 = O(τ 2t

σm2+1−4
n )+ O(τ 2t

σm3+1−3−α
n ), Rn

2 = O(τ 2t
σm1+1−3
n ). (26)

In order to obtain the ADI scheme, we add a perturbation term

µ2τ 3

8

2 + νg(α)0 τ 1−α

∂2x ∂2y (V n+1
− V n) = O(τ 4tσ1−1

n )

to both sides of the first equation of (25), which leads to

δtV n+ 1
2 +

1
τ

m2
r=1

vn,rV r
+
ν

2
(Aα,m3

0,−1
V n+1

+ Aα,m3
0,−1

V n)+
µ2τ 3

8

2 + νg(α)0 τ 1−α

∂2x ∂2y (V n+1
− V n)

= µ1Un+ 1
2 + f n+

1
2 + O(τ 2t

σm2+1−4
n )+ O(τ 2t

σm3+1−3−α
n )+ O(τ 4tσ1−1

n ). (27)



1292 F. Song et al. / Computers and Mathematics with Applications 73 (2017) 1286–1297

From the second equation of (25) and Eq. (27), we can derive the ADI-II Legendre Galerkin spectral method for (10) as:
Find un+1

N , vn+1
N ∈ V 0

N for n = 0, 1, 2, . . . , nT − 1, such that
δtv

n+ 1
2

N , v


+

1
τ

m2
r=1

vn,r(v̂
r
N , v)+

ν

2


(Aα,m3

0,−1 v̂
n+1
N , v)+ (Aα,m3

0,−1 v̂
n
N , v)


+µ


∇u

n+ 1
2

N ,∇v


+

µ2τ 3

8

2 + νg(α)0 τ 1−α

 (∂x∂y(vn+1
N − vnN), ∂x∂yv) =


IN f n+

1
2 , v


, v ∈ V 0

N ,

δtu
n+ 1

2
N +

1
τ

m1
r=1

un,r(ur
N − u0

N − trv0N) = v
n+ 1

2
N ,

(28)

where v̂nN = vnN − v0N , v
0
N = INV 0.

Theorem 2.1 ([5]). Suppose that un
N and vnN(n = 0, 1, . . . , nT ) are solutions to (28). If σm1 ≤ 3 and σm2 , σm3 ≤ 4, then there

exists a positive constant C independent of n, τ and N such that

∥vnN∥
2
+ µ∥∇un

N∥
2
+

µ2τ 3

8

2 + νg(α)0 τ 1−α

∥∂x∂yv
n
N∥

2

≤ C


∥v0N∥

2
+ µ∥∇u0

N∥
2
+ ∥∇v0N∥

2
+ τ 3∥∂x∂yv

0
N∥

2
+

m1
r=1

∇δtur− 1
2

N

2

+

m2
r=1

δtvr− 1
2

N

2 +

m3
r=1

δtvr− 1
2

N

2 + τ

n
k=0

∥f k∥2


. (29)

Theorem 2.2 ([5]). Suppose that n, nT and r are positive integers with 0 ≤ n ≤ nT and U(t) = U(x, y, t) is the solution
to (10) satisfying U(t) − U(0) − t∂tU(0) =

m
r=1 cr t

σr + u(t)tσm+1 , σr < σr+1, u(t) ∈ C[0, T ] for each (x, y), V (x, y, t) =

∂tU(x, y, t), un
N and vnN are the solutions to the scheme (28), respectively, m1,m2,m3 ≤ mwith σm1 ≤ 3, σm2 , σm3 ≤ 4. For fixed

t, U(t) ∈ H1
0 (Ω) ∩ Hr(Ω), and f ∈ C(0, T ;Hr(Ω)). Then for small enough τ , there exists a positive constant C independent of

n, τ and h, such that

∥∇(un
N − U(tn))∥ ≤ C


τmin{2,σm1+1−1,σm2+1−2,σm3+1−1−α}

+ N1−r ,
∥vnN − V (tn)∥ ≤ C


τmin{2,σm1+1−1,σm2+1−2,σm3+1−1−α}

+ N−r .
3. Comparison of different time schemes for 2D problems for different boundary conditions

To demonstrate the effectiveness of the aforementioned numerical algorithms, two numerical examples for two-
dimensional problems with different boundary conditions are presented here.

Example 3.1. Consider the following two-dimensional fractional wave equation

∂2t U + ∂α+1
t U = (∂2x + ∂2y )U + f (x, y, t), (x, y, t) ∈ Ω × (0, T ], (30)

whereΩ = (−1, 1)× (−1, 1) and 0 < α < 1.

• Case I: Choose a suitable source term f (x, y, t). The boundary and initial conditions are U(x, y, t) = sin(πx) sin(πy),
(x, y, t) ∈ ∂Ω × (0, T ] and U(x, y, 0) = ∂tU(x, y, 0) = sin(πx) sin(πy), (x, y) ∈ Ω̄ , such that the exact solution to (30)
is

U(x, y, t) = (t5 + t4 + t3 + t2 + t + 1) sin(πx) sin(πy).

• Case II: Choose a suitable force term f , the suitable boundary and initial conditions U(x, y, t) = sin(πx) sin(πy), (x, y, t)
∈ ∂Ω × (0, T ] and U(x, y, 0) = ∂tU(x, y, 0) = sin(πx) sin(πy), (x, y) ∈ Ω̄ , such that the analytical solution of (30) is
given by

U(x, y, t) =

 3
k=0

t2+k(1−α)

Γ (k(1 − α)+ 3)
+ t + 1


sin(πx) sin(πy). (31)

We choose such a non-smooth solution to mimic the non-smooth solutions of real applications. For example, given a
smooth input, the analytical solution is non-smooth, and the first several terms behave like (31), see [38].
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Table 1
The maximum L2 error at T = 1 for Case I, N = (64, 64).

α 1/τ m = 0 Order m = 1 Order m = 2 Order ADI-I Order

32 1.852e−3 1.854e−3 1.865e−3 2.219e−3
64 4.670e−4 1.98 4.635e−4 2.00 4.664e−4 2.00 5.521e−4 2.00

0.2 128 1.175e−4 1.99 1.158e−4 2.00 1.165e−4 2.00 1.379e−4 2.00
256 2.956e−5 1.99 2.894e−5 2.00 2.912e−5 2.00 3.454e−5 1.99
512 7.441e−6 1.99 7.234e−6 2.00 7.279e−6 2.00 8.666e−6 1.99

32 2.613e−3 2.544e−3 2.515e−3 2.198e−3
64 6.774e−4 1.94 6.368e−4 1.99 6.317e−4 1.99 5.536e−4 1.98

0.5 128 1.769e−4 1.93 1.592e−4 1.99 1.582e−4 1.99 1.405e−4 1.97
256 4.684e−5 1.91 3.981e−5 1.99 3.958e−5 1.99 3.597e−5 1.96
512 1.262e−5 1.89 9.954e−6 2.00 9.900e−6 1.99 9.303e−6 1.95

32 3.823e−3 3.690e−3 3.631e−3 2.085e−3
64 1.043e−3 1.87 9.250e−4 1.99 9.156e−4 1.98 5.290e−4 1.97

0.8 128 2.965e−4 1.81 2.314e−4 1.99 2.297e−4 1.99 1.359e−4 1.96
256 1.379e−4 1.10 5.788e−5 1.99 5.753e−5 1.99 3.562e−5 1.93
512 6.315e−5 1.12 1.447e−5 1.99 1.439e−5 1.99 9.620e−6 1.88

32 4.186e−3 4.209e−3 4.146e−3 1.995e−3
64 1.137e−3 1.88 1.056e−3 1.99 1.046e−3 1.98 5.027e−4 1.98

0.9 128 5.827e−4 0.96 2.643e−4 1.99 2.628e−4 1.99 1.276e−4 1.97
256 2.895e−4 1.00 6.612e−5 1.99 6.582e−5 1.99 3.281e−5 1.95
512 1.396e−4 1.05 1.653e−5 1.99 1.647e−5 1.99 8.624e−6 1.92

In this example, we first apply the previous two algorithms to solve 3.1 for Case I, where we have the exact solution,
which is smooth. We set N = (64, 64) in the two numerical algorithms; the L2 error ∥en∥ = ∥un

N − U(tn)∥ at T = 1 (i.e.,
nT = 1/τ ) and the maximum L2 error is defined as max0≤n≤nT ∥en∥ are shown in Tables 1 and 2, respectively. We see that
the L2 error and the maximum L2 error of the method ADI-II has second-accuracy in time for different fractional orders
when m = 1, 2, while for m = 0, less accurate results are derived, especially for α → 1. It is observed that numerical
results show better performance than the theoretical analysis. For method ADI-I, second-order accuracy in time is obtained
for α = 0.2, 0.5, 0.8, 0.9.

For Case II, we will show that the ADI-II method with correction terms exhibits better numerical solutions than the
ADI-I method. We present the maximum L2 errors and the L2 errors of the two methods ADI-I and ADI-II in Tables 3 and 4,
respectively. We can see that the ADI-II method with even one correction term achieves better numerical solutions than the
ADI-I method. When the fractional order α is close to 1, i.e., α = 0.9, we do not observe second-order accuracy from the
ADI-II method with two correction terms, but the numerical accuracy is improved. In real applications, just a few correction
terms are enough to obtain satisfactory accuracy; see explanation in [5].

We also present the pointwise errors of the twomethods ADI-I and ADI-II for Case II in Fig. 2. One important observation
is that the error of the ADI-II method at the origin t = 0 decreases as the number of the correction terms increases, which is
important in order to obtain higher accurate numerical solutions when t is far from t = 0. Specifically, the big errors of the
numerical solutions near t = 0 may degrade the accuracy of the numerical solutions far from t = 0, which can be partly
illustrated in Fig. 2(c)–(d) form = 0.

Example 3.2. In this example, we extend the previous two ADI spectral methods ADI-I and ADI-II to solve the following
two-dimensional fractional wave equation with mixed boundary conditions:∂

2
t U + ∂α+1

t U = (∂2x + ∂2y )U, (x, y, t) ∈ Ω × (0, T ],

U(x, y, 0) = U0, ∂tU(x, y, 0) = 0, x ∈ Ω̄,
U(x,−1, t) = ∂yU(x, 1, t) = ∂xU(±1, x, t) = 0,

(32)

whereΩ = (−1, 1)× (−1, 1) and 0 < α < 1.

The above system is a simple model of the wave propagation in homogeneous media [39]. The initial condition U0 =

U(x, y, 0) is chosen as

U0 =

1 −
(y + 0.875)2

0.1252 , −0.5 ≤ x ≤ 0.5, − 1 ≤ y ≤ −0.75,

0, otherwise,

N = (128, 128), andm = 0. Numerical solutions and the relative errors of the two methods at t = 1.5 with different α are
shown in Fig. 3. We can see that consistent numerical solutions are obtained by the twomethods. Fig. 3 shows that the wave
speed is decreased when the fractional order α is increased. The equation coincides with a standard wave equation when
α = 1. In addition, both methods take the same computation cost for solving a Helmholtz equation with spectral method
in space. The memory requirements of the two methods are also the same. The two schemes are efficient for the fractional
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Table 2
The L2 error at T = 1 for Case I, N = (64, 64).

α 1/τ m = 0 Order m = 1 Order m = 2 Order ADI-I Order

32 1.852e−3 1.854e−3 1.865e−3 2.219e−3
64 4.670e−4 1.98 4.635e−4 2.00 4.664e−4 2.00 5.521e−4 2.00

0.2 128 1.175e−4 1.99 1.158e−4 2.00 1.165e−4 2.00 1.379e−4 2.00
256 2.956e−5 1.99 2.894e−5 2.00 2.912e−5 2.00 3.454e−5 1.99
512 7.441e−6 1.99 7.234e−6 2.00 7.279e−6 2.00 8.666e−6 1.99

32 2.613e−3 2.544e−3 2.515e−3 2.198e−3
64 6.774e−4 1.94 6.368e−4 1.99 6.317e−4 1.99 5.536e−4 1.98

0.5 128 1.769e−4 1.93 1.592e−4 1.99 1.582e−4 1.99 1.405e−4 1.97
256 4.684e−5 1.91 3.981e−5 1.99 3.958e−5 1.99 3.597e−5 1.96
512 1.262e−5 1.89 9.954e−6 2.00 9.900e−6 1.99 9.303e−6 1.95

32 3.823e−3 3.690e−3 3.631e−3 2.085e−3
64 1.043e−3 1.87 9.250e−4 1.99 9.156e−4 1.98 5.290e−4 1.97

0.8 128 2.965e−4 1.81 2.314e−4 1.99 2.297e−4 1.99 1.359e−4 1.96
256 8.942e−5 1.72 5.788e−5 1.99 5.753e−5 1.99 3.562e−5 1.93
512 2.896e−5 1.62 1.447e−5 1.99 1.439e−5 1.99 9.620e−6 1.88

32 4.186e−3 4.209e−3 4.146e−3 1.995e−3
64 1.137e−3 1.88 1.056e−3 1.99 1.046e−3 1.98 5.027e−4 1.98

0.9 128 3.234e−4 1.81 2.643e−4 1.99 2.628e−4 1.99 1.276e−4 1.97
256 9.871e−5 1.71 6.612e−5 1.99 6.582e−5 1.99 3.281e−5 1.95
512 3.296e−5 1.58 1.653e−5 1.99 1.647e−5 1.99 8.624e−6 1.92

Table 3
The maximum L2 error for Case II, T = 2,N = (64, 64).

α 1/τ m = 0 Order m = 1 Order m = 2 Order ADI-I Order

32 1.409e−4 1.863e−4 1.412e−4 3.979e−4
64 4.427e−5 1.67 4.849e−5 1.94 3.953e−5 1.83 9.734e−5 2.03

0.2 128 1.334e−5 1.73 1.197e−5 2.01 1.023e−5 1.95 2.392e−5 2.02
256 3.971e−6 1.74 2.912e−6 2.03 2.592e−6 1.98 5.889e−6 2.02
512 1.175e−6 1.75 7.033e−7 2.04 6.520e−7 1.99 1.447e−6 2.02

32 6.148e−4 3.352e−4 2.348e−04 4.234e−4
64 2.778e−4 1.14 7.544e−5 2.15 6.319e−05 1.89 1.142e−4 1.88

0.5 128 1.136e−4 1.28 1.514e−5 2.31 1.653e−05 1.93 3.193e−5 1.83
256 4.409e−5 1.36 2.372e−6 2.67 4.270e−06 1.95 9.227e−6 1.79
512 1.657e−5 1.41 4.979e−7 2.25 1.092e−06 1.96 2.753e−6 1.74

32 5.895e−3 4.862e−4 1.863e−4 7.676e−4
64 2.572e−3 1.19 1.314e−4 1.88 5.604e−5 1.73 2.459e−4 1.64

0.8 128 1.101e−3 1.22 3.558e−5 1.88 1.590e−5 1.81 8.383e−5 1.55
256 4.672e−4 1.23 1.188e−5 1.58 4.267e−6 1.89 3.011e−5 1.47
512 1.977e−4 1.24 5.097e−6 1.22 1.134e−6 1.91 1.176e−5 1.35

32 1.355e−2 4.80e−4 9.383e−5 9.100e−4
64 6.194e−3 1.12 1.57e−4 1.61 2.546e−5 1.88 3.240e−4 1.48

0.9 128 2.784e−3 1.15 5.68e−5 1.46 8.576e−6 1.57 1.238e−4 1.38
256 1.246e−3 1.15 2.40e−5 1.24 2.778e−6 1.62 4.965e−5 1.31
512 5.575e−4 1.16 1.08e−5 1.14 8.659e−7 1.68 2.091e−5 1.24

wave equation with the exact solution if it is sufficiently smooth. The second method still keeps second-order convergence
in the case that the solution is non-smooth but overall ADI-I achieves lower levels of errors.

4. Summary

We mainly focus on the numerical investigation of the modified Szabo wave equation. Two different time stepping
schemes are proposed to solve the fractional wave equation with space performed by the spectral method.

For smooth solutions, the ADI-I method achieves second-order convergence in time for any fractional order, while the
convergence of the ADI-II method without correction terms depends on the fractional order. When α tends to one, the ADI-I
method outperforms the ADI-II method without correction terms. For non-smooth solutions, the ADI-II method with a few
correction terms outperforms the ADI-I method. Theoretically, the ADI-II method can achieve second-order accuracy for
both smooth and non-smooth solutions by utilizing suitable correction terms. This may cause numerical difficulties due to
the stiffness that these terms introduce; however, only a few terms are necessary in real applications. Specifically, we need
only several correction terms to achieve high accurate numerical solutions, see numerical results in Tables 3 and 4 and also
explanations in [5]. We compare the numerical solutions of the two methods by solving the wave equation subject to the
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Table 4
The L2 error at T = 2 for Case II, N = (64, 64).

α 1/τ m = 0 Order m = 1 Order m = 2 Order ADI-I Order

32 1.375e−4 1.863e−4 1.408e−4 3.979e−4
64 3.333e−5 2.04 4.849e−5 1.94 3.953e−5 1.83 9.734e−5 2.03

0.2 128 7.396e−6 2.17 1.197e−5 2.01 1.023e−5 1.95 2.392e−5 2.02
256 1.542e−6 2.26 2.912e−6 2.03 2.592e−6 1.98 5.889e−6 2.02
512 2.950e−7 2.38 7.033e−7 2.04 6.520e−7 1.99 1.447e−6 2.02

32 1.547e−4 1.521e−4 7.097e−5 3.278e−4
64 9.311e−5 0.73 3.742e−5 2.02 2.187e−5 1.69 7.432e−5 2.14

0.5 128 4.187e−5 1.15 8.068e−6 2.21 6.092e−6 1.84 1.616e−5 2.20
256 1.694e−5 1.30 1.464e−6 2.46 1.637e−6 1.89 3.222e−6 2.32
512 6.511e−6 1.37 1.562e−7 3.22 4.308e−7 1.92 5.190e−7 2.63

32 4.210e−4 3.493e−4 5.405e−5 1.105e−4
64 4.731e−4 1.006e−4 1.79 1.957e−5 1.46 5.211e−6

0.8 128 2.625e−4 0.84 2.476e−5 2.02 7.074e−6 1.46 7.397e−6
256 1.249e−4 1.07 5.044e−6 2.29 2.312e−6 1.61 5.344e−6 0.47
512 5.605e−5 1.15 6.067e−7 3.05 6.884e−7 1.74 2.776e−6 0.94

32 5.789e−4 4.713e−4 9.383e−5 5.598e−5
64 4.322e−4 0.42 1.423e−4 1.72 2.300e−5 2.02 7.378e−6

0.9 128 3.448e−4 0.32 3.824e−5 1.89 7.203e−6 1.67 1.078e−5
256 1.888e−4 0.86 9.057e−6 2.07 2.316e−6 1.63 6.551e−6 0.72
512 9.270e−5 1.02 1.681e−6 2.42 7.064e−7 1.71 3.318e−6 0.98

(a) α = 0.2. (b) α = 0.5.

(c) α = 0.8. (d) α = 0.9.

Fig. 2. The pointwise errors for Case II, N = (64, 64). (a)–(d) L2 error versus time for time step τ =
1

512 and different fractional orders.
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(a1) α = 0.2. (b1) α = 0.2.

(a2) α = 0.5. (b2) α = 0.5.

(a3) α = 0.8. (b3) α = 0.8.

Fig. 3. The contours of the numerical solutions for Example 3.2 byADI-I (left) and the corresponding difference of the twomethods (right). τ = T/256, T =

1.5, N = (128, 128).

mixed boundary conditions, see Example 3.2. We find that both methods are effective for the numerical simulation of the
time-fractional wave equation.
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