
PROPOSAL FOR I-TEAMUTRA: LOW-DIMENSIONAL TOPOLOGYAND
GEOMETRIC VISUALIZATION

Faculty Sponsor: Tarik Aougab (Math)
I propose to run an I-Team UTRA in conjunction with the Summer@ICERM program on

low-dimensional topology, and designing software for visualizing the basic building blocks of
hyperbolic and affine geometry. This recently approved eight-week Summer@ICERM pro-
gram, proposed jointly by myself, Moira Chas (Stony Brook), and Bill Goldman (University
of Maryland) will provide students the opportunity to conduct original research at the in-
tersections of geometry, combinatorics, and dynamics. The projects described briefly below
will be both theoretical and computational in nature, and will involve the aforementioned
faculty members directly as both mentors and collaborators.

In order to maximize the program’s output, we seek to involve a number of Brown un-
dergraduate students. Students conduct their research during the eight week program, but
usually do not have time to start writing up their results in paper form for publication until
well into the following semester. During past Summer@ICERM programs, it has proved
very useful to have Brown undergraduates represented in a research group, so that meetings
between those mentors who are based at Brown and student team members can continue
in person once the summer ends. Crucially, the funding for Summer@ICERM comes from
the NSF, and ICERM does not use these funds to support Brown undergraduates as do-
ing so would undermine the national application process. It is therefore vital that we seek
additional resources to support Brown undergraduate participants in our program.

Focus: Low-dimensional topology, combinatorics, dynamics, and visualization. Our pro-
posed sample projects center on using combinatorial tools to probe the geometry of hyper-
bolic surfaces and 3-dimensional manifolds; and developing software to aid in the making of
conjectures and to visualize hyperbolic and affine manifolds. Our projects are thus inher-
ently interdisciplinary, involving a combination of different mathematical subfields, as well
as an interplay of theory and computation.

Overview: The geometry of a hyperbolic manifold is often captured by the behavior of
its geodesic flow, which, loosely speaking, encodes the shortest way of going between any two
points in the space. Of special interest are the closed orbits of the flow: smoothly embedded
cycles which are locally distance-minimizing. The behavior of the closed geodesics on a
hyperbolic manifold is intimately related to mathematical physics, number theory, dynamics,
and many other mathematical areas. However, there are many basic questions regarding even
the topological behavior of closed cycles on surfaces. For example, a notorious question of
Farb-Leininger asks for the largest possible collection of non self-intersecting cycles on a
given surface which pairwise intersect no more than once.
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There are many variants of this question that lead to other interesting connections in
group theory and low-dimensional topology. For example, the above figure is a collection
of curves on a genus 5 surface (there are 5 “holes”) which each intersect each other exactly
one time. It turns out that this is the largest possible collection of such curves on a genus
5 surface. How many such “distinct” collections are there? This is completely unknown;
such combinatorial questions lend themselves well to undergraduate exploration because very
little mathematical background is required to start thinking about them. In short: the theme
of this proposal is the use of computer visualization and combinatorial objects, such as a
collection of curves on a surface that intersect in some prescribed way, to probe the geometry
of a space.

Mini-courses:

(1) Hyperbolic geometry : The key ideas from 2- and 3- dimensional hyperbolic geometry
needed for our projects will be introduced to the students.

(2) The structure of Teichmüller space: we will provide background on the Teichmüller
and moduli spaces, which encode all possible hyperbolic “structures” on a fixed sur-
face.

(3) Geometric structures : we will discuss the basics of geometric structures on manifolds
and introduce the key players in the study of complete affine manifolds.

(4) Mathematica: we will give a crash course on coding in Mathematica so that the
students can develop their own software packages for exploration and visualization.

Research projects

(1) Square-tiled surfaces and Veech groups. A square-tiling of a surface S is a decomposi-
tion of S into squares such that there are at least 4 squares around each corner point.
There is a natural action of SL2pZq on the set of all square-tilings, and the dynamics
of this action is the subject of cutting edge research. A recent paper of Schmithuesen
describes an algorithm for computing the orbits of this action. We propose a project
in which students will actually program this algorithm and implement it on a com-
puter. We will then use this implementation to explore some square-tiled surfaces
and make conjectures about their orbits.

(2) Intersecting curves on surfaces. In this project, students will explore variations of
the question posed above in the Overview section: how many simple closed curves
can pairwise intersect at most k times on your favorite surface S? For every choice
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of k and S, the answer to this is not known unless k “ 1 and S is a torus or a genus
2 surface. In the spirit of the figure included above, one may also ask for exactly k
times as opposed to at most. Students will study the different sorts of collections
one can form, and use hyperbolic geometry together with combinatorial techniques
to prove new bounds on the size of such a collection.

(3) Veering triangulations of 3-manifolds. Under certain hypotheses, Agol defined a
triangulation– a decomposition into 3-dimensional tetrahedra– of a 3-manifold when
it admits a hyperbolic metric, called a veering triangulation. William Worden used
the software program Flipper to explore the structure of veering triangulations, and
made a number of conjectures relating the combinatorics of the triangulation to the
geometry of the manifold. In this project, students will learn how to use Flipper and
will explore further these relationships, making new conjectures and thinking about
how to prove them along the way.

(4) Distributions of geodesics on hyperbolic surfaces. In this project, students will con-
sider the following generalized question: how many closed geodesics satisfying a
certain combinatorial property on a hyperbolic surface S have length at most L?
Variants of this question have recently garnered significant attention. In addition to
asymptotic bounds, one can also ask if the lengths of such geodesics satisfy a certain
distributional property that can be described statistically. Students will explore these
questions for several basic surfaces and try to expand on what is currently known in
the area.

(5) Visualizing crooked planes. Until fairly recently, it was not known whether or not
there existed a complete affine 3-manifold. There are now many examples in the
literature, and the fundamental building block of such a manifold is a geometric
object known as a crooked plane. Understanding how to visualize affine manifolds
depends on understanding how to visualize how crooked planes can be fit together
in space to form more complicated structures. In this project, students will design
software packages using Mathematica for the purpose of visualizing this and other
related geometric phenomena.

Mentoring and research environment. I have had the pleasure of being a research
mentor at the Summer@ICERM program for five previous summers, out of the total six that
the program has been in existence. A key focus of this program will be to stress collaboration:
most mathematics is done collaboratively, and we hope to impart how important it is to learn
how to collaborate in healthy ways with peers and with research mentors.

Another central focus will be to attract a diverse group of students with a significant
showing of traditionally under-represented students in the mathematical sciences. As part of
this goal, we will also organize panels and sessions during the eight week program focusing on
issues of diversity and inclusion in mathematics. I have extensive experience in this realm:
serve on the department’s diversity and inclusion committee as part of its Diversity and
Inclusion Action Plan (DIAP).

Research teams will meet on a regular basis, and mentors will be available during the
day to help guide students through their projects. ICERM provides an ideal atmosphere
for research and for collaboration between students and mentors, and participants will have
access to office and collaborative space throughout the program.


